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Dedicated to 
Paul Erddés 


who as the founder of modern combinatorics has been 
posing problems, coining conjectures and tackling theorems 
in number theory, graph theory and combinatorics 
besides showing the world 
the way to count the number of ways in more than one way 
for more than half a century. 


Say mathematician, how many are the combinations in one composition 
with ingredients of six different tastes—sweet, pungent, astringent, sour, 
Salt and bitter—taking them by ones, twos, or threes, etc.? 


[From Lilavathi of Bhaskara (the great twelfth century mathematician of 
India) as quoted in N.L. Biggs: The Roots of Combinatorics, Historia 
Mathematica 6 (1979), 109-116.] 


Preface 


At an introductory level, combinatorics is usually considered as a branch of discrete 
mathematics in which the main problem is that of counting the number of ways of 
arranging or choosing objects from a finite set according to some simple specified rules. 
Thus the crux of the problem, at the beginning stage at least, is mainly that of 
enumeration. But if the prescribed rules and constraints become complicated the 
question to ask naturally is whether an arrangement satisfying the given requirements 
exists in the first place; if so, in the subsequent analysis one investigates the methods of 
constructing such arrangements. In some cases these arrangements also have to meet 
certain optimality criteria, in which case we seek an optimal solution of the problem. A 
typical statement in some of these optimal situations will assert that the minimum for 
one kind of a selection will correspond to the maximum for another kind, yielding a 
‘‘max-min theorem.’’ Thus in a wider sense, combinatorics deals with the enumeration, 
existence, analysis, and optimization of discrete structures. 


Combinatorial mathematics has a variety of applications. It is utilized in several 
physical and social sciences, for example, chemistry, computer science, operations 
research, and statistics. Consequently, there has recently been a rapid growth in the 
depth and breadth of the field of combinatorics. The subject is becoming an increasingly 
important component of the curriculum both at the graduate and undergraduate levels at 
universities and colleges in the United States and abroad. 


In this book I have attempted to present the important concepts of contemporary 
combinatorics in a sequence of four chapters. I hope that students will find this book 
useful for a course in combinatorics or discrete mathematics either as the main text or as 
a supplementary text. It is designed for students with a wide range of maturity and can 
also serve as a useful and convenient reference book for many professionals in industry, 
research, and academe. 


In each chapter the basic ideas are developed in the first few pages by giving 
definitions and statements of theorems to familiarize the reader with concepts that will 
be fully exploited in the selection of solved problems that follow the text. These 
problems are grouped by topic and are presented in increasing order of maturity and 
sophistication. A beginning student may therefore stop at any point and proceed to the 
next chapter without losing the continuity of the development of the material. The 
collection of solved problems is the unifying feature of the book. 


Unlike other branches of mathematics, in combinatorics the solutions of problems 
play a special role because in many instances a problem may need an ad hoc argument 
based on some kind of special insight; that is, it may not be possible to solve it by 
applying results of known theorems alone. I present a variety of problems covering 
various branches of the subject. Students are encouraged to try to solve a problem 
without looking at the solution. The thrill is in solving the problem independently, and 
the reward is invariably heightened if the student can solve the problem by a different 
(and possibly more elegant) method. I have used these problems as assignments and 
projects in my courses on combinatorics and discrete mathematics during the past few 
years, and the contributions and encouragements of my students—too numerous to - 
mention individually—are gratefully acknowledged. 


In writing a book like this, I have benefitted enormously from the contributions of 
other mathematicians and scientists in the field. Since this book is meant to provide basic 
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PREFACE 


theory and solved problems, I have provided a short list of books for further study for 
the discriminating student, instead of an exhaustive bibliography. Let me take this 
opportunity to express my deep sense of gratitude to some outstanding mathematicians 
who have made significant contributions in modern combinatorics. I have come into 
contact with them over the past two decades either at national and international 
conferences or by private correspondence. They include K. Bogart, R. Brualdi, V. 
Chvatal, J. Conway, R.P. Dilworth, P. Erdés, M. Gardner, R. Graham, M. Hall, Jr., F. 
Harary, P. Hilton, A.J. Hoffman, V. Klee, D. Kleitman, D. Knuth, E. Lawler, G. Polya, A. 
Ralston, F. Roberts, G.C. Rota, H. Ryser, E. Snapper, R. Stanley, R. Stanton, W. Trotter, 
A. Tucker, and H. Wilf. 


I wish to thank my colleagues and friends at the University of Maine for giving me 
the facilities and encouragement for writing this book. In particular I am grateful to Ali 
Ozluk and Frank Curtis for invaluable suggestions and critical review of the manuscript. 
If I have not given proper credit in this book to anyone who deserves recognition for 
specific results, I apologize for the omission, and I will make every effort to include 
such acknowledgment in subsequent editions. Likewise, it is possible that there are 
errors and misprints. I accept complete and total responsibility for them. If they are 
brought to my attention they too will be rectified. Any feedback in this regard from the 
reader is welcome. 


In conclusion I would like to express my immense gratitude to the editorial and 
production staff at McGraw-Hill, particularly to my sponsoring editor Arthur Biderman 
for his unfailing cooperation and encouragement and to my editing supervisor Patricia 
Andrews for the indefatigable assistance she gave me during the final stage of the 
production of this book. The manuscript was completely and thoroughly edited by Dr. 
David Beckwith, who was my initial sponsoring editor. After retiring from McGraw-Hill 
he undertook to complete the editing of the manuscript. He showed his special love of 
combinatorics by combing every single detail in the manuscript. For this admirable and 
enviable professionalism I am truly beholden to him. 


V.K. BALAKRISHNAN 
University of Maine 
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Chapter 1 


Basic Tools 


1.1 THE SUM RULE AND THE PRODUCT RULE 


How many arrangements of a specified kind can be undergone by a given set of objects? Or, in how 
many ways can a prescribed event occur? Combinatorics is the branch of mathematics that seeks to answer 
such questions without enumerating all possible cases; it depends on two elementary rules. 


DISJUNCTIVE OR SUM RULE If an event can occur in m ways and another event can occur in n ways, 
and if these two events cannot occur simultaneously, then one of the two events can occur in m+n ways. 
More generally, if E, @ = 1,2,...,&) are k events such that no two of them can occur at the same time, and 
if E, can occur in 1, ways, then one of the k events can occur in n, +n, +°+* +n, ways. 


Example 1. If there are 18 boys and 12 girls in a class, there are 18 + 12 = 30 ways of selecting | student (either a boy 
or a girl) as class representative. 


Example 2. Suppose E is the event of selecting a prime number less than 10 and F is the event of selecting an even 
number less than 10. Then E can happen in 4 ways, and F can happen in 4 ways. But, because 2 is an even prime, F or F 
can happen in only 4+ 4—-1=7 ways. 


SEQUENTIAL OR PRODUCT RULE ff an event can occur in m ways and a second event can occur in n 
ways, and if the number of ways the second event occurs does not depend upon how the first event occurs, 
then the two events can occur simultaneously in mn ways. More generally, if E, @ = 1, 2,...,) are k events 
and if E, can occur inn, ways, E, can occur in n, ways (no matter how E, occurs), £,, can occur inn, ways 
(no matter how FE, and E£, occur), ...,#, can occur in n, ways (no matter how the previous k — 1 events 
occur), then the k events can occur simultaneously in 7,7,7,°°*n, Ways. 


Example 3. A bookshelf holds 6 different English books, 8 different French books, and 10 different German books. 
There are (i) (6)(8)(10) = 480 ways of selecting 3 books, 1 in each language; (ii) 6 + 8 + 10 = 24 ways of selecting 1 
book in any one of the languages. 


Example 4. The scenario is as in Example 3. An English book and a French book can be selected in (6)(8) = 48 ways; 
an English book and a German book, in (6)(10) = 60 ways; a French book and a German book, in (8)(10) = 80 ways. 
Thus there are 48 + 60 + 80 = 188 ways of selecting 2 books in 2 languages. 


Example 5. If each of the 8 questions in a multiple-choice examination has 3 answers (1 correct and 2 wrong), the 
number of ways of answering all questions is 3° = 6561. 


1.2 PERMUTATIONS AND COMBINATIONS 


Suppose X is a collection of n distinct objects and r is a nonnegative integer less than or equal to n. An 
r-permutation of X is a selection of r out of the n objects. Selections are ordered; thus, for example, 25 4 
and 245 are different 3-permutations of X = {1,2,3,4,5}. An n-permutation of X is called simply a 
permutation of X. 

The number of r-permutations of a collection of n distinct objects is denoted by P(@,r); this number is 
evaluated as follows. A member of X can be chosen to occupy the first of the r positions in n ways. After 
that, an object from the remaining collection of n — 1 objects can be chosen to occupy the second position in 
n-— 1 ways. Notice that the number of ways of placing the second object does not depend upon how the first 
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object was chosen or placed. Thus, by the product rule, the first two positions can be filled in n(@i — 1) ways 
,.. and all r positions can be filled in 


n} 
P(n,r) = nn — ee ca ae an ee 
ways. Here we have introduced the factorial function, m! = (1)(2)--- (nm) and O! = 1. In particular, the 
number of permutations of 1 objects is P(n, 1) =n!. 


Example 6. There are P(6, 6) = 6! = 720 6-letter ‘‘words’’ that can be made from the letters of the word Number, and 
there are P(6, 4) = 6!/2! = 360 4-letter ‘‘words.”’ 


An unordered selection of r out of the n elements of X is called an r-combination of X. In other words, 
any subset of X with r elements is an r-combination of X. The number of r-combinations or r-subsets of a set 
of n distinct objects is denoted by C(n,r) (‘‘n choose r’’). For each r-subset of X there is a unique 
complementary (7 — r)-subset, whence the important relation C(n, r) = C(a,n — r). 

To evaluate C(n,r), note that an r-permutation of an n-set X is necessarily a permutation of some 
r-subset of X. Moreover, distinct r-subsets generate distinct r-permutations. Hence, by the sum rule, 


Pin r)= Pr) + Py, r) +++ + PO,r) 


The number of terms on the right is the number of r-subsets of X; i.e. C(n,r). Thus P(n, r) = C(n, NP, r) = 
C(n,r)r!. The following theorem summarizes our results. 


Theorem 1.1. 


(i) Pan= G=nr 


Example 7. From a class consisting of 12 computer science majors, 10 mathematics majors, and 9 statistics majors, a 
committee of 4 computer science majors, 4 mathematics majors, and 3 statistics majors is to be formed. There are 


ways of choosing 4 computer science majors, C(10, 4) = 210 ways of choosing 4 mathematics majors, and C(9, 3) = 84 
ways of choosing 3 statistics majors. By the product rule, the number of ways of forming a committee is thus 
(495)(210)(84) = 8,731,800. 


Example 8. Refer to Example 7. In how many ways can a committee consisting of 6 or 9 members be formed such 
that all 3 majors are equally represented? 

A committee of 6 (with 2 from each group) can be formed in C(12, 2)+C(10, 2)+C(9, 2) = 106,920 ways. The 
number of ways of forming a committee of 9 (with 3 from each group) is C(12, 3)+C(10, 3) C(9, 3) = 2,217,600. Then, 
by the sum rule, the number of ways of forming a committee is 106,920 + 2,217,600 = 2,324,520. 


13 THE PIGEONHOLE PRINCIPLE 


Some of the most profound and complicated results in modern combinatorial theory flow from a very 
simple proposition: If n pigeonholes shelter n +1 or more pigeons, at least 1 pigeonhole shelters at 
least 2 pigeons. 
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Example 9. To ensure that a class includes at least 2 students whose last names begin with the same letter of the 
(English) alphabet, the class should have at least 27 students. (Here the letters are the pigeonholes.) 


Example 10. Suppose there are many red socks, many white socks, and many blue socks in a box. What is the least 
number of socks that one should grab from the box (without looking at the contents) to be sure of getting a matching 
pair? 

If each color is considered as a pigeonhole, then n = 3. Therefore, if one grabs n + 1 = 4 pigeons (socks), at least 2 of 
them will share a color. 


A straightforward generalization of the pigeonhole principle is as follows: If n pigeonholes shelter 
kn +1 pigeons, where k is a positive integer, at least 1 pigeonhole shelters at least k +1 pigeons. 


Example 11. Rework Example 10 if 3 pairs, all of one color, are desired. 
There are still n = 3 pigeonholes, and we want to ensure that one (or more) of them shall contain k + 1 = 6 (or more) 
pigeons. Thus we grab kn + 1 = (5)(3) + 1 = 16 pigeons. 


Example 12. A chest contains 20 shirts, of which 4 are tan, 7 are white, and 9 are blue. At the least, how many shirts 
must one remove (blindfolded) to get r = 4, 5, 6, 7, 8,9 shirts of the same color? 


Case 1. r=4=k+1. So k =3, and since there are 3 colors, n = 3. Thus, at least kn + 1 = 10 shirts must be 
removed. 


Case 2. r=5=k+1. Here the analysis is simplest if we imagine that shirts are drawn from the chest 
sequentially. In a longest chain—which is what we are looking for—the first 4 draws are ‘‘wasted’’ in removing 
the 4<, tan shirts, and the remainder of the sequence consists of as many draws of white and blue shirts (7 = 2) 
as are required to ensure , = 5 shirts of the same color. But this latter number is given by the pigeonhole 
principle as kn + 1 =4(2)+1=9. Thus, 4+ 9 = 13 shirts must be removed. 


Case 3. r=6=k +1. The situation is like that of Case 2; so 4 + (kn + 1)=4 4+ [5(2) + 1] = 15 shirts must be 
removed. 


Case 4. r=7=k+1. As in Cases 2 and 3, 4+ (kn + 1) = 4+ [6(2) + 1] = 17 shirts. 


Case 5. r=8=k + 1. Now both the tan and the white shirts are worthless, so that 4+7+(kn+1)=4+7+ 
{7(1) + 1} = 19 shirts must be removed. 


Case 6. r=9=k +1. Like Case 5; 4+ 7+ (kn +1) =4+7 + [8(1) + 1] =20 shirts. 


The conclusions of Example 12 can be summarized as a theorem. 


Theorem 1.2, Let S be a set composed of x, objects of type 1, x, =x, objects of type 2, x, =x, objects of 
type 3,..., x, =x,_, objects of type n. Let v. denote the smallest integer with the property 
that every subset of S of size y. contains r or more objects of the same type. Then, 


ny—-1)+1 rSx, 
(a—-De-D+1+x, xX,<rSx, 
vB=S(n-2r-Y+1tx +x, X,<rEx, 


CC 


The following theorem is an extension of the pigeonhole principle. 


Theorem 1.3. If there are p, + p, +++: +p, —2+ 1 or more pigeons among hole 1, hole 2,..., and hole 
n, then, for some j, hole j has p, or more pigeons. 


Proof. Suppose the conclusion of the theorem is false. Then, hole 1 has at most p, — 1 pigeons and 
hole 2 has at most p, — 1 pigeons and..., and hole n has at most p, — 1 pigeons. So the total number of 
pigeons is at most p, +p, +-°+:++p, ~—A, resulting in a contradiction. 
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Example 13. If an undergraduate club is to include at least 6 freshmen or at least 5 sophomores or at least 4 juniors or 
at least 3 seniors, no more than 6+5+4+3-—4+1= 15 students need be invited to join. 


Definition: If x is a real variable, the floor of x, denoted LxJ, is the greatest integer less than or equal to x. 


Theorem 1.4. Given m pigeons within ” pigeonholes, at least 1 hole contains at least p + 1 pigeons, where 
p=lim-—1/nl. 


Proof. If, on the contrary, every hole contained at most p pigeons, 


m—1 
No. of pigeons < np <n( - )=m-1<m 


Example 14. Suppose there are 26 students (7 = 26) and 7 cars (7 = 7) to transport them. Then p =[25/71=3, so 
that at least 1 car must have 4 or more passengers. 


Solved Problems 


THE SUM AND PRODUCT RULES 


1.1. There are 15 married couples in a party. Find the number of ways of choosing a woman and a man 
from the party such that the two are (a) married to each other, (6) not married to each other. 


(a) A woman can be chosen in 15 ways. Once a woman is chosen, her husband is automatically chosen. So 
the number of ways of choosing a married couple is 15. (6) A woman can be chosen in 15 ways. Among the 15 
men in the party, one is her husband. Out of the 14 other men, one can be chosen in 14 ways. The product rule 
then gives (15)(14) = 210 ways. 


1.2 Find the number of (@) 2-digit even numbers, (6) 2-digit odd numbers, (c) 2-digit odd numbers with 
distinct digits, and (d) 2-digit even numbers with distinct digits. 


Let E be the event of choosing a digit for the units’ position, and F be the event choosing a digit for the 
tens’ position. 


(a) E can be done in 5 ways; F can be done in 9 ways. The number of ways of doing F does not depend upon 
how E is done; hence, the sequence {E, F} can be done in (5)(9) = 45 ways. Likewise, {F, E} can be done 
in (9)(5) =45 ways. 

(b) The argument is as in (a): there are 45 2-digit odd numbers. 

(c) If F is done first, the number of ways of doing E depends upon how F was done; so we cannot apply the 
product rule to the sequence {F, E}. But we can apply the product rule to the sequence {E, F'}. There are 5 
choices for the units’ digit, and for each of these there are 8 choices for the tens’ digit. So the sequence 
{E, F} can be done in 40 ways; i.e., there are 40 2-digit odd numbers with distinct digits. 

(d) We distinguish two cases. If the units’ digit is 0—-which can be accomplished in 1 way—the tens’ digit can 
be chosen in 9 ways. If 2, 4, 6, or 8 is chosen as the units’ digit, the tens’ digit can be chosen in 8 ways. 
Thus the sum and product rules give a total of (1)(9) + (4)(8) = 41 ways. 


1.3. A computer password consists of a letter of the alphabet followed by 3 or 4 digits. Find (a) the total 
number of passwords that can be created, and (6) the number of passwords in which no digit repeats. 


(a) The number of 4-character passwords is (26)(10)(10)(10), and the number of 5-character passwords is 
(26)(10)(10)(10)(10), by the product rule. So the total number of passwords is 26,000 + 260,000 = 
286,000, by the sum rule. 


CHAP. 1] BASIC TOOLS 5 


1.4 


15 


1.6 


17 


1.8 


(b) The number of 4-character passwords is (26)(10)(9)(8) = 18,720, and the number of 5-character passwords 
is (26)(10)(9)(8)(7) = 131,040, for a total of 149,760. 


How many among the first 100,000 positive integers contain exactly one 3, one 4, and one 5 in their 
decimal representation? 


It is clear that we may consider instead the 5-place numbers 00000 through 99999. The digit 3 can be in any 
one of the 5 places. Subsequently the digit 4 can be in any one of the 4 remaining places. Then the digit 5 can be 
in one of 3 places. There are 2 places left, either of which may be filled by 7 digits. Thus there are 
(5)(4)(3)(7)(7) = 2940 integers in the desired category 


Find the number of 3-digit even numbers with no repeated digits. 


By Problem 1.2(¢), The hundreds’ and units’ positions can be simultaneously filled in 41 ways. For each of 
these ways, the tens’ position can be filled in 8 ways. hence the desired number is (41)(8) = 328 ways. 


A palindrome is a finite sequence of characters that reads the same forwards and backwards [Gnu 
DuNG]. Find the numbers of 7-digit and 8-digit palindromes, under the restriction that no digit may 
appear more than twice. 


By the mirror-symmetry of a palindrome (of length 7), only the first La+1)/2] positions need be 
considered. In our case this number is 4 for both lengths. Since the first digit may not be 0, there are 9 ways to 
fill the first position. There are then 10 — 1 =9 ways to fill the second position; 10 —- 2 =8 ways for the third, 
10 —-3=7 ways for the fourth. Thus there are (9)(9)(8)(7) = 4536 palindromic numbers of either length. 


Prove that a palindromic (decimal) number of even length is divisible by 11. 


The inductive proof exploits the fact that when the first and last characters are stripped from a palindrome, a 
palindrome remains. Thus, let N be a palindromic number of length 2k. If k = 1, the theorem obviously holds. If 
k=2, we have 


N=ay.,10"%"' +.a,,_,10"°? +++» +a,10° +a,10°°' +++- +a,,_,10' +a,,_,10° 


=a,,.,(107*~' + 10°) + (a,,.,10%°7 +--+ +a), 510°) 


=a,,_,P+@Q 
Here, P=i00---001 =11 x 9090---9091 
length 2k length 2k—2 


and either Q = 0 (divisible by 11) or, for some 1S=r=k—-1, 
Q= 10" {palindrome of length 2(k —r)}= 10’{11R} 


where the last step follows from the induction hypothesis. Therefore, N is divisible by 11, and the proof is 
complete. 


In a binary palindrome the first digit is 1 and each succeeding digit may be 0 or 1. Count the binary 
palindromes of length n. 


See Problem 1.6. Here we have Lin +1)/ 2l-1=La@- 1)/2 | free positions, so the desired number is 
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Find the number of proper divisors of 441,000. (A proper divisor of a positive integer n is any 
divisor other than 1 and 7.) 


Any integer can be uniquely expressed as the product of powers of prime numbers; thus, 441,000 = 
(2°)(3”)(5°)(7”). Any divisor, proper or improper, of the given number must be of the form (2)(3°)(5°)(7°), 
where OS a $3, 05) S52, 0c $3, and 0d $2. In this paradigm the exponent a can be chosen in 4 ways; b 
in 3 ways; c in 4 ways; d in 3 ways. So, by the product rule, the total number of proper divisors will be 
(4)(3)(4)(3) — 2 = 142. 


Count the proper divisors of an integer N whose prime factorization is 
N= pi'p2?*** Dy 


By Problem 1.9, the number of proper divisors of N is (2, +1)(@, + 1)-+-@, + 1)—2. 


Refer to Problem 1.9. Find the number of ways of factoring 441,000 into 2 factors, m and n, such that 
m>1,n>1, and the only common divisor of m and n is 1. (In other words, m and n are relatively _ 
prime.) 

Consider the set X = {2°, 37, 5°, 77} associated with the prime factorization of 441,000. It is clear that each 
element of X must appear in the prime factorization of m or in the prime factorization of n, but not in both. 
Moreover, the 2 prime factorizations must be composed exclusively of elements of X. It follows that the number 
of relatively prime pairs m, n is equal to the number of ways of partitioning X into 2 unordered nonempty subsets 
(unordered because mn and nm represent the same factorization). 

The possible unordered partitions are the following: 


X = {2°} + {3, 5°, 77} = {37} + (27, 5°, 77} = {57} + {2°, 3°, 77} ={h+ {2°, 37, 5°} 
and X = {27,37} + {5°, 77} = (2°, 5°} + 37, 77} = (2°, 773 + (37, 5°} 


Our answer is therefore 4+ 3=7=2*7'-1. 


Generalize Problem 1.11 by showing that the integer of Problem 1.10 has 2‘~' — 1 factorizations into 
relatively prime pairs m,n (m>1, n> 1). 


Make an induction on k. For k = 1, the result holds trivially. For k = 2, we must show that a set of k distinct 
elements, 


Z = {a,,a,,...,a,_,,a,} 


has 2*~'— 1 unordered partitions into 2 nonempty parts, provided that the corresponding result holds for all 
(k — 1)-sets. Now, one partition of Z is 


Z={a}U {a,,@,,...,4,_}={a,} UW 


All the remaining partitions may be obtained by first partitioning W into two parts—-which, by the induction 
hypothesis, can be done in 2“~* — 1 ways—and then including a, in one part or the other—which can be done in 
2 ways. By the product rule, the number of partitions of Z is therefore 1 + (2‘~? — 1)(2)=2*"'—1. oe 


In a binary sequence every element is 0 or 1. Let X be the set of all binary sequences of length n. A 
switching function (Boolean function) of 2 variables is a function from X to the set Y = {0, 1}. Find 
the number of distinct switching functions of n variables. 


The cardinality of X is r= 2". So the number of switching functions is 2”. 


CHAP. 1] BASIC TOOLS 7 


1.14 


1.15 


1.16 


1.17 


1.18 


1.19 


A switching function f is self-dual if the value of f remains unchanged when, in each element of the 
domain of f, the digits 0 and 1 are interchanged. For example, when n = 6, f(101101) = (010010) if f 
is a self-dual switching function. List all self-dual switching functions of 2 variables. 


There are 4 self-dual switching functions from the set X = {00, 01, 10, 11} to the set Y = {0, 1}: 
(@) f,(00) =f, = 7,01) =f,(10) = 0. 
(6) £000) =f,01) =£(01) =f10) = 1. 
(c) f,(00) =f,11) = 0; £001) =f,10) = 1. 
@) f,(00) =f,011) = 1; f,(01) =f,(10) = 0. 


Find the number of self-dual switching functions of n variables. 


In the notation of Problem 1.13, X can be partitioned into r/2=2""' pairs (é, €), where sequence & is 
sequence & after a 0-1 interchange. A self-dual switching function maps each pair into 0 or into 1; hence there 
are 2’? such functions. (This is the square root of the total number of switching functions.) 


A collection consists of 2, identical objects of type 7, where i= 1,2,...,%. Find the number of ways 
of selecting at least 1 object from the collection. 


Suppose the ‘‘objects’’ of type i are all p,, the ith prime factor of an integer N. Then we are asked for the 
number of divisors of N, with only the divisor | (no object selected) excluded. From Problem 1.10, this number is 
(n, +1), 4+1)---@,4+1)-1 


How many 3-digit numbers can be formed by using the 6 digits 2, 3, 4, 5, 6, and 8, if (@) repetitions of 
digits are allowed? (5) repetitions are not allowed? (c) the number is to be odd and repetitions are 
not allowed? (d) the number is to be even and repetitions are not allowed? (e) the number is to be 
a multiple of 5 and repetitions are not allowed? (jf) the number must contain the digit 5 and 
repetitions are not allowed? (g) the number must contain the digit 5 and repetitions are allowed? 


(a) (6)(6)(6). 

(6) (6)(5)(4). 

(c) The last digit can be chosen in 2 ways; so the answer is (2)(5)(4). 

(d) From (b) and (€), (6)(5)(4) — (2)(5)(4) = (4)(5(4). 

(e) The last digit can be chosen in only 1 way; so the answer is (1)(5)(4). 
(f) The digit 5 can be located in 3 ways; the answer is (3)(5)(4). 


(g) An indirect approach, as in (d), is simplest. With repetitions allowed, there are (6)(6)(6) = 216 3-digit 
numbers. Of these, (5)(5)(5) = 125 do not contain the digit 5. So the answer is 216 — 125 = 91, 


A bit is either 0 or 1; a byte is a sequence of 8 bits, Find (a) the number of bytes, (b) the number of 
bytes that begin with 11 and end with 11, (c) the number of bytes that begin with 11 and do not end 
with 11, and @) the number of bytes that begin with 11 or end with 11. 


(a) 2° = 256. (b) The 4 open positions can be filled in 2* = 16 ways. (c) Use (b): 2° = 64 bytes begin with 
11; so the answer is 64 —- 16 = 48. (d) Again use (6): 64 bytes begin with 11; likewise, 64 bytes end with 11. In 
the sum of these numbers, 64 + 64 = 128, and each byte that both begins and ends with 11 is counted twice. 
Hence our answer is 128 — 16 = 112 bytes. 


There are 10 members—A, B, C, D, E, F, G, H, I, and J—in the executive council of a club. The 
council has to choose a chair, a secretary, and a treasurer among themselves. It is understood that 
nobody can hold more than one office at a time. Find the number of ways of selecting these 
office-bearers, if (a) any member can hold any office; (6) A has to be the chair; (c) B declines the 
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chair; (d) C has to be either the secretary or the treasurer; (e) either D or E has to be the treasurer; and 
(f) Land J decline all offices. 


(a) (10)(9)(8). () (1)(9)(8). (c) There are 9 ways of choosing a chair, 9 ways of choosing a secretary, and 8 
ways of choosing a treasurer; altogether, (9)(9)(8) ways. (2) (9)(8) + (9)(8). (e) (9)(8) + (9)(8). CF) (8)(7)(6). 


Find the number of 5-digit integers that contain the digit 6 exactly once. 
Case 1. The first digit in the number is 6. There are p = (1)(9)(9)(9)(9) ways of accomplishing this. 


Case 2. The first digit is not 6. As the first digit cannot be 0 either, it can be supplied in 8 ways. The digit 6 
must occupy one of the remaining 4 places; this can be done in 4 ways. The 3 remaining positions can be filled in 
(9)(9)(9) ways. So in this case there are g = (8)(4)(9)(9)() ways. 

By the sum rule, the number of integers in the desired category is p + q. 


Find the total number of positive integers with distinct digits. 


We have to consider numbers with at least I digit and at most 10 digits. The number of positive integers in 
the desired category will be 


[9] + [VON] + K9YONBI + LOVETT + LVONBNTG)] + «++ + [ONVBTHONSAYBACI 
104! ye! + fel +/el + fb) t/st 4/4! as +i fl] 


The class of all subsets of a set X is called the power set of X and is denoted by 2*. If X has n 
elements, how many elements has 2*? 


Any subset A of X may be defined by making an ‘‘include in A/exclude from A” choice for each of the n 
elements of X. Thus there are 2” subsets A (including the null set and X itself); ie., 2* has 2” elements. 


If a set X has 22 + 1 elements, find the number of subsets of X with at most n elements. 


Partition the power set of X (Problem 1.22) into a set P, consisting of all subsets of X with at most n 
elements, and a set P, consisting of all subsets of X with at least n + 1 elements. It is obvious that if o © P,, then 
a’, the complement of o in X, belongs to P,; and vice versa. Thus P, and P, are in one-to-one correspondence 
and so have the same number of elements. This number—which is the answer to our problem—is one-half the 
number of elements of 2%: (1/2)27"*' =2”". 


Find the number of common divisors of 2 positive integers, m and n, having prime factorizations 


m=p’q’r° and n= p%q*s°. 

Any common divisor must have in its prime factorization only those primes that are common to m and n, 
each to a power than exceeds neither the power in m nor the power in n. Thus, with A=min(q, a) and 
B=min(b, B), a typical common divisor is p'q’, where i is in the set {0,1,2,...,A} and j is in the set 
{0,1,2,...,B} So the number of common divisors will be (A + 1)@ + 1). 


(a) Find the number of positive integers with n digits in which no 2 adjacent digits are the same (call 
this property redness). (b) Count the even red numbers. 


(a) Let X(n) be the number of n-digit red integers. The first place can be filled in 9 ways. The second place can 
be filled in 9 ways. In fact, each place can be filled in 9 ways; thus X(1) = 9", 

(b) Let X(n) =¥() + Z(n), where Y(1) and Z(w), respectively, count the even and odd red numbers. Since 9” is 
odd, Y(n) cannot be equal to Z(n); but is seems likely that one will be equal to (9" — 1)/2 and the other to 
(9" + 1)/2. This is indeed the case: we shall prove by induction that Y() = (9" + (—1)"1/2 and Z(n) = 
[9” —(-1)"]/2. 
The result is true for n = 1, since Y(1) = 4 and Z(1) = 5. Now, any even red number with n + 1 digits can be 
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constructed by appending a final even digit to a red number with n digits. If the n-digit number is even, this can 
be done in 4 ways; otherwise, in 5 ways. Thus we have established that 


Yin + 1) =4Y@) + 5Z(m) = 4¥(n) + S[X() — Yn) ] 


= 5X(n) — ¥(n) = oo 
g"tl —(-1""! 
Also Zn + 1) = Xn + 1) - Yt 1) = 


As the result is true for n + 1 whenever it is true for n, the induction is complete, 


Find the number of binary sequences of length nm that contain an even number of Is. 


If a binary sequence of length n — 1 has an even number of 1s, we append the digit 0 to it, to obtain a binary 
sequence of length n. If a binary sequence of length n — 1 has an odd number of 1s, we append the digit 1 to it. 
In other words, the number of binary sequences of length n with an even number (or, for that matter, with an odd 
number) of 1s is equal to the number of binary sequences of length n — 1, which is 2"~', 


Find the number of n-character strings that can be formed using the letters A, B, C, D, and E such that 
each string has an even number of A’s. 


The total number of strings is 5”, out of which there are 3" strings which contain zero (an even number) A’s 
and zero B’s. The set X of the residual 5" —3” strings can be partitioned into a class {X,} of subsets as 
follows: two strings s and s’ belong to the same subset X, if and only if the locations of C’s, D’s, and E’s in s 
are exactly the same as in s’. This means that there are exactly as many strings in X, as there are sequences of A’s 
(1s) and B’s (Os) of some fixed length n, <n. Half of these strings will have an even number of A’s, by Problem 
1.26. Thus the total number of strings in X with an even number of A’s is (5” — 3”)/2; and the solution to our 
probiem is: : 


PERMUTATIONS AND COMBINATIONS 


1.28 


1.29 


A function f from a set A to a set B is one-one if distinct elements x and y of A have distinct images 
f(x) and f(y) in B. Find the number of one-one functions from A to B if A has m elements and B has 
n =m elements (a necessary condition). 


There are P(n, m) choices for the range of the function; thus there are P(n, m) distinct functions. 


Find the probability p, that a randomly assembled group of 1 people includes at least 2 people with 
the same birthday (day of the year). 


Here we deal not with a sample of people, but with a sample of birthdays—i.c., integers from 1 to 365 
inclusive. Our notion of probability is: 
: number of ‘‘favorable’’ samples 
total number of samples 


Probability = 


In this problem it is simplest to consider the complementary event: all n birthdays are distinct. This event is 
realized in P(365, 2) samples; and the total number of samples is 365". Hence, 1 — p, = P(365, n)/365”, or 


= PGB65.n) _ , _ (365365 ~ 1)(365 = 2)- + [365 = = 1] 
Pn = 365" 365" 


=1-(1-35) (1-38) 1-4-4 
~ 365 365 365 
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It may be verified that p, > 1/2 when n > 25. 


There are n married couples at a party. Each person shakes hands with every person other than her or 
his spouse. Find the total number of handshakes. 


The 2n people fall into C(2n, 2) = (2n)(2n — 1)/2 unordered pairs, out of which n pairs will be the married 
couples. Thus the number of pairs who are not married couples is (2n — 1) — n = 2n(n — 1), and this is also the 
number of handshakes. 


In how many ways may n girls and n boys be seated in a row of 2n chairs, if the two sexes must 
alternate? 


The chairs are marked 1,2,3,...,2n. There are P(n,n) =n! ways of seating the boys in the odd-numbered 
chairs. After the boys are seated, the girls can be seated in n! ways. So this pattern will give rise to (n!)° seating 
arrangements. There are the same number of arrangements with the girls in the odd-numbered chairs. Thus the 
total number of arrangements 2nly. 


Ten different paintings are to be allocated to n office rooms so that no room gets more than 1 
painting. Find the number of ways of accomplishing this, if (@) n = 14 and (b) n= 6. 


(a) P(14, 10), by Problem 1.28. (6) Now the supply exceeds the demand; so we map from rooms to 
paintings, obtaining P(10, 6) from Problem 1.28. 


Solve Problem 1.32 if there are 10 identical posters instead of 10 distinct paintings. 


(a) Choose any 10 of the 14 rooms; this can be done in C(14, 10) ways. Then hang 1 poster in each room. 
Since any poster is like any other, there is only one way of doing so. Hence the answer is C(14, 10). (6) Choose 
6 posters from the collection and hang 1 poster in each room; there is (1)(1) = 1 way of doing this. 


A circular permutation is an arrangement of distinct objects around a circle (or other simple closed 
curve). Find the number of circular permutations of n distinct objects. 


If the sites where the objects are to be placed are distinct and marked 1,2,...,”, there will be n! 
arrangements, as usual. If that is not the case, the number will be smaller, owing to the fact that 2 distinct linear 
permutations can define the same circular permutation. (For example, the permutations ABCD and BCDA 
represent the same circular permutation.) This smaller number is, in fact, (7 - 1)! The proof is simple: A 
distinguished object may be placed somewhere on the circle in 1 way. On the ‘‘punctured’’ circle defined by this 
first placement, the remaining n — 1 objects may be ranged in clockwise order (say) in P(n — 1,n ~ 1)=(@— 1)! 
ways. 


Two linear permutations of n objects, p and q, are called reflections of each other if the first object in 
p is the last object in g, the second object in p is the ( — 1)st object in g,..., the last object in p is 
the first object in g. A circular permutation of n objects is a ring permutation if the defining linear 
permutation of n — 1 objects (see Problem 1.34) and its reflection are not considered distinct. Find the 
number of ring permutations of n distinct objects. 


Each ring permutation defines 2 circular permutations; so the number of ring permutations is (” — 1)!/2. 


A combinatorial proof is one that uses combinatorial reasoning instead of calculation; e.g., our proof 
that C(n, r) = C(z,n — r). Give a combinatorial proof of the identity 


C(m +n, 2) - Con, 2) — Cn, 2) = mn 
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Consider a collection of m mathematics majors and n nursing majors. By the product rule, the number of 
ways of choosing a mathematics major and a nursing major is mn. A different route must lead to the same 
number: from the C(m + n, 2) possible pairs of students we eliminate the C(m, 2) pairs of 2 mathematics majors 
and the C(n, 2) pairs of 2 nursing majors. 


Give a combinatorial proof of Pascal’s identity, 
Ciary=Ctn-1,n+Ca—-i1,r-1) 


Consider a set X with n elements. Let Y be any subset of X with n ~ t elements, Every subset of X with r 
elements is either a subset of Y with r elements or the union of a subset of Y with r— 1 elements and the 
singleton set consisting of the unique element of X which is not in Y. There are C(n — 1,7) subsets in the former 
category and C(n — 1,r — 1) subsets in the latter category. The sum of these 2 numbers is necessarily C(n, r). 

Pascal’s identity is perhaps the most important single formula in combinatorics. 


Prove the binomial theorem for a positive integer 1: 


(ty) =x" +Ci, Dx" ly ++ +CQ, nay tere ty = S Cla, rx" 'y" 
r=0 


A typical term in the expansion of (x + y)” is x”""y’ multiplied by an integral coefficient. If we write out 
(x+y)" as (x+y), @+y),°**G@+y),, we see that this integral coefficient is just the number of ways of 
selecting the r out of n parentheses that shall furnish the r y’s going into x” "y’. The integral coefficient therefore 
equals C(”, r). 

Because of their occurrence in the binomial theorem, the integers C(n,r) are known as binomial 
coefficients. 


Prove: 
(a) x Ci, r) = 2" (6) x (-1)'Cin,) =0 


n 


© > can=>d can=2"'! 


reven r odd 


(a) Set x = y = 1 in the binomial theorem. (6) Set x = —y = 1 in the binomial theorem. {c) Add and subtract 
the results of (a) and (5). 


Retrieve the results of Problem 1.39 by combinatorial arguments. 


(a) Consider a set X with n elements. Then (Problem 1.22) X has 2” subsets, giving the right-hand side of the 
identity. But also the set X has C(n, r) subsets of cardinality r, where r runs from 0 to n. So the total number 
of subsets is C(n, 0) + C(n, 1) + +++ +C n,n), as on the left-hand side of the identity. 


(b), (c) It is only necessary to establish that X has just as many subsets with an even number of elements as 
subsets with an odd number. But this is obviously true when n is odd, because each even (odd) subset can 
be paired off with its odd (even) complement. Suppose, then, that n is even (and positive), With @ a 
designated element of X, make the decomposition X = X' U {6}. Because X’ is odd (has odd cardinality), it 
has equal numbers of even and odd subsets. (Remember that the null set is included among the even 
subsets.) Now, all subsets of X may be obtained by either including or not including 6 in a subset of X’. 
Since inclusion of @ changes the parity of the subsets, it is evident that X must have twice as many even 
subsets and twice as many odd subsets as does X’—that is, X must have equally many even and odd subsets. 


Establish the identity C(2n, 2) =2C(, 2) +n” by a combinatorial argument. 
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Consider a set X with 2n elements which is partitioned into 2 subsets, Y and Z, each of cardinality of x. 
Every subset of X with 2 elements belongs to one of the following three mutually exclusive classes of subsets: (2) 
the class of all 2-element subsets of Y; (ii) the class of all 2-element subsets of Z; (aii) the class of all subsets 
{y, z} with y EY and z € Z. There are Cm, 2) subsets in each of the first two classes and n° subsets in the third 
class. 


In buying a ticket in a state-sponsored lottery, one chooses a subset T consisting of 6 distinct numbers 
from the set of the first 48 positive integers. After the sales are closed, a computer selects at random 6 
numbers out of these same 48; these 6 numbers constitute the winning set, W. If T = W, the ticket 
holder wins the jackpot. If T and W have 5 numbers in common, the ticket holder wins the second 
prize. If T and W have 4 numbers in common, the ticket holder wins the third prize. Find (@) the 
number of different tickets that can be sold; (b) the number of distinct second-prize tickets; (c) the 
number of distinct third-prize tickets. 

(a) C(48, 6). (6) To win a second prize, one has to choose 5 numbers out of the set W and 1 number out of 


the complement of W, which consists of 42 numbers. So the number of distinct second-prize tickets will be 
C(6, 5)C(42, 1) = 252. (€) C(6, 4)C(42, 2) = 12,915. 


(a) Establish the identity (convolution rule or Vandermonde identity) 


Ciptqan=> Cp pyCiar-J) 


j=0 


(b) Connect the convolution rule with Problem 1.42, 


(a) By the binomial theorem, the left-hand side of the convolution rule is the coefficient of x” in (1 +x)’ *‘; the 
right-hand side is the coefficient of x" in (1 +x)’(1 +x)’. The two coefficients must, of course, be equal. 


(b) In the convolution rule, let p = 42 and g =r =6: 
C(48, 6) = C(42, 0)C(6, 6) + C(42, 1)C(6, 5) + C(42, 2)C(6,4) +--+ + C(42, 6)C(6, 0) 


which represents the same classification (by overlap with the winning set) of distinct tickets. 


Establish Newton’s identity, 
Cn, Cr, k) = Cn, Cn — kyr — &) 


Suppose there are n faculty members in a university. The faculty assembly consists of r members, and the 
faculty senate consists of & members; every member of the senate is also a member of the assembly. (Hence, 
n=r=k.) The number of ways of forming a senate can be computed by two methods: (i) First choose r people 
from the set of n faculty members to constitute the assembly; this can be done in C(v, r) ways. After that, choose 
k senators from the r assembly people; this can be done in C(r,k) ways. So the total number of ways is 
C(n, r)C(r, &), as in the left-hand side of Newton’s identity. (i) First choose k faculty members to constitute the 
senate; this can be done in C(n,k) ways. These & individuals are ipso facto members of the assembly; the 
additional r ~ & assembly people may be chosen from the n — k remaining faculty in C(n — k, r — k) ways. Hence 
the total number of ways is C(n, ))C(a — kr — k), as in the right-hand side. 


Prove that if n is a prime number, C(n, r) is divisible by 2 for r=1,2,...,2—1. 


Set k= 1 in Newton’s identity to obtain rC(#, 7) = nC(n — 1, r ~ 1). Since n divides the right-hand side of 
this equation, it divides the left-hand side. Because n is a prime, it must then divide either r or C(w,7). But n 
cannot divide r, for it is greater than r. 
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Use a combinatorial argument to prove 


Cutr+in=> Cat 7,7) 

j=0 
The left-hand side is the number of ways of choosing r elements from a set X = {X,,%5,X%g.+-->Xpapait- AS 
for the right-hand side, consider the construction of an r-element subset A of X. If x, is not to be in A, the r 
elements of A have to be chosen from the remaining n + r + 1 — 1 elements of X; this can be done in C(@v + r,r) 
ways. If x, is to be in A, then we need r — 1 additional elements, which may or may not include x,. If x, is not 
included, these r — 1 elements have to come from the remaining n + r + 1 — 2 elements of X; they can be chosen 
in C(n +r -1,r—- 1) ways. If x, and x, are included in A, then.... The process terminates when x,,x,,...,, 
are included in A and we must pick 0 elements from the remaining n + 1, which can be done in C(@7 + 1,0) = 
C(n, 0) = 1 way. Thus we have obtained, in reverse order, the summands in the right-hand side of our equation 

and have shown that the sum also counts the r-subsets of X. 


Prove: 
Cim + n,n) = C(m, 0)C(@, 0) + Cm, 1)C(n, I) + °+- + Cim, CM, Kn). 


In the convolution formula [Problem 1.43(qa)] set g =r and note that C(q, g —j) =C(a@, Jj). 


Find the number of 5-digit positive integers such that in each of them every digit is greater than the 
digit to its right. 


There are C(10, 5) ways of selecting 5 distinct (necessary) digits. Once these digits are chosen, there is only 
1 way of arranging them in a decreasing order from left to right. So the number of these integers is C(10, 5). 


Find the number of ways of arranging the letters which appear in (a) ELASTIC and (6) ASBESTOS. 


(a) As the 7 letters are distinct, there are 7! ways. (b) The 5 letters which do not repeat are A, B, E, O, and T. 
The 5 positions to be occupied by these letters may be chosen from among 8 positions in P(8,5) ways. There is 
then only 1 way of assigning the 3 S’s to the 3 remaining positions. So the answer is P(8, 5). 


A and B are 2 students in a group of v. Find the number of ways of assigning the students to a line 
of n single rooms such that (a) A and B are in adjacent rooms, and (b) A and B are not in adjacent 
rooms. 


(a) There are n — 1 ways of choosing a pair of adjacent rooms, and 2 ways of installing A and B in the chosen 
pair. So there are 2 — 1) ways of accommodating A and B. The other n — 2 students can be assigned to 
the other 2 — 2 rooms in (7 — 2)! ways. So the total number of ways is 


2(n — 1)(a — 2)! =2(n — 1)! 


(b) nl-2n—-1)!=(n-2)m— II. 


There are 18 chairs (marked 1, 2,..., 18) in a row to seat 5 chemistry majors, 6 mathematics majors, 
and 7 physics majors. Find the number of seating arrangements, if (@) the chemistry majors occupy 
the first 5 seats; (b) the chemistry majors are barred from the first 5 seats; (c) the chemistry majors 
occupy the first 5 seats and the mathematics majors occupy the next 6 seats; and (7) students with the 
same major sit in a block. 


(a) (5!)(13!). (6) The 5 chemistry majors can occupy the 13 seats marked 6,..., 18 in P(13, 5) ways. Once 
the chemistry majors are seated, the other students can occupy the remaining chairs in 13! ways. So the answer is 
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P13, 5)3) = (13!)°/8!. (c) (5!)(6!)(7!). @) First permute the 3 groups and then permute the students within 
each group: (3!)(5!)(6!)(7!). 


Find the number of ways of seating » women and n men at a round table so that between every 2 
women there is a man. 


By Problem 1.34, there are (n — 1)! ways of seating the women. Now put a chair between every 2 women; 
these chairs can be occupied by the men in n! ways. So the number of seating arrangements is n! (n — 1)!. 


The n members of the board of directors include the president and 2 vice presidents. Find the number 
of ways of seating the board at a round table so that the vice presidents are on either side of the 
president. 


The president occupies a chair. The 2 chairs on either side of the president can be occupied by the 2 vice 
presidents in 2 ways. The other n — 3 members can be seated in (1 — 3)! ways. Thus the answer is 2(n — 3)!. 


Find the number of ways of seating r out of n people around a circular table, and the others around 
another circular table. 


First choose the r individuals for the first table—this can be done in C(n, r) ways. These r individuals can be 
seated in (r — 1)! ways (Problem 1.34). The remaining n — r individuals can be seated in (1 — r — 1)! ways. So 
the answer is C(n, (rr — D!(n—r—1)!. 


There are 3 apartments—A, B, and C— for rent in a building. Each unit will accept either 3 or 4 
occupants. Find the number of ways of renting the apartments to 10 students. 


This is clearly a case of ‘‘a four and two threes.’’ Now A can be given 4 occupants, and B and C 3 each, in 
C(10, 4)C(6, 3)C(3, 3) ways. The total number will be 3 times this, or 3C(10, 4)C(6, 3). 


Let 1,2, 3,...,” label n fixed points on the circumference of a circle. Each of these points is joined 
to every one of the remaining n — 1 points by a straight line, and the points are so positioned on the 
circumference that at most 2 straight lines meet in any interior point of the circle. Find the number of 
such interior intersection points. 


Any interior intersection point corresponds to 4 of the labeled points—namely, the 4 endpoints of the 
intersecting line segments. Conversely, any 4 labeled points determine a quadrilateral, the diagonals of which 
intersect once within the circle. Thus the answer is C(n, 4). 


Find the number of ways of seating m women and n men (n <n) at a round table so that no 2 women 
sit side by side. (Compare Problem 1.52.) 


Place n chairs around the table, in which the man may be seated in (mn — 1)! ways. Then place a chair 
between every 2 men, creating n distinct vacant places. By Problem 1.28, the m women can be assigned to these 
n places in P(n, m) ways. Once the women are seated, the extra chairs are removed (which can be done in 1 way). 
So the answer is (7 — 1)! P(n, m). 


A point in the cartesian plane whose coordinates are integers is called a lattice point. Consider a path 
from the origin to the lattice point A(m, n), where m and n are nonnegative, that (é) starts from the 
origin; (ii) is always parallel to the x-axis or the y-axis; (iii) makes turns only at a lattice point, either 
along the positive x-axis or along the positive y-axis; and (iv) terminates at A. Determine the number 
of such paths. 


A typical path is a sequence of m+n unit steps, m of them horizontal and n of them vertical. Hence the 
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number of paths is Cgn + n, m) = C@n + n,n), the number of ways of reserving positions in the sequence for one 
or the other kind of step. 


Establish the identity 
Catir+D)=CaHn+Can-1nt+Cu-2nHnte+Crnn 


The identity is readily verified for n= 1. For n> 1, use Pascal’s identity (Problem 1.37) to replace the 
left-hand member by C(@, r + 1) + C(a,r). Obviously the induction will succeed. 


Prove that 1+2+3+-°::+n=n(n+1)/2. 


Set r= 1 in the identity of Problem 1.59. 


A woman has 11 colleagues in her office, of whom 8 are men. She would like to have some of her 
colleagues to dinner. Find the number of her choices if she decides to invite (@) at least 9 of them, and 
(b) all her women colleagues and sufficient men colleagues to make the numbers of women and men 
equal. 


(a) C(11,9)+ C11, 10) + C11, 11) = 67. 
(b) She has to invite 4 men, since there will be 4 women dining, including herself. So the answer is C(8, 4). 


Prove: 


2 nin t+ 1)(2n + 1) 


+2743? +---4+0 6 


Sum the easily derived identity k7 = C(k, 1) + 2C(k, 2) on k: 


P=>)C&1I4+2> Cé&2) 
i k=1 k=2 


k= 


By Problem 1.59 the two sums on the right equal C(n + 1,2) =n(n + 1)/2 and C+ 1,3)=(@+ DW — 19/6. 
Hence, 


Sp anti) 2m@—1)]_ ma +1)2n +1) 
R= 2 [1+ 3 |- 6 


Evaluate the sum S = (1)(2) + (2)(3) + (3)(4) +::°+@@ + 1). 


Because k(k + 1) can be written as 2C(k + 1, 2), 
S = 2[CQ, 2) + CB, 2) +++: + CH +1, 2)) 


But then, by Problem 1.59 with r =2 and n replaced by n+ 1, §S =2C(n + 2, 3). 
Show that 

hor 1 

Prt n= req Pen +irt1) 


Multiply both sides of the identity of Problem 1.59 by r! to obtain the desired identity. Note that the 
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left-hand side may be expanded as 
[0)(2)3)* OF IQA @ + Dit +m rt 1) @— Ia) 


We therefore have a generalization of Problem 1.63. 


According to Problem 1.28, a permutation of X = {1,2,3,...,} is a one-one mapping of X onto 
itself. If P and Q are 2 permutations of X, their product, P°Q, is the permutation of X obtained by 
following the mapping Q with the mapping P. Moreover, the inverse, P', of P is the permutation of 
X represented by the mapping inverse to the mapping P. Letting n=5, OQ = 234 15—i.e., 


(,2,3,4; aor (2,3, 4, 1, 5) 


—and P = 12534, find (a) P°Q, (6) OP, (©) O'," and (d) P™'. 
(a) (1, 2, 3, 4, 5)— 72, 3, 4, 1, 5)—> {2, 5, 3, 1,4) 


so that P9Q =25314. (6) OoP =23541. () 9 '=41235. dP '=12453. 


Show that if P and QO are 2 permutations on X, then (P°Q) '=Q ‘oP. 


Refer to Problem 1.65. An equivalent definition of P~' is PoP~'=P~'cP=J, where / is the identity 
mapping on X. Bearing in mind that multiplication of permutations is associative, we have 


(P°Q)0(Q ‘oP ')=PofoPp '=Pop '=] 
and (Q°'eP')o(PeQ)=Q'eleQ=Q '°Q=I 


A permutation P of x = {x,,X2,...,x,} is a derangement if P(x,) #x, for i= 1,2,...,. Prove that 
the inverse of a derangement is a derangement. 


If P(x,) =x, (j #1), then P '(x,)=x, GJ). 


Is the product of 2 derangements necessarily a derangement? 


No; for example, the product of derangements P and P~' (Problem 1.67) is /, which is certainly not a 
derangement. Thus, while the permutations compose a group under multiplication (the symmetric group), the 
derangements constitute merely a subset, not a subgroup. 


A particle starts from a fixed point O which is taken as the origin of x coordinates. At every unit of 
time, starting with ¢=0, the particle either remains at its present position or moves | unit in the 
positive x direction. The probability that the particle stays in its present position is q and the 
probability that it moves is p; thus p + q = 1. Let P(r) be the probability that the particle has moved r 
units when ¢ =n. Show that: 


(a) P,(r)= pP,_,7 — 1) + 4P,_,(). 
(b) P(r)=Ctn,rp'q" "; ie., P,(r) is the coefficient of x” in (px + q)”. 
(The motion of the particle is known as a one-dimensional binomial random walk.) 


(a) At t=n, either the particle has just arrived from the point x=r-—1, the probability of which is 
P,_,(r — 1)p, or it had already reached x =r at t=n—1 and stayed there, the probability of which is 


P_sMe¢. 
(b) This is proved by induction on n, as follows. P,(0) = 1 =C(0, 0)p°q®, and P,(r) = 0 when r>0; so the 
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theorem is true when n = 0. Suppose the theorem is true for » — 1. Then, 


PN =Ca-inp'q and P._j@-1=C—i,r-1)p'¢" ” 


tona-r 


whence P,,(r) = gP,,_,(*) + pP,_,@ - 1) =[C@— 1,r-1)+CHM—1,nlp’q’” =Cta, yp’ 


So the theorem is true for 7 as well. 


In a two-dimensional binomial random walk a particle starts (¢ = 0) from the origin O(O, 0) of a 
cartesian coordinate system and moves in one unit of time one unit of distance either parallel to the 
+X-axis (with probability p) or parallel to the +Y-axis (with probability g), where p+q=1. 
Determine the probability IT, (7, s) that the coordinates of the particle at t= are (7, 5). 


In each unit of time the particle must move one way or the other. Hence, at t=n, s=n—r. We can 
therefore view the two-dimensional walk as the walk of Problem 1.69 with the ‘‘remains at its present position”’ 
option replaced by ‘‘moves 1 unit in the positive y direction.’’ This gives at once: 


0 sAn—r 
I], ( a={P@ S=n-r 


In Problem 1.70 let p = 1/3, and g = 2/3. Compute the probabilities of the following events: (a) the 
particle passes through the point (5, 2); (b) the particle passes through (5, 2) and (7, 1); and (c) the 
particle passes through (5,2) and (6, 3). 


(a) This event can occur only at f= 7, with probability P,(5)=C(7, )C/ 3)°(2/3). 


(b) First to hit (5,2) and then (7, 1) would require a decrease in the y coordinate; the other order, a decrease in 
the x coordinate. But either coordinate can only increase, so the probability here is zero. 


(c) The probability of the path (5, 2)-(6,2)-(6,3) is P,(5)(1/3)(2/3) and the probability of the path 
(5, 2)-(5, 3)-(6, 3) is P,(5)(2/3)(1/3). The desired probability is the sum, or (4/9)P,(5). 


Consider a bidirectional random walk on the X axis. The particle starts (at time ¢t = 0) from the origin 
and can make steps of +1 (with fixed probability p) or —1 (with fixed probability g = 1 —p). Show 
that P(r)—the probability that the particle is at x =r after n steps—is the coefficient of x’ in the 
binomial expansion of (px + q/x)’. 


Obviously, P(r) obeys 


Pr) = pP,_,& —1)+ 4@P,_,7 +1) (i) 


which is a recurrence relation in 2 integer variables, n and r. First, get rid of r by introducing the generating 
function 


F.O= > Px” 


po 


[Observe that P,(r) = 0 for |r| > 2.] When (i) is multiplied by x” and summed over all r, the result is 
q ss 
Fa) =(px +) F,@) (it) 
The solution to (ii)—a difference equation in n alone—is evidently 
as q\" ie q\" at 
FLQ)= prt Fj) = px+~ (ili) 


since F(x) = P,(0) = 1. Thus P(r) is the coefficient of x’ in (px + q/x)", as asserted. 
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In Problem 1.72 let p =3/4 and g = 1/4. Compute the probability that the particle has x = 1 during 


1st=4. 


There are precisely three sequences of four steps (starting from the origin) that satisfy the prescribed 
condition: 


(+1, +1, -1, +1) pq 
(+1, +1, +1, -1) pq 
(+1, +1, +1, +1) p 


The required probability is therefore 


hes actus SS 135 
2pq+p =p (at l= 56 


The reader should note that the first two sequences land the particle at x = 2; and the third sequence, at 
x=4, However, the answer is not P,(2)+P,(4), because the forbidden sequences (+1, —1, +1, +1) and 
(-1, +1, +1, +1) contribute to P,(2). 


A finite sequence (a,,a,,...,a,) of real numbers is unimodal if there exists a positive integer 
1<j<n_ such that @,<a,<-:+<a,_,Sa,>a,,,>°''*>a,. Show that the sequence 
(Ca, 0), C@, 1),...,C(@, 2)) is unimodal for any n> 1, and find the largest number(s) in the 
sequence. 


By Theorem 1.1(@), Ca,r+1)/C@,n =(@—r)/@ +1). Thus the sequence is strictly increasing for 
n-r>rt+], orr<(n— 1)/2, and strictly decreasing for r > (2 — 1)/2. Explicitly, for n = 2k (k =1,2,...), 
C(2k, 0) << +++ << C(2k, k) > + +> > C(2k, 2k) 


and, form =2k+1, 


C(2k+1,0)<+°+-<CQk+ 1k) =CQk+1,k +1) >--->CQ2k4+1,2k+1) 


aero 


Show that the sequence (ag, 45 (ee ,4,)> where a,=C(n,r)x “y and x and y are positive, is 


unimodal. 


As in Problem 1.74 we determine that the sequence is strictly increasing for 


ny ~-x 
xty 


r<t= 


and strictly decreasing for r >t. There are four possibilities: 
(a) ¢t<0. Then a, >a, >a,>-+++>a,,. 
(b) t=0. Then a, =a, >a,>a,>°+:>a,. 
(c) ¢>0 and ¢ is not an integer. Let k =(rl+ 1; then 
Gy Sa, <°°'<a,70,,,>7°°° >a 


(d) 1>0 and ¢ is an integer. Then a, <a, <°-+<4,=4,,,>4,,.>°°°>4,, 
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Let X = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Show that if § is any subset of X with 7 elements, then there are 
2 elements of S whose sum is 10. 


The subsets H, = {0, 10}, H, = {1,9}, H, = {2, 8}, H, = (3, 7}, H, = {4, 6}, and H, = {5} may be considered 
as 6 pigeonholes; and the elements of S, as 7 pigeons. 


Show that in any group of people there will be at least 2 people who know the same number of people 
in the group. 
Suppose that in the group X = {1,2,...,n} there are k people who do not know anybody in the group. 


(a) If k>1, there are at least 2 people who know nobody in the group. 


(6) If k =0 let x, be the number of people known to /, where i= 1,2,...,”. Since 1 Sx, =n — 1 for each j, the 
n numbers x, cannot all be distinct. So there are at least 2 integers i and j such that x, = x,. 


(c) If k =1, we ignore the person who does not know anyone in the group. We are then back in situation (6), 
with n replaced by 1 — 1. 


Consider a tournament in which each of n players plays against every other player and each player 
wins at least once. Show that there are at least 2 players having the same number of wins. 


The number of wins for a player is at least 1 and at most n — 1. These n — 1 numbers correspond to n — 1 
pigeonholes to accommodate n player-pigeons. 


Show that any set of n integers has a subset such that the sum of the integers in the subset is divisible 
by 2. 


Let X = {x,,x,,...,x,} and s,=x, +x, +-+++x,, where i=1,2,3,...,. If any 5, is divisible by n, we 
are done. Suppose this is not the case. Then the remainder r, obtained when s, is divided by 7 is at least | and at 
most n ~ 1; so that, by the pigeonhole principle, we must have r, =r, for some p<q. But then 


5,8, =Xpar TXpae bre x, 


leaves a remainder 0, i.e., is divisible by n. 


Let X denote a set of 9 positive integers, and, for any subset E of X, let s(E) represent the sum of the 
elements of E. Find the range of values of the largest element, n, of X for which there must exist two 
subsets A and B such that s(A) = s(B). 


For any subset E, 
1<=s)Sn+(Q—1)+°+++@—8)=9n — 36 


So the number of distinct values of s(£) is at most 92 — 36. As there are 2°-1=511 nonempty subsets E, the 
pigeonhole argument yields 


511>9n — 36 (i) 


as a sufficient condition for the existence of two equal-sum subsets. Clearly, (i) is satisfied for values of n from 9 
(the smallest possible) through 60. 


If 5 points are chosen at random in the interior of an equilateral triangle each side of which is 2 units 
long, show that at least 1 pair of points has a separation of less than 1 unit. 
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The equilateral triangle can be partitioned into 4 equilateral triangles, and each side is 1 unit. We have 5 
points and 4 triangles; the conclusion is obvious. 


If 10 points are chosen at random in the interior of an equilateral triangle each side of which is 3 units 
long, show that some pair of points are within 1 unit of each other. 


Subdivide the original triangle into 9 equilateral triangles (each side is 1 unit) by trisecting each side and 
drawing parallel lines through the points of subdivision. There are 9 triangles and 10 points. 


If 5 points are chosen at random in the interior of a square and each side is 2 units, show that the 
distance between some pair of points is smaller than V2 units. 


Divide the square into 4 congruent squares by joining the midpoints of opposite edges. The diagonal of each 
of the small squares is V2. We have 4 squares and 5 points. 


Show that any set of 7 distinct integers includes 2 integers x and y such that either x + y or x —y is 
divisible by 10. 


Let X ={x,,x,,..-,X,} be a set of 7 distinct integers and let r, be the remainder when x, is divided by 10. 
Consider the following partition of X: 


H, =x, :1, =0} Hi, = (, 07, = 5} 
H, ={x,:1r,=1 or 9} H,, = {x, 17, =2 or 8} 
H, ={x,: 7, =3 or 7} H, = 4x, 17, =4 or 6} 


There are 6 pigeonholes for 7 pigeons. If x and y are in H, or in H,, then both x + y and x — y are divisible by 
10. If x and y are in one of the other 4 subsets, then either x — y or x + y is divisible by 10, but not both. 


The total number of games played by a team in a 15-day season was 20. The rules required the team 
to play at least 1 game daily. Show that there was a period of consecutive days during which exactly 9 
games were played. 


Let x, be the number of games played by the team up to and including the ith day. The 15 numbers 
X1pXq9+++5Xy5 (Set A) are all distinct and increasing; hence the 15 numbers x, + 9,x, +9,...,%15 + 9 Get B) are 
also distinct and increasing. Thus we have a set (AUB) of 30 positive integers (pigeons) with at most 
X,5 + 9 = 29 distinct values (pigeonholes). No 2 elements of A, nor of B, can be equal. Therefore, for some i and 
j, X, =x, +9, or 


9 = x, — x, = number of games played in days i+ 1,i+2,...,/ 


Show that in any assignment of n objects to r places there will be at least 2 places with the same 
number of recipients, if n<r(r — 1)/2. 


Let x, be the number of objects assigned to place i, where i= 1,2,...,7. No 2 places get the same number 
of recipients if and only if the r integers x, are all distinct. If this condition is fulfilled, we can relabel the places 
so as to make x, <x, <<*+<4,<+++<x4,. Then x,2i-1 for all i, whence, by addition 


-1 
Yx,2=zG-1) or na) 


So, if n<r(r — 1)/2, the x, cannot all be distinct. 


There are 12 microcomputers and 8 laser printers in an office. Find the minimum number of connec- 


CHAP. 1] BASIC TOOLS 21 


1.88 


1.89 


tions to be made which will guarantee that if 8 or fewer computers want to print at the same time, 
each of them will be able to use a different printer. 


We shall show that 40 connections will do the job, leaving it to the reader to prove that this number is 
minimal. Suppose the printers are denoted by P, (j= 1,2,...,8) and the computers by C, @ = 1, 2,..., 12). 
Connect the first printer to the first 5 computers. Then connect the second printer to the 5 consecutive printers 
Starting with C,. Then connect the third printer to the 5 consecutive printers starting with C,. Continue like this, 
generating the the connection matrix of Fig. 1-1. 


ooo m= Re Re PF FP OO CO oO 


oO = em om OOOO CG 


0 
0 
0 
1 
1 
1 
1 
1 
0 
0 
0 
0 


eSeor0 00 OPH hee O 
ecocoon ener eoo 


Fig. 1-1 


Let the 8 computers requiring a printer be C, ,C,,,...,C,,, where i, <i, <-++<i,. (Obviously, if any 8 
computers can be accommodated, any smaller number can be accommodated.) The crucial observation is that 


sSisst+4 (s=1,2,...,8) (i) 


Indeed, if i,<s there would be s positive integers smaller than s; and if i, 25+ 5, at most 12 —(s + 6)+ 
1=7-—s values would be available to the 8 — s remaining indices. It follows from (7) and Fig. 1-1 that P, can be 
reserved for C; ; P, for C;,;...;P, for C,,. 


If each row and each column of an n Xn matrix is a permutation of the first n positive integers, the 
matrix is known as a latin square of order n. Two latin squares of order n, A = [a,,| and B = [b,,1, 
are orthogonal if the n” ordered pairs (a,;, 6,;) are all distinct. Suppose A,,A,,...,A, are pairwise 
orthogonal latin squares of order m. Show that ¢ cannot exceed n — 1. 


Obviously ¢ = 0 for n = 1 and n = 2; thus we assume n > 2. The pairwise orthogonality of A,, A,,..., A, is 
not disturbed if the first row of each of these matrices is transformed into [1 2 3 --- x] through suitable 
permutations of the columns. Now the first element in the second row of any one of these matrices must come 
from the set {2,3,...,}. Moreover, if i and j are the first elernents in the second rows of 2 of these matrices, 
then i and j are distinct. (Otherwise, the orthogonality condition is violated, because all first rows are 
{1 2.-->+ vn]. Hence the set {2,3,...,} has to supply ¢ distinct values for the (2, 1)-element; perforce ¢<n — 1. 


Prove that any set of 3 distinct integers includes 2 integers x and y such that F(x, y)=x°y — xy’ is 
divisible by 10. 


The result is true if the set includes x = 0 or y = 0. Also, 


F(~4, y) = FQ, —y) = —FQ@, y) and F(—x, —y) =F, y) 
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so that we may assume without loss of generality that the 3 distinct integers are all positive. Now, for any x and 
y, F(, y) is even. So it is enough to show that F(, y) is divisible by 5, which will certainly be the case if either x 
or y is divisible by 5. Since F(x, y) =xy@ — y)@ + y), what we have to prove is this: given any 3 positive 
integers none of which is divisible by 5, the sum or difference of 2 of them is divisible by 5. 

Now, the last digit of any number not divisible by 5 belongs to the set A= {i, 2, 3, 4,6, 7, 8, 9}. Let 
B ={1, 4,6, 9} and C = {2, 3, 7, 8}-two pigeonholes. Of the 3 integers (pigeons) in our set, at least 2 belong to B 
or at least 2 belong to C. In either case, either their sum or their difference is divisible by 5. This completes the 
proof. 


Show that any sequence of n? +1 distinct real numbers contains a subsequence of at least n + 1 terms 
that is either an increasing sequence or a decreasing sequence. In particular, every sequence of n 
distinct numbers has a monotone subsequence of length at least Vn. 


For the sequence (a,:i=1,2,..., n’ +1), let p, be the number of terms in the longest increasing 
subsequence that starts with a,. If p, =n + 1 for some i, we are done. Suppose, on the contrary, p, =n for every 
i. Let H, = {a, : p, = j}, where j = 1,2,...,n. The n? +1 elements of the sequence are thus partitioned into n 
sets. By Theorem 1.3 (choose p, =*'"p, =" + 1), at least n +1 of these elements belong to one of the 7 sets, 
say, H,. Let a, and a, be two numbers in H,, where i<j. If a,<a,, there is a subsequence with at least r + 1 
terms starting from a,, which is a contradiction. Thus a, > a, whenever i < j. So take any n + 1 elements from H, 
and arrange them in increasing order of their subscripts, to obtain a decreasing sequence of n+ 1 elements. 

In particular, every sequence of k distinct numbers has a monotone subsequence (decreasing or increasing) 
of at least Vk — 1 +1 >~Vk numbers. 


Suppose X is the set of the first 2” positive integers and S is any subset of X with n+ 1 elements. 
Show that S contains 2 integers such that 1 is divisible by the other. 


Any element r of S can be written as r = 2's, where f is a nonnegative integer and s is an odd number from 
the set X. There are at most n choices for s. So there are at least 2 numbers x and y in S such that x =2”s and 
y = 2%s, with p #q. Hence, either x divides y or vice versa. 


(a) Suppose P,(x, y;), where i= 1, 2,. ..,5, are 5 lattice points (Problem 1.58) in the plane. Show 
that at least 1 of the line segments determined by pairs of these lattice points has a lattice point as its 
midpoint. (6) Generalize the result of (@) to n-dimensional Euclidean space. 


(a) The set A of all lattice points in Euclidean 2-space can be partitioned into 4 subsets: A, is the 
subset where both the coordinates are odd; A, is the subset where both the coordinates are even; 
A, is the subset in which the first coordinate is odd and the second coordinate is even; and A, is 
the subset in which the first coordinate is even and the second coordinate is odd; Out of the 5 
given lattice points, at least 2 must belong to 1 of these 4 subsets. The midpoint of the segment 
joining this pair is a lattice point. 

(b) Given 2”+ 1 lattice points in Euclidean n-space, the midpoint of at least one of the line 
segments determined by these points is a lattice point. 
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1.93 


Show that in any group of 6 people there will always be a subgroup of 3 people who are pairwise 
acquainted or a subgroup of 3 people who are pairwise strangers. 


Let {A, B, C, D, E, F} be a group of 6 people. Suppose that the people known to A are seated in room Y and 
the people not known to A are seated in room Z; A is not in either room. Then there are necessarily at least 3 
people in either room Y or in room Z. (a) Suppose B, C, and D to be in room Y. Either these 3 people are mutual 
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strangers (and the theorem is true) or at least 2 of them (say, B and C) know each other. In the latter case, A, B, 
and C form a group of 3 mutual acquaintances—and the theorem is true. (6) In (a), replace room Y by room Z 
and interchange the notions of ‘‘acquaintance’’ and ‘‘strangers.”’ 


Show that in any group of 10 people there is always (a) a subgroup of 3 mutual strangers or a 
subgroup of 4 mutual acquaintances, and (b) a subgroup of 3 mutual acquaintances or a subgroup of 4 
mutual strangers. 


(a) Let A be | of the 10 people; the remaining 9 people can be assigned to 2 rooms: those who are known to A 
are in room Y and those who are not known to A are in room Z. Either room Y has at least 6 people or room 
Z has at least 4 people. (/) Suppose room Y has at least 6 people. Then, by Problem 1.93, there is either a 
subgroup of 3 mutual acquaintances or a subgroup of 3 mutual strangers (validating the theorem) in this 
room. In the former case, A and these 3 people constitute 4 mutual acquaintances. (ii) Suppose room Z has 
at least 4 people. Either these 4 people know one another or at least 2 of them, B and C, do not know each 
other. In the former case we have a subgroup of 4 mutual acquaintances. In the latter case A, B, and C 
constitute 3 mutual strangers. 

(b) In the previous scenario, let people who are strangers become acquaintances, and let people who are 
acquaintances pretend they are strangers. The situation is symmetric. 


Show that in any group of 20 people there will always be either a subgroup of 4 mutual acquaintances 
or a subgroup of 4 mutual strangers. 


Suppose A is one of these 20 people. People known to A are in room Y and people not known to A are in 
room Z, Either room Y has at least 10 people or room Z has at least 10 people. (i) If Y has at least 10 people, 
then by Problem 1.94(5), there is either a subgroup of 3 mutual acquaintances or a subgroup of 4 mutual 
strangers—as asserted—in this room. In the former case A and these mutual acquaintances will form a subgroup 
of 4 mutual acquaintances. (i/) Interchange ‘‘acquaintances’’ and ‘‘strangers’’ in (i). 


Let p and q be 2 positive integers. A positive integer r is said to have the (p, g)-Ramsey property if 
in any group of r people either there is a subgroup of p people known to one another or there is a 
subgroup of g people not known to one another. [By Ramsey’s theorem all sufficiently large integers 
r have the (p, g)-Ramsey property.] The smallest r with the (p, g)-Ramsey property is called the 
Ramsey number, R(p, g). Show that (a) R(p, g) = R(q, p), (b) R(p, 1) = 1, and (c) R(p, 2) =p. 


(a) See Problems 1.93(b), 1.94(6), and 1.95(b). (6) This is obvious. (c) In any group of p people, if all of 
them are not known to one another, there will be at least 2 people who do not know each other. 


Show that R(3, 3) = 6. 


Problem 1.93 implies that R(3,3)=6. To show that R(3,3)>5, it is enough to consider a seating 
arrangement of 5 people about a round table in which each person knows only the 2 people on either side. In 
such a situation there is no set of 3 mutual acquaintances and no set of 3 people not known to one another. 


Show that if m and n are integers both greater than 2, then 
R(m,n) = Rim — 1,n) + Rn, n— 1) 


[This recursive inequality gives an (unsharp) upper bound for R@m, n).] 


Let p =R(m — 1,n), g=R(m,n — 1), and r =p + q. Consider a group {1,2,...,7} of r people. Let L be the 
set of people known to person | and M be the set of people not known to person 1. The 2 sets together have r — 1 
people; so either L has at least p people or M has at least g people. (a) If L has p = R(m — 1, 2) people, then, by 
definition, it contains a subset of m — 1 people known to one another or it contains a subset of n people unknown 
to one another. In the former case the m— 1 people and person 1 constitute m people known to one another. 
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Thus, in their case, a group of Rm — 1, n) + R(m, n — 1) people necessarily includes m mutual acquaintances or 7 
mutual strangers; i.e., 


Ram, n) = RQn — 1, n) + Rn, n — 1) 


(b) By the usual symmetry argument the same conclusion follows when M contains q people. 


Show that if m and n are integers greater than 1, then 


Rim, n) = Cn +n-—2,m—1) (i) 


(a nonrecursive upper bound). 


When m = 2 or n = 2, (i) holds with equality (Problem 1.96). The proof is by induction on k=mta, As 
we have just seen, the result is trae when k = 4. Assume the result true for k — 1. Then 


Rim—1,n)SCin+n—-3,m— 2) and R(m,n—-1)=C@n+n-3,m~ 1) 
Now, Pascal’s identity gives Cim+n—3,m —2)4+Cimt+n—-3,m- 1)=C(m+n-2,m— 1); so that 
Rm — 1,n) + Rm, n-1)=Cn+n—2,m—1) 


But (Problem 1.98) R@n, n) = Rm — in) + Ram, n— 1). 


If Rim — 1, n) and RQ, n — 1) are both even and greater than 2, prove that 
Rim, n) = R(m — Ln) + RO, n ~ 1I)-1 


As in Problem 1.98, let p =R(m —1,n), g= Rim, n— 1), and r =p +q. It suffices to establish that in any 
group X = {1,2,...,7— 1} of r—1 people there is either a subgroup of m people who know one another or a 
subgroup of n people who do not know one another. Let d, be the number of people known to person i, for 
i=1,2,...,r—1. Since knowing is mutual, d, +d, +-°: + d,_, is necessarily even. But r — 1 is odd; so d, is 
even for at least 1 i, which we may take to be i= 1. Let L be the set of people known to person 1 and let M be 
the set of people not known to person 1. Since there are an even number of people in L, there must be an even 
number of people in M as well. Now either L has at least p — 1 people or M has at least q people. But p — 1 is 
odd. So either L has at least p people or M has at least g people. (a) Suppose L has at least p people. Because 
p =R(m — 1,n), L must contain either m — 1 people known to one another or 2 people not known to one another 
(in which case the theorem holds). In the former case these m — 1 people and person 1 will constitute m people 
known to one another (and the theorem holds). (b) The case of q or more people in M is handled by symmetry. 


Show that R(4, 3) = 9. 
By Problems 1.97, 1.96(c), and 1.100, 


R(4, 3) = RG, 3) + R(4,2)-1=9 


To prove that R(4, 3) = R(3, 4) > 8, we exhibit a group of 8 people which has no subgroup of 3 people known to 
one another and no subgroup of 4 people not known to one another. Here is a scenario: 8 people sit about a round 
table. Each person knows exactly 3 people: the 2 people sitting on either side of him and the person sitting 
farthest from him. 


Show that R(5, 3) = 14. 


R(5, 3) = R(4, 3) + RS, 2) =9 +5 = 14. To see that R(5, 3) = R(3, 5) > 13, consider a group of 13 people 
sitting at a round table such that each person knows only the fifth person on his right and the fifth person on his 
left. In such a situation there is no subgroup of 3 mutual acquaintances and no subgroup of 5 mutual strangers. 
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Show that R(4, 4) = 18. 


R(4, 4) = RG, 4) + RG, 3) =9 + 9= 18. To show that R(4, 4) > 17, consider an arrangement of 17 people 
about a round table such that each person knows exactly 6 people: the first, second, and fourth persons on one’s 
right and the first, second, and fourth persons on one’s left. It can be verified that in this arrangement there is no 
subgroup of 4 mutual acquaintances or of 4 mutual strangers. 

[Ramsey numbers R(p, q) with p, g >2 are called nontrivial. In Problems 1.97-1.103, 4 of the 7 known 
nontrivial Ramsey numbers have been computed.] 


Let k, (i= 1,2,...,¢) and m be positive integers, with each k, =m and t = 2. Let (C,,C,,...,C,) be 
an ordered partition of the class C of all m-element subsets of an n-element set X. [There are thus 
C(a, m) elements in C.] Then the positive integer n has the generalized (k,, k,,...,k,; m)-Ramsey 
property if, for some value of i in the range 1 to t, X possesses a k,-element subset B such that all 
m-element subsets of B belong to C,. The smallest such n is the generalized Ramsey number, 
R(k,.k,...,k,5 m). Show that R(p, g) = R(p, q; 2). 


Let n = R(p, g) and suppose that X = {1,2,...,} is a group of people. The class of all 2-element subsets 
of X is C = {{i, j} :i AJ}. Let C= C, UC, be any partition of C; this partition defines and is defined by a relation 
of ‘‘knowing’’ whereby i and j know each other if and only if {i, j} belongs to C,. Now, since n = R(p, q), either 
X has a subgroup of p people who know one another—i.e., a p-element subset B all 2-element subsets of which 
belong to C,—or X has a subgroup of q mutual strangers—i.e., a g-element subset B’ ali 2-element subsets of 
which belong to C,. Hence n = R(p, g; 2); and it is easy to see that the inequality cannot hold. 


Show that the pigeonhole principle is equivalent to the proposition that 


Ri yskos Kg D=k, thy tec tkh—etl 


Let R(k,,k,,...,%,; 1) =n. Thus a is the smallest positive integer such that when any n-element set X is 
arbitrarily partitioned as X = C, UC, U--- UC, then C, contains at least k, elements, or C, contains at least k, 
elements, or ..., or C, contains at least k, elements. The proof of Theorem 1.3 demonstrates that this minimal n 


has the value k, +k, +-++-+k,-t+1. 


Let A be any » X n matrix. Matrix P is an m X m principal submatrix of A if P is obtained from A 
by removing any n — m rows and the same n — m columns. Show that for every positive integer m, 
there exists a positive integer such that every n Xn binary matrix A has an m Xm principal 
submatrix P in one of the following four categories: 
(i) P is diagonal. 
(ii) Every nondiagonal entry of P is 1. 
(iii) VP is lower triangular and every element in the lower triangle is 1. 
(iv) P is upper triangular and every element in the upper triangle is 1. 
Let n be any positive integer greater than R(m, m, m, m; 2) and let A = [a,,] be any n X n binary matrix, the 


rows of which constitute the set X ={r,,7,,...,7,} 
The class C of all 2-element subsets of X is partitioned into 4 classes, as follows: 


C, =tr, 7}: 4,, = 0,4, = 0} C, = {{r,, rj}: =0,4,, = 1} 
Cc, = {{r,, r} aj; = la, = 1} C, = {{r,, ri} 5 aj; = la, = 0} 


Since n = R(m, m, m, m; 2), there exists a subset X’ of X with m elements (rows) such that all 2-element subsets 
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of X’ are contained in one of these 4 classes. This implies the existence of an m X m principal submatrix in one 
of the categories (i) through (iv). 


A collection of points in the plane are in general position if no 3 of the points are collinear. A 
polygon with 1 sides, or n—gon, is convex if the line segment joining any 2 interior points is also 
within the n-gon. Show that if 5 points in the plane are in general position, then 4 of them are the 
vertices of a convex quadrilateral. 


Let the smallest convex polygon that contains the 5 points be a convex m-gon; obviously, all the vertices of 
this m-gon belong to the given set of points. If m = 5 or m = 4, there is nothing to prove. If m = 3 (the only other 
possibility), there is a triangle formed by 3 of the 5 points (say, A, B, and C), and the other 2 points, D and &, are 
inside the triangle. Then the line determined by D and E will divide the triangle into 2 parts such that 1 of these 2 
parts contains 2 vertices of the triangle (say, A and B), ABDE is the sought convex quadrilateral. 


If n points are located in general position in the plane, and if every quadrilateral formed from these n 
points is convex, then the 1 points are the vertices of a convex n-gon. 


Suppose the n points do not form a convex n-gon. Consider the smallest convex polygon that contains the 1 
points. At least one of the n points (say, the point P) is in the interior of this polygon. Let Q be one of the 
vertices of the polygon. Divide the polygon into triangles by drawing line segments joining Q to every vertex of 
the polygon. The point P then will be in the interior of one of these triangles, which contradicts the convexity 
hypothesis. 


Show that for any integer m = 3 there exists an integer n such that whenever n points in the plane are 
in general position, some m of these points are the vertices of a convex m-gon. 


Let n = R(5, m; 4) and let X be any set of points in general position. The class C of all 4-element subsets 
of X is partitioned into 2 subclasses, C, and C,, the former being the subclass of quartets of points which 
determine convex quadrilaterals. Now, according to Ramsey’s theorem, there exists an m-element subset, B, of X 
such that every 4-element subset of B belongs to C,, or there exists a 5-element subset, B’, of X such that every 
4-element subset of B’ belongs to C,. The latter alternative is impossible, by Problem 1.107. The former 
alternative must then hold; and Problem 1.108 at once gives the proof. 


An arithmetic progression of length n is a sequence of the form (a,a+d,a+2d,...,a+(—1)d). 
Show that in any partition of X = {1,2,...,9} into 2 subsets, at least 1 of the sets contains an 


. arithmetic progression of length 3. 


Suppose that the theorem is false. Let X be partitioned into P and Q, and let 5 be an element of P. Obviously 
both 1 and 9 [d =4] cannot be in P; so that there are 3 cases to consider. 


Case 1. 1 is in P and 9 is in Q. Since 1 and 5 are in P, 3 is in Q. Since 3 and 9 are in Q, 6 is in P. Since 5 and 6 
are in P, 4 is in Q. Since 3 and 4 are in Q, 2 is in P. Since 5 and 6 are in P, 7 is in Q. Since 7 and 9 are in Q, 8 is 
in P. But then P contains the arithmetic progression 2, 5, 8—a contradiction. 


Case 2. 9 isin P and 1 is in Q. Set X is invariant when each element is replaced by its tens-complement. Under 
this transformation the present case becomes Case 1, which has already been disposed of. 


Case 3. 1 and 9 are in Q. The number 7 is either in P or in Q; suppose it is in P. Since 5 and 7 are in P, both 3 
and 6 are in Q. That means Q has the arithmetic progression 3, 6, 9. On the other hand, if 7 is in Q, then 8 is in P. 
Since 1 and 7 are in Q, 4 is in P. Since 4 and 5 are in P, 3 is in Q. Since 1 and 3 are in Q, 2 is in P. Then P has 
the arithmetic progression 2, 5,8. 


A geometric progression of length n is a sequence of the form (a, ad, ad’, ad’,...,ad"'). Show 
that in any partition of X = {1,2,3,..., 2°} into 2 sets, at least 1 of the sets contains a geometric 
progression of length 3. 
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Given the partition X =X, UX,, let P={1,2,...,9}, P, ={KEP:2""'EX,}, and P, =P —P,. If P, is 
empty, then X, must contain the geometric progression 1, 2, 4. If P, is empty, then X, contains 1, 2, 4. Finally, if 
P=P,UP, is a partition, Problem 1.110 ensures that one of the subsets—say, P,—contains on arithmetic 
progression k, k + 1, k +21. In consequence, X, must contain the geometric progression 2*~', 2*~'2',2*~'(2'’. 


CATALAN NUMBERS 
1112 A path from P, to P,, in the cartesian plane is a sequence (P,, P,,...,P,,) of lattice points (Problem 


L113 


L114. 


1.58), P,@;, y;), such that, for each i=0,1,....m—1, ¥,,, =*, +1,9,,, =; OF X45 =X Ii4. = 
y, + 1. This path is good if y,<x, @ =0,1,...,); otherwise it is bad. (@) Find the number of paths 
from P, to P,,. (b) Obtain a necessary and sufficient condition for given endpoints Py and P,, to be 
linked by paths of both categories. 


(a) In Problem 1.58 set m=x,,-x, and n=y,,—y, to obtain the required number as C(x,, —X) + y,, — 
Yor Xm —Xq)- (b) See Fig. 1-2: a good path is one that lies entirely below the 45° line. Thus the conditions y, <x, 
and y,, <x, are necessary for a good path, to which may be adjoined x,=x,, and y,=y,, (the x and y 
coordinates can never decrease along the path). Under these 4 conditions al/ paths will be good, unless it is 
possible for a path to intersect the 45° line at some ordinate less than or equal to y,,; i.¢., unless x, = y,,. Thus the 
desired criterion is 


Yo <Xo =Vm <Xn 


Count the good paths from (9, Yg) tO Wns Yin) 


Figure 1-2 shows a bad path from (x,, y,) to (,,, ¥,,); it first intersects the line y =x in the lattice point Q. 
If subpath A,, from (x,, y,) to Q, is reflected in the 45° line, then Aj + A, is a path from (y,,X,) to (,,. Yn): 
[All paths from (y,, x,) are bad, but that is of no importance here.] Conversely, any path from (yg, %) to (X45 Yn) 
defines by partial reflection a bad path from (x,, ¥)) to (> ¥,,). By Problem 1.58 there are C(x,, —yYo ty, — 
Xq2X_ — Yo) bad paths—and hence 


Cin Xo + Ym Yor Xm — Xa) — CG — Xp + IYm — Yor Xm ~ Yo) 


good paths—from (xX), ¥)) to @,: Yn) 


The nth Catalan number, C,,, is defined as the number of good paths from (1, 0) to (7, — 1). Show 
that 


1 
C, = 7, C(2n —2,n-1) 
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Making the appropriate substitutions in Problem 1.113, we have 


=1 1 
C, =COn—2,n—1)—COn~2,n)=CQn-2,n— 0] 1-2—* | = 7 C(2n—2,n— 1) 


Find the number of paths from (0, 0) to (n, 2) such that (a) either x > y at all interior lattice points or 
y >x at all interior lattice points; and (b) y =x at every lattice point on the path; and (c) the path 
never crosses the line y = x, 


(a) The number of paths of this type will be twice the number of good paths from (1,0) to (1, — 1), or 2C,,. 
(b) Let A be the point (n,n). Suppose the origin O(O, 0) is transferred to O’(-1,0). The new coordinates are 
0'(0,0), OU, 0), and A( + 1,2). The number of good paths (in the new system) from O to A—namely, 
C,,,;-—is equal to the number of paths (in the old system) from O to A in which y =x at every lattice point. 


(c) By reflectional symmetry, the required number is twice the number found in (b), or 2C,,..,- 


(The Ballot Problem) Suppose P and Q are 2 candidates for a public office who secured p votes and 
q votes, respectively. If p > q, find the probability that P stayed ahead of Q throughout the counting 
of votes. 


In the cartesian plane let x and y, respectively, denote the votes accumulated by P and Q at any stage. Every 
path (Problem 1.112) from (0,0) to (p,q) represents a possible history of the voting, and conversely. Thus 
(Problem 1.58) the number of ways the voting could have gone is C(p + q, p), out of which P leads continually 
in C(p+q-1,p-1)-Cip+q-1,p) [this is the number of good paths from (1, 0) to (p, q)}. The desired 
probability is therefore 


Ciptq—1,p—1)—-Cip+q-l,p)_ p74 
C(p +4 P) p+q 


Let X = {1,2,...,n}. A function f from X to X is monotonic increasing if f({) =/f(j) whenever i <j. 
Find the number of monotonic increasing functions f from X to X such that f(/) =i for every i in X. 


Any function of this type will have a graph, y = f(x), consisting of lattice points that can be embedded in a 
unique way in a path from (0, 0) to (7, 7) that does not rise above the line y = x. Conversely, any path from (0, 0) 
to (n,n) that does not rise above y = x defines a function of this type. Thus, from Problem 1.115(6), the answer is 
Core 


n 


Find the number of sequences of the form (u,u2,...,M5,) such that 
(i) u, is either —1 or +1, for every 7; 
(ii) iu, tu, t-+++u,20, for 1=kA=2n—1; and 
(iii) u,tu,t+---+4,,=9. 
Consider a path from (0, 0) to (n,n) as traced by a particle which makes unit steps in the x and y directions. 
Let the particle’s location after i steps be (x,, y,;) and define 


u, =; —X,-4) —O,-¥j-1) 


Then, if the particle never rises above the line y = x, the integers u, @ = 1,2,..., 2”) satisfy (i), Gi), and (ii) 
above. 

Conversely, every sequence (u,) that obeys (i), Gi), and (ii) defines a path from (0,0) to (, 7) that never 
rises above y =x. Hence [Problem 1.115()], the number of such sequences is C,,,,. 


Find the number of sequences of the form (a,,@,,..-, Qon+1)1 Where 


(i) each a, is a nonnegative integer; 
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(ii) a, =4,,, =0; and 
@ii)  a,,, — a, is either —1 or 1, for every i. 


Define u, =a,,, —a, @=1,2,...,2n), or, inversely, 


k 
eu, (k=0,1,..., 27) 
i=1 


Then the a, obey (i), (), and (ii) above if and only if the u, obey (¢), (i), and (iii) of Problem 1.118. Thus the 
number of a sequences equals the number of u sequences, which is C,, ,. 


To obtain the product of n numbers, n ~ 1 successive multiplications are to be performed, involving 2 
factors at a time. A pair of parentheses is used to indicate the 2 components of a multiplication 
whenever the lack of these would cause ambiguity. Find the number of ways of expressing the 
product of n numbers in this manner, if the n numbers can be arranged in any order. 


The product of a@ and b can be expressed as ab or ba. The product of a, b, c, and d can be expressed as 
(ab)(cd), (cd)(ab), a((be)d), and so on. Let w, be the number of ways of expressing the product of x,,x,,...,X, 
by inserting parentheses. From each product of these n numbers, we can obtain a product of x,,%2,---5%,5Xp44 
by one of the following methods: 


(a) Suppose the product of the n numbers is y. Then we can form either x,,,y or yx,,, (2 possibilities). 
(b) Suppose u is the product of the first ry numbers out of the n numbers, and v is the product of the remaining 
n—r numbers. Then we have the 4 possibilities (x,,,wv, (ux,,,)U, u,v), and u(x, ,). 


Now r can vary from 1 to » — 1. Thus each representation involving n numbers defines 2 + 4(n — 1) = 
4n — 2 representations involving n + 1 numbers; or 


2"(2n)!__ (2n)! 
2"n! oa! 


4, = (4n — 2)@, = (4n — 2)(4n — 6), _ | = + = (An — 2)(4n — 6) BCD = 


It then follows from Problem 1.114 that w, =7!C,. 
We note that exactly n—2 pairs of parentheses—one opening and one closing—are required in any 
parenthesisation of an n-factor product. 


Rework Problem 1.120 if the order of the » numbers is fixed. 


It is clear that any parenthesisation of mn numbers in fixed order gives rise to n! homologous parenthesisa- 
tions when the numbers are permuted among themselves. Moreover, every parenthesisation counted in Problem 
1,120 can be derived by permutation from the homologous fixed-order parenthesisation, Thus the required 
number of ways is w,/n! = C,—an alternate definition of the nth Catalan number. 


A diagonal triangulation of a convex polygon is a division of the polygon into triangles by diagonals 
which do not intersect except at vertices of the polygon. Show that the number of triangles and the 
number of diagonals in any diagonal triangulation of a convex polygon with n vertices are n ~ 2 and 
n — 3, respectively. 


Suppose that the numbers of triangles in 2 different triangulations are p and g. Then 
pw = qa = sum of the interior angles of the polygon 


whence p = qg. With the n vertices of the polygon marked 1,2,...,m, the diagonals 13,14,...,1n —1 yield a 
particular triangulation. This—and therefore every—triangulation involves n — 2 triangles. 

In counting the edges of the n — 2 triangles in any triangulation, each diagonal involved is counted twice, 
since it is an edge of exactly 2 triangles. Each side of the polygon is counted once, since it is an edge of exactly 1 
triangle. Therefore, with x = number of diagonals, we have 3(n — 2) = 2x +n, or x =n — 3. 
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1.123 Consider a triangulation of a convex n-gon (n= y). Let us call a constituent triangle type 0, type I, or 
type 2, according as the triangle has 0, 1, or 2 sides in common with the polygon. Prove that there 
must be at least two type 2 triangles in the triangulation. 


Let f,, f,, and f, be the respective numbers of the 3 types. From Problem 1.122, 
fththaa-2 (i) 
and, by a double counting of the sides of the polygon, 
f,+%f=n 


Subtract (i) from (ii): fp — fg = 2, OF fp = 2 +f, 22. 


1.124 A particular diagonal triangulation of a convex hexagon is shown in Fig. 1-3(@); 5 of the 6 sides are 
labeled in clockwise order x,,x2,...,;. Show that the triangulation induces a unique parenthesisa- 


tion of the ‘‘product’’ x,X,°* "Xs. 


J, 
2 *3 Pa = 
wt 243) 5, 
xy X4 xy x 
x5 Xs 
(a) (d) (c) 
a (%y (2 3) %4)) es 
- ca ~A Pea SA 
ae Se Zo se 
E. S «- Ee eke ahs Ses et an xe 
< 


a | 


“ 


(xy (Xz £3) %4)) X5 
@ (e) 
Fig. 1-3 


Problem 1.123 guarantees that the triangulation must involve a type 2 triangle that does not contain the 
unlabeled side. Take any such triangle (in the present case there is just 1) and collapse it into that side which is a 
diagonal of the hexagon; label the surviving side with the parenthesized product of the labels of the 2 sides 
that vanish. The resulting labeled pentagon is shown in Fig. 1-3(6). Now iterate the process—see Figs. 
1-3(c), @), (@}—until the initially unlabeled side carries the sought parenthesisation of x,x,°° Xs. 


1.125 Show that the number of diagonal triangulations of a convex polygon with n+ vertices is C, 
(whereby still another definition is given for the Catalan numbers). 


The general ‘‘collapse procedure” of Problem 1.124, together with the reverse ‘explosion procedure,”’ 
establishes a one-to-one correspondence between triangulations of a convex (n + 1)-gon and parenthesisations of 
an ordered n-factor product. An appeal to Problem 1.121 gives the required result. 


CHAP. 1] BASIC TOOLS 31 


1.126 Find the number of triangulations of a convex polygon with n = 4 vertices such that every triangle is 
type 1 or type 2 (Problem 1.123). 


The triangulation must involve n —3 diagonals (Problem 1.122), and, by Problem 1.123, there must be 
precisely two type 2 triangles. Number the vertices consecutively in such fashion that diagonal d, = 2n cuts off 
one of these type 2 triangles (see Fig. 1-4). Now our triangulation must induce a triangulation of the convex 
(n — 1)-gon 23 --+ n2 (interior shaded in Fig. 1-4) that also has the property f, = 0. This implies that side d, 
must be covered by a type 2 triangle (else the n-gon would have three type 2 triangles). Hence there are 2 choices 
for d,: d,=3n and d,=2n-—1. Repeating the argument for the residual (nm — 2)-gon, etc., we obtain 
(1)(2)(2)+ ++ (2) =2"7* triangulations of the n-gon, in each of which the chosen d,_, cuts off the second type 2 
triangle. Because vertex 1 can be any vertex of the -gon, we would seem to have altogether n2” * 
triangulations. But in this grand total each triangulation is counted twice—once according to its beginning type 2 
triangle and once according to its ending type 2 triangle. Our answer is therefore n2”~°. 


Fig. 1-4 


1.127 To see a talent show, one has to buy an entrance ticket worth $5.00. A customer is allowed to buy 
only 1 ticket. Some people come with exactly one $10 bill, and some people come with exactly one 
$5 bill; suppose there are m customers in the former category and n customers in the latter category. 
The box office has no money initially. The customers stand in front of the box office in a line. Find 
the number of ways a line can be formed so that each customer gets a ticket and every customer who 
presents a $10 bill gets a $5 bill along with the ticket. 


Obviously m cannot exceed n. Let the symbol T denote a $10 customer and let F denote a $5 customer. 
Each line in front of the box office can then be consideredas a vector with m+n components, such that (2) m 
components are the symbol T and n components are the symbol F; (i) the ith component represents the ith 
customer away from the box office. Conversely, every such vector is a line of customers. The number of vectors 
is C(m +n, m). A vector is feasible if every F gets a ticket and if every T gets a ticket and a $5 bill in change. 
Any other vector is infeasible. For example, a vector whose first component is T is infeasible. 

We now count the infeasible (m+n) vectors by showing that each such vector corresponds to a unique 
(m+n +1) vector having first component T and having m T’s in all. Suppose v is an infeasible vector; i.e., at 
some stage a customer with a $10 bill comes to the box office and (for the first time) the box office has no $5 bill 
to give back. If this customer is represented by a T in the ith position, then among the previous i — 1 components 
there occur equal numbers of T’s and F’s. In other words, among the first i components the number of F’s is p 
and the number of T’s is p + 1, for some nonnegative integer p. Let an additional F be introduced as the first 
component. Then, up to and including the new (/ + 1)st component, the number of T’s and the number of F’s 
will be p + 1. Suppose that each T is changed into a F, and each F is changed into a T, among these first 2p + 2 
components. The unique result is a vector with m ++ 1 components, the first component being T and with m 
T’s in all. Conversely, consider any vector with m+n +1 components, starting with T and having a total of m 
T’s. Since m =n, there must be subvector (starting from the first component) with equal numbers of T’s and F’s. 
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In this subvector, change T’s into F’s and vice versa, discard the first component, and adjoin the remaining 
portion of the vector to this subvector at its end. Then we have an infeasible vector for the given problem. 
By virtue of the one-one correspondence just demonstrated, there are C(m + n,m — 1) infeasible vectors. 
Thus, by difference, the number of feasible vectors is 
n-—m 


+1 
aay C(m+ n,m) @) 


Cm +n,m)—- Cm tnym—1)= ae 


By Problem 1.114, this number is the Catalan number C,,, if m=n. 


Repeat Problem 1.127 if it is given that the first g customers are F’s. 


The number of possible line-vectors is equal to the number of sequences of m T’s and n—4q F’s, or 
Cim+n-—q,m). If q =m, all these vectors are feasible (the box office has accumulated at least m $5 bills by the 


time the first $10 customer arrives). 

If q<m, the reasoning follows Problem 1.127: One establishes a one-one correspondence between 
infeasible (m + n) vectors and Gm + n + 1) vectors of which the first q + | components are T’s, there being m T’s 
in all. Consequently, the number of infeasible vectors is 


Cimtnti-q-l,m—q-1)=Cm+n—gnt}) 


and the number of feasible vectors is 


Cnta-qm—-Cmtn-gnt}) 


Find the number of binary vectors in which the number of 1s is m and the number of 0s is 7, such that 
every component after the first is preceded by more Os than Is. 


Obviously m cannot exceed n. Also, the first 2 components are both 0. We distinguish between two cases: 
m<nand m=n. In the former case, the situation is analogous to Problem 1.127, where F corresponds to 0 and 
T corresponds to 1. Of the two Os at the beginning, we do not take the first into consideration. We then have a 
feasible vector (with m + — 1 components) in which the number of 1s is m. By (i) of Problem 1.127 there are 


n—-m 


Cim+n—1,m) 


such vectors. 

If m =n, let a 0 represent a unit step in the x direction and a 1 represent a unit step in the y direction. Then 
there are just as many binary vectors of the given type as there are paths from (0, 0) to (#, n) with the property 
that x >y at each interior lattice point. By Problem 1.115(a), the number of these paths is C,,. 


Find the number of ways of arranging 2n distinct real numbers as two n-vectors, u= 
[u, u, c+: uJ andv=[v, v2. °° v,], such that (i) in each vector the components are in 
strict decreasing order and (ii) u, >, for all i. 


Imagine that the 2n numbers correspond to 2n customers (of distinct heights) waiting in front of a box office 
to buy a $5 ticket, as in Problem 1.127, such that there are n customers who have exactly one $5 bill and n who 
have exactly one $10 bill. Let each u, correspond to a person with a $5 bill (an F) and each v, to a T. Now 
assume that in the waiting line the 2n customers stand in order of decreasing heights (first in line is tallest). Then 
we have a vector of F’s and T’s with 2” components out of which the number of F’s is n. We assert that this 
vector is feasible in the sense of Problem 1.127. In fact, consider the T customer who corresponds to », in the 
vector v. The number of T’s ahead of this customer in the line is i — 1, whereas—by condition (i )—the number 
of F’s ahead of him is at least i. So this vector is indeed feasible. 

Conversely, every feasible vector w can be decomposed into 2 vectors, u and v, as above: the vector uv is the 
subline of $5 customers and v is the subline of $10 customers, each arranged in order of decreasing heights. In 
the feasible vector w each T is preceded by more F’s than T’s; hence u and v must obey condition Gi). This 
one-to-one correspondence shows that the required number of ways is C,.,,- 
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1.131 Prove combinatorially that the Catalan numbers satisfy the nonlinear recursion relation 
CE DCCaur Bl) 
t=i 


The proof is obvious from Fig. 1-5. By Problem 1.115(b) there are C,,, paths from (0,0) to (#,) with 
y =x at each lattice point. Let X, @ = 1,2,...,) denote the subset of these paths that have (i, i) as their second 
lattice point on the line y=x. By Problem 1.115(@) there are C, ways of going from (0,0) to (j,i); and by 
Problem 1.115(6) [with the origin of coordinates translated to (i, i)] there are C,_,,, ways of going from (i, i) to 
(n,n). Hence, by the product rule, X, contains C,C,_,,, paths. 


Fig. 1-5 


STIRLING NUMBERS 
1.132 Define the falling factorial polynomials by (x], = 1 and 


[x], =x@ - I@-—2)+--@a~-antl) (n= 1,2,3,...) (i) 


The coefficient of x" in [x], is known as the Stirling number of the first kind, s(n, 7); thus 


[x], = s(n,n)x” where —- s(n, 7) =O forr>n (ii) 
aan - 
Prove the recurrence relation 


saa + 1,r)=sn, r— 1) — ns(v,r) (iit) 


By (), [Ex],., =@ — LEx],; so that Gi) gives 


DS sat ir)x” =x Ss s(n,nx’ —n > s(n, nx" 


r=0 r=0 


= > [s(n, r — 1) — ns(n, r)\x" 


and equating coefficients of x yields (iii). 
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1.133 The absolute value of s(n, r) is called the signless Stirling number of the first kind; we denote it as 
s’(n,r). Verify that s(n, r) = (—1)"~"s’(n, r). 


From the right-hand side of (i) of Problem 1.132 one sees that 
s(n, =D iyig' ig yen 0) 
where the summation is over all (# ~ r) combinations {i,,i,,...,i,.,} of the set X ={—1, -2,...,-(@—1)}}. 


Because each summand has algebraic sign (—1)" *, the same is true for s(n, r). 


1.134 Construct a triangle of the signless Stirling numbers of the first kind, analogous to Pascal’s triangle. 
Use the recursion formula 


Satin=s'ar—-Dtas'(an 


{substitute s(n, r)=(—1)"’s'(n,r) in (iii) of Problem 1.132] and the ‘‘edge values’’ s’(n,1)=(n — 1)! and 
s'(n, n) = 1 to generate Table 1-1. 


Table 1-1 


1.135 Define the rising factorial polynomials by [x]° = 1 and 


[x]" =x + 1) 4+2)°+*@tn-I1) (n = 1,2,3,...) 


Show that 


co) 


[x]" = >> s'(n, r)x" where s’(n,r)=0 forr>n 
r=0 


Follows at once from Problem 1.133 [when set X is replaced by X’ ={+1, +2,..., +(n — 1)}, then s(n, 7) is 
replaced by |s(n, 7)| =s’(n, Y)]. 


1.136 Establish the following analogue to the binomial theorem (Problem 1.38): 
x+y)" => Co, Ob" D! 
r=0 


Perform an induction on n. The formula is true for n = 1, because 


[x+y]'=x+y=C(L OLD? + Cd, DEP DT’ 
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Assume the formula true for n =m — 1. Then 


mri 


[xt+y]" = +y+m—Dixtyl" = +yt+m—-1 Dd Cm-1, bl" Dy 


r=0 


3 


= {a +m~—r~1)+ (yt n}Cm—-1,9R)" DT 
= 3 Cin — Le" "bY + 2 Con ky by 
=>) Cm -1, Ni)" Ly)’ + » Cim—1r- DEI" DY 


= 2, Cm, Ney Ty] 


r= 


and the formula holds for n =m. 


Find the number of ways of putting n distinct objects into m distinct boxes, if the (left-to-right) order 
of objects within a box is significant and if empty boxes are permitted. (Note that if m > n, at least 
m—n boxes must be empty.) 


Indicate the desired number by f(x, m). Suppose that a distribution of » —1 of the objects—there are 
f(n — 1, m) such distributions—brings i, objects into box 1, i, objects into box 2,...,i,, objects into box m; here 


i,20 &=1,2,...,m) and i, ti, t-- +i, =n-1 


Then the nth object can go into box k in i, + 1 ways [leftmost, second from left,..., @, + 1)st from left], for a 
total of 


G+DtG, +1) te°4+6,+D)=n2-L4+m 


arrangements. Since this number is independent of the particular distribution of the n — 1 objects, we have the 
relation 


fa,m=(—-14+m fa -1,m) 
from which 


Sa, m) = (m+n—- 1m +n -2)+++m = my" 


Rework Problem 1.137 if m=<n and empty boxes are not allowed. 


Now each box must be given a leftmost object; this can be done in P(n, m) ways. The remaining n — m 
objects can, by Problem 1.137, be distributed in [m]”"” ways. So the answer is: 


(n — m)! 


Pn, m) [m]""" = m(m + 1)gn + 2)°++(— 1) 


n} (n—- 1)! ; 
“Gomi mol 7zC@- bad 


If m and n are positive integers, prove that the equation 
Xp tXyg ters tx, =n (i) 


has exactly [m]"/n! solutions in nonnegative integers x,. (The result also holds for n = 0.) 
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This is a matter of putting n identical objects (1s) into m distinct boxes (an x, box, an x, box,..., an x,, 
box), empty boxes being allowed. If we temporarily make the 1s distinct by labeling them 1,,1,,...,1,, then 
Problem 1.137 implies [m]" arrangements. However, arrangements that differ only with regard to the labels 
carried by the 1s give the same solution to (i). Thus the answer is [m]"/n! , as stated. 

Note: Many books cite the result as Cn + m~—1,m— 1); equivalence is easily demonstrated. 


Ss alee A= ae :2=1,2,. ae is an alphabet consisting of m letters which are ordered as 
a, <a,<++:<a,. A word 6, @,+++@, from this alphabet is called an increasing word (of length 7) 
if0,S6s°°°s ‘6. Show that the number of increasing words of length n is [m]"/n!. 


An increasing word of length n will consist of x, a,’s, followed by x, a,’s,..., followed by x,, a,,’s, where 
x, 20 &=1,2,...,m) and 


X, FX, toe tx an 


Conversely, any nonnegative integral solution of (i) of Problem 1.139 defines an increasing word of length n. 


A function f whose domain is N={a,,@,...,a,} and range is M={8,, f,,...,8,} is an 
increasing function (from N to M) if f(a,) =f(a,) whenever a, < a,. Determine the number of such 
functions. 


We can always suppose the listing of the sets to be such that 
a,<a,<-*' <a, and 6, = 8, =: =8B, 


Then an increasing function from N to M will map the first x, @’s into B,, the next x, @’s into B,,..., the last 
x,, @’s into B,,. Here, the x, (k = 1,2,...,m) are nonnegative integers whose sum is n. Conversely, any set of x, 
with these properties defines an increasing function from N to M. Therefore, by Problem 1.139, the required 
number is (m]"/n! =Cin+m-—i,m-—1). 


For prescribed nonnegative integers A,, A,,...,A,,. find the number of solutions in integers of the 
equation x, +x, +++: +x, =n with x, 2A, for each i. 


For each i, let x, =A, + y, and write A=A, +A, +--+ +A,,. We then have to solve 
Y, tygteoty, =n-a y, =0 G=1,2,...,m) 


If A>n, there is no solution; otherwise, by Problem 1.139, there are C(a — A+ m—1,m— 1) solutions. 


Use a combinatorial argument to establish the identity 


n 


ix]" = > ua, OL, (i) 


k=1 


where u(n, k) = (n! /kIC(a — 1,4 - 1). 


The number of increasing words of length n afforded by an m-letter alphabet is [m]"/n! , as was shown in 
Problem 1.140. Consider the set of all increasing words of length n composed from the k-letter subalphabet 
a, <a, <1 <a, such that each of the k letters appears at least once in the word. By Problem 1.142——with 
m ‘replaced . k and with all A, = 1—— the cardinality of this set is C(@ — 1,4 — 1). Now, there are C(m, k) choices 
for the subalphabet, and k ranges from 1 to m. Clearly, the corresponding sets constitute a partition of the 
increasing words of length n; therefore, 


[m], 


fal” > Cm, Cn —1,k- 1) = S Cin- 1 k- Dat (ii) 
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(The reader should verify the second equality.) Define 


tis x a 
FQ) =[x]" - nt } Ca-1k- 1 =[xy" — > un, Ol, 
k=l : k=1 
F(x) isa polynomial in x of degree at most n ~ 1 which, according to (ii), vanishes for x = 1,2,...n,.... Hence, 


F(x) =0, and (@) is proved. 


Find the number of ways of selecting r distinct integers out of the first n positive integers such that 
the selection does not contain 2 consecutive integers. 


Arrange the first 2 positive integers in a row, in increasing order starting from 1. If a number is chosen, put 
the symbol Y under that number; otherwise, put the symbol N under the number. Let x, be the number of N’s 
preceding the first Y; x, the number of N’s between the first and second Y’s; ...; x, the number of N’s between 
the (* — 1)st and rth Y’s; and x,,, the number of N’s following the rth Y. Then there is a one-to-one 
correspondence between acceptable selections and integral solutions of 


X, tx, te+++4x,,, =a-97 with x,20,x,21,...,x%,21,x,,,20 


Problem 1.142 gives the desired number as Ca ~r + 1,7). 


Find the number of ways of choosing r positive integers from among the first 7 positive integers such 
that no 2 consecutive integers appear in the choice and the choice does not include both 1 and x. 


Case 1. The choice includes 1. In the notation of Problem 1.144, x, =0 (there is a Y under 1) and x,,, =1 
(there is an N under n). Thus we count the solutions of 


Xp txyzters+x,, =n with x,21,x,21,...,%,,,21 


and obtain Ca —r-1,r—-1). 


Case 2. The choice does not include 1. Now x, =1 (there is an N under 1). Thus we count the solutions of 


X, tx, te +x, Snr with HS aN tS ag HO 


and obtain C@ — r, r). 
The total number of ways is, 


Ca-r-ir-n+ca—nn=[1+2— lem-r-tr-=2e@-r-1r-W) 


The number of ways of partitioning a set of n elements into m (nonempty) subsets is denoted by 
S(m,m) and is known as the Stirling number of the second kind. By definition, S(O, 0) = 1; also, 
S(n, m) = 0 if m > n. Show that the number of surjections (onto mappings) from a set of n elements to 
a set of m elements is m! S(n, m). 


Given sets X = {x,,x,,...,x,} and Y={y,,y,,...,y,4 let X=X,UX,U+--UX, be an arbitrary 
partition of X into m nonempty subsets. Then any one-to-one correspondence between the y, and the X ', defines a 
unique surjection from X to Y; there are precisely m! such one-to-one correspondences. Since there are (by 
definition) S(n,m) partitions—and since distinct partitions yield distinct surjections—we have m! S(n, m) 
surjections in all. : 


Determine the number of ways of distributing n distinct (distinguishable) objects among m identical 
(indistinguishable) boxes, if (@) each box must get at least 1 object; (b) not every box need receive an 
object. (c) Repeat (a), if the boxes are distinguishable. 
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Directly from the definition of S(n, m) we have: 
(a) S(,m) (b) S(n, 1) + S@,2) + +++ + Si, m) 


(c) This is just the number of surjections from the set of objects to the set of boxes, or m! S(n, m). 


Prove: (a) S(n,2) = 2"7' — 1; @) S@,n — 1) = CQ, 2). 

(a) See Problem 1.12. (6) Any partition of a set X with n elements into a class of n — 1 subsets will contain 
1 subset with 2 elements and n — 2 subsets with 1 element each. Now the 2-element subset can be composed in 
C(n, 2) ways. 


Show that SQ + 1,m) = Sn, m— 1) + mS(a, m). 


Let X = {0,,%9) 00+ .Xqh A= {tas} and X' =X UA. Then S(n + 1, m) is the number of ways of partitioning 
X’ into m subsets. There are two means of effecting such a partition: either take a partition of X into m—1 
subsets and adjoin the set A or take a partition of X into m subsets and include the element x,,, in any one of 
these. There are S(n, m — 1) ways of accomplishing the former objective and mS(n, m) ways of accomplishing the 
latter. Thus the relation is established. 


From the recurrence relation of Problem 1.149 and the boundary conditions S(7, 1) = S(n, n) = 1 and 
S(n, m) = 0 for m>n, construct a triangle of Stirling numbers of the second kind. 


The triangle is indicated in Table 1-2. 


Table 1-2 


1.151 Show that 


x"= 2, S(n, k) [x], 
i 


k= 


First we establish the formula when x is a positive integer. Let X be a set of 7 elements and Y a set of m 
elements. Let A be the set of all mappings f from X to Y. Since each element in X has m possible images in Y, 
there are m” functions in the set A. For k= 1,2,...,m define the subsets 


A, ={f GA: fX) has cardinality k} 


In other words, f is in A, if and only if f is a surjection from X to some subset of Y with k elements. There are 
C(m, k) subsets of Y with k elements; hence, by Problem 1.146, the cardinality of A, is C(x, k) kK! SQ, k) = 
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[m], S(n, k). Because the sets A, constitute a partition of A, we have: 


m" = »y S(n, Dm], ae S(n, k) [m], 


The remainder of the proof follows Problem 1.143. 


Prove the ‘‘orthogonality relations’’ 


@@ Dd sin, DSK, m = S,,, (b) > Sin, ks, m) = 6,,, 
k k 


where 6,,, is the Kronecker delta. 


(a) By Problems 1.132 and 1.151, 


[x], = > s(n, kx" wis > SK, mix], 


k 
Therefore , [x], =D s(n, (2 Stk, m)X1,) = 2(2 s(n, S(k, m) 1X1, 
k m m\k 


By the linear independence of the polynomials [x],, (m= 0,1,...,2), any one of them must have the same 
coefficient on either side of the above equation. 


(b) 
x" = >) SQ, Kx], = > SQ, (2 stk, mx”) = (2 Sin, stk, m)) x” 
k k m m k 


Let s, be the p X p matrix with entries s(i, j) and S, be the p X p matrix with entries S(, 7), where 
0<i, j=p—1. Prove that the two matrices are inverses. 


By Problem 1.152, 5,8, =S_s, =I,, where I, is the p X p identity matrix. 


Show that S(n, m) = x Cin — 1, k)S(K, m — 1). 


The left-hand side represents the number of partitions of n objects into m =n cells. Let a denote a particular 
one of the objects, and in each partition distinguish the cell containing a as the a cell. Partition the partitions (!) 
according to the composition of the @ cell, which must contain r objects (r = 0, 1,..., 1 — m) besides a. These r 
objects may be chosen in C(@— 1,7) ways. For each choice, the other m—1 cells may be filled in 
S@—1—r,m—1) ways. Thus, 


S(n,m) => Cia -1,NS@-1l-rm—-b 


and the required formula results on changing the summation index from r to kK=n—-—1—r, 


Prove that the sequence (S(n, 1), S(@, 2),...,5(”,)) is unimodal (Problem 1.74) for all n > 2. 


As we see from Problem 1.150, this is certainly true—with a single peak-—for small values of mn. Making an 
induction, we suppose the result true for every k =n; iie., for each k =n, there exists an integer m such that the 
sequence (S(k, m)) peaks at m =m,. Moreover, we include in the induction hypothesis the assertion that m, is 
nondecreasing in k (Problem 1.150 bears this out for small &). From Problem 1.149 we have: 


S(n + 1,m) = Si, m — 1) + mS, m) 
and Sia + 1,m—1)=S(n, m — 2) + (m — 1)S(n, m — 1) 
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Hence, by subtraction, 
Sn +1, m)— Sa +1,m — 1) =[S@, m — 1) — Sa, m — 2)] + m[S(n, m) — Sa, m ~ 1)) + S@, m — 1) 


By the induction hypothesis, the right-hand side—and therefore the left-hand side—is positive for all m=m,, 
which implies that ‘ 


Saa+1,1)<S@+i,2)<-+-+<S(at+1,m,) @ 
Next consider the case m =m, + 2. By Problem 1,154, 


Sa+1,m—-Sat+i,m—D= > C(a, DISK, m — 1) — SK, m — 2)] 


kan 


By the induction hypothesis (including the assumed variation of m,), each bracketed term on the right-hand side 
is negative. Hence, : 


Sa +1,m,+1)>Sa+1,m,+2)>+++>Snt inti) (ii) 


Together, (i) and (ii) establish that (S(@7 + 1, m)) is unimodal, with either m, ,, =m, OF m,,,, =, + 1. The 
induction is complete. 


1.156 Prove the following relations: 


(a) Ciitj,Ds@,it+y) = C(n, k)sk, i)s(n — k, j). 
(b) CE+/,DSQ,i+/)= 2 C(n, k)S(k, 1)S(n — k, J). 
(a) By our definition (Problem 1.132), 


[ety], =D 3, He + =D 5, CK Dx’ ) 


k k 


But, by an induction that exactly parallels Problem 1.136, we have 


ity], = 2 Cn, Oix1, Ly], -. (ii) 


In (i), the coefficient of xy’ is s(n,i +j)C@ +, i); in (i), the coefficient of xy’ is = C(n, k)s(k, i)s(n — 
k, jf). 
(b) By Problem 1.151 and formula (i/) above, 


ty)" => Sa,Oe ty], => S00 D CK DAL]; (ii) 
k k i 
Next we expand (x + y)” by the binomial theorem and use Problem 1.151 again: 
@tyy" => Cen, Oxy" =D CH) D SKID, D S@-& DDI, (iv) 
k k i i 


This time we compare the coefficients of [x],[y], in (ii) and in (iv) to obtain the result. 


1.157. Denote by S,(#, 4) the number of ways of partitioning a set with n elements into k subsets such that 
each subset has at least i elements. Show that 


Sn, k) = kS(n — 1,k) + Cn — 1,1 - DS — i,k — 1) 
Let x be a fixed element of a set X with n elements. Any partition of X into k subsets such that 


each subset has at least i elements falls into one of two categories, according to the cardinality of the 
subset that contains the element x is (1) greater than i, or (2) equal to i. (Compare Problem 1.154.) 
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1.158 


1.159 


1.160 


1.161 


A partition in category 1 is obtained by partitioning the set X’ = X — {x} into k subsets such that each subset 
has at least i elements and then including x in one of these k subsets. Thus the number of partitions in category 1 
is Sa — 1, k)k. 

To generate a category 2 partition, we select i—1 elements from the set X’ to form a set Y—in 
C(n — 1,i — 1) ways. The cardinality of Z = X' — Y is n — i, and so Z can be partitioned into k — 1 subsets of size 
i or greater in S,(m — 1, k — 1) ways. To each such partition we adjoin the set Y U {x} to obtain a partition of X of 
the second category. Thus the number of partitions in category 2 is C(n —1,i—-1)S,m — i,k — 1). 


A permutation of a finite set X is a bijective (one-to-one and onto) mapping from X to X. Suppose 
f is a permutation of X and x is any element of X. Define recursively, f'()=/fQ0), f°@)= 
Gi 1x), 00, f ‘Q= fF Geom Since X is finite, there exists a positive integer + such that 
f(x) =x. The sequence (x, f'(x), f°(x),...,f" '@)) is called a cycle of order (or length) r of the 
permutation f. Obviously, every permutation of X can be represented as a composition of & disjoint 
cycles, where & is at least 1 and at most the cardinality of X. Let 


P,,={f : f is a permutation of an n-set X and f has exactly k cycles} 


Find the cardinality of P,, ,. 


Let the cardinality of P,, be d(n,k). The only permutation having » cycles is the identity mapping; so 
d(n,n) = 1, Let X' be the set obtained by adjoining a new element, y, to the set X. Then d(# + 1, k) is the number 
of permutations of X’ each of which has k cycles. Now, if f is a permutation of X with k—1 cycles, the 
composition of f with the cycle of order 1 (y) defines a permutation of X’ with k cycles. Next, consider a 
permutation of X with k cycles. When y is put into one of these cycles, a permutation of X' with & cycles results. 
The element y can join a cycle either at the beginning or in between 2 elements of the cycle. (Putting y at the end 
is equivalent to putting it at the beginning.) Since there are k cycles, y can be included in k + (n — k) ways. Thus 
we have the relation 


din +1,k)=dn,k— 1) + nd, kb) (i) 


We note at once that (/) is identical to the recurrence relation for the signless Stirling numbers of the first 
kind (see Problem 1.134); further, the starting values for the d(m, k) are the same as for the s’(n, k). Consequently, 
d(n, k) = s'(n,k) for all n and k, giving a direct combinatorial significance to the signiess Stirling numbers. 


Evaluate ee 5'(n, k). 


From Problem 1.158, 


n 


> s'@,b=> da, ban! 


kh 


Find the number of functions from a set X of n elements to a set Y of m elements such that the ranges 
of these functions each have exactly r elements (generalization of Problem 1.146). 


A subset of Y with r elements can be chosen in C(m,r) ways. Once a set is chosen, there are r! S(n, r) 
surjections from X to that set, by Problem 1.146. Thus the total number of functions in this category is 


Cm, ryr! Sa, r) = Pn, r)S(, r) 
The number of partitions of a set with x elements is the Bell number, B,; by fiat, B, = 1. Prove: 
n n~i 
(a) B,= > Sin,m) (b) B,= > Cn-1,kB, 
m=1 k=0 


(a) This follows directly from the definitions of the two kinds of numbers. 
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(b) Proof is by the ‘q-cell’? argument of Problem 1.154. 


A partition of a nonempty subset Y of a set X is called a partial partition of X. Show that the number 
of partial partitions of a set X with n elements is B,,,— 1. 


Let a be an element not in X and let X ’ be a set obtained by adjoining a to X. Excluding the partition of X’ 
into one part, there are B,,, — 1 partitions of X’. From each of these partitions delete the set which contains a: 
this accounts for all the partial partitions of X (still another application of the method of Problem 1.154). 


Supplementary Problems 


There are 5 candy bars of different kinds and 4 pieces of different kinds of cakes on a tray. Suppose Eve takes 
either a candy bar or a piece of cake. Then, Adam takes a candy bar and a piece of cake. In which case has Adam 
more choices? 

Ans. Adam has more choices if Eve takes a candy bar. 


Find the number of 4-character strings (words) that can be formed using the 26 letters of the alphabet. 
Ans. (26)(26)(26)(26) = 456,976 


Count the m Xn binary matrices. Ans. 2” 


If the set A has m elements and the set B has n elements, how many elements have the product sets A X B and 
BXA? Ans. mn 


If A has m elements and B has n elements, find the number of functions (mappings) from (a) A to B, and (b) 
AXB to B. Ans. (a) n™; (b) 2" 


There are 4 roads between A and B and 6 roads between B and C. Find the number of ways to go (a) from A to 
C; (b) from A to C and back to A; (c) from A to C and back to A without using a road more than once. 
Ans. (a) 24; (b) 576; (©) 360 


Find the number of ways of placing r objects in n =r distinct places so that no place receives more than 1 object, 
if the r objects are (a) distinct (and (b) identical. Ans. (a) P(ta,n); (b) CG, r) 


There are 5 mathematics students and 7 statistics students in a group. Find the number of ways of selecting 4 
students from the group, if (@) there are no restrictions; (b) all must be mathematics majors; (c) all must be 
statistics majors; (d) all must belong to the same discipline; and (e) the 2 disciplines must have the same number 


of representatives. 
Ans. (a) C(12,4); (6) CG, 4)C(7, 0); (c) CG, 0)C(7, 4); @) CG, 4)C(7, 0) + C6, 0)CC7, 4); () CG, 2) C(7, 2) 


A country club has 8 men and 6 women on its governing board. There is 1 married couple in the board. Find the 
number of ways of forming a fund-raising committee consisting of 3 men and 3 women from the board such that 
the committee may include either the husband or the wife but not both. 

Ans. C(7,2)C(, 3) + C(7, 3)CG, 2) + C(7, 3)C(5, 3) 


In a town council there are 10 Democrats and 11 Republicans. There are 4 women among the Democrats and 3 
women among the Republicans. Find the number of planning committees of 8 councillors which have equal 
numbers of men and women and equal numbers from both parties. 
Ans. C(6, 0)C(4, YC(8, 4)CG3, 0) + C(6, 1)C(4, 3)C(8, 3)CB, D + C(6, 2)C(4, 2)C(8, 2)C(3, 2) + 

C(6, 4)C(4, 0)C(8, O)CC3, 4) 
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Find the number of ways of scheduling m women speakers and n men speakers so that (a) speakers of the same 
gender are grouped together, and (b) the women are grouped together. 
Ans. (a) Qmints ®D ala+ Dm!l=(@4+1)! m! 


Find the number, N, of linear arrangements of b identical blue marbles and r identical red marbles such that (a) 
between every pair of marbles of one color there is a marble of the other color; (6) between every pair of blue 
marbles there is exactly 1 red marble; and (c) no two red marbles are adjacent. 


1 when |r ~b[=1 O when r<b-1 
Ans. (@) N=42 when r=b @) N={O Wren ee, | N=CO+LN 
0 otherwise 


A display case in a jewelry store has 4 shelves. Each shelf can accommodate at most 10 stones. Find the number 
of ways of displaying 10 diamonds in the case if (@) they are indistinguishable, (b) they are distinguishable. 
Ans. (a) C(13, 3) = C(13, 10); (6) PC3, 10) 


Find the number of ways of assigning 15 distinct paintings to 18 different dormitories so that no dormitory 
receives more than | painting. Ans. P(18, 15) 


Find the number of ways of assigning 18 distinct paintings to 15 different dormitories so that no dormitory 
receives more than 1 painting and the number of unassigned paintings is a minimum. Ans. P(18, 15) 


Find the number of ways of assigning 15 identical posters to 18 dormitories so that no dormitory receives more 
than 1 poster. Ans. C(18, 15) 


Find the number of ways of assigning 18 identical posters to 15 dormitories so that no dormitory receives more 
than 1 poster and the number of unassigned posters is a minimum. Ans. 1 


Find the number of ways of assigning 18 identical posters to 15 dormitories with no restrictions on the number of 
posters a dormitory can receive. [Hint: Compare Problem 1.175(q).] Ans. C(32, 14) 


There are 15 display cases in an art gallery. Each case can accommodate a row of up to 20 paintings. Find the 
number of ways of displaying 18 different paintings. Ans. 18! C(32, 14) = P(32, 18) 


There are 12 members in a committee who sit around a table. There is 1 place specially designated for the 
chairman. Besides the chairman there are 3 people who constitute a subcommittee. Find the number of seating 
arrangements, if (a) the subcommittee sit together as a block, and (6) no 2 of the subcommittee sit next to each 
other. Ans. (a) 913!; ©) 8! PQ, 3) 


Prove combinatorially that 
C(3n,3) = 3C(n,3) + 6nC(@,2) + n° 
Derive the result of Problem 1.46 from Pascal’s identity, 
Cntrtin =Cintrnr)+Catnr-1) 


Show that if p is a prime number and k is any integer, then k” — k is divisible by p. (This is essentially Fermat’s 
Little Theorem.) [Hint: The theorem clearly holds for k = 1; and we have 


+1)? - K&D =? OFC DRO + + C(p, p ~ DAI 


Now use Problem 1.45.] 
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A box has 6 blue marbles, 8 red marbles, 11 green marbles, 14 white marbles, and 16 yellow marbles. Find the 
minimum number of marbles one has to pick to ensure that 10 marbles of the same color are obtained. 
Ans. 6+8+(10—1)(3)+1=42 


Find the minimum number of students to be admitted to a college such that at least 1 of the 50 United States is 
represented by 20 or more students. Ans, (50)(19)+1=951 


A typical telephone number in the United States is of the form NXX NXX XXXX, where the Ns are digits other 
than 0 or 1 and the Xs are any digits. The first 3 digits constitute the area code. Find the minimum number of area 
codes needed to serve a 23-million-subscriber area. Ans. 3 


Four sightseeing buses are to leave the starting point at 1-hour intervals. The numbers of unreserved seats are 8, 
10, 13, and 9, respectively. How many additional tickets must be sold by the bus company so that the number of — 
vacant seats is at most 2 in the first bus or at most 3 in the second bus or at most 4 in the third bus or at most 1 in 
the fourth bus? Ans. 27 


There are 20 small towns in a district. A group of 3 people have to be chosen from 1 of these towns. For this 
purpose volunteers are solicited from all 20 towns, Find the minimum number of volunteers who must come 
forward. Ans. 41 


When Eve was out of town for 14 days, she made 17 long-distance telephone calls to Adam. If she made at least 
1 call every day, show that there is a period of consecutive days during which she made exactly 10 calls. 
(Hint: Review Problem 1.85.) 


Show that in any line of 65 people with distinct heights there is a subline of 9 people whose heights strictly 
increase or strictly decrease. (Hint: See Problem 1.90.) . 


Show that in any assembly of 924 people there will always be either 7 mutual acquaintances or 7 mutual 
strangers. (Hint: Apply Problem 1.99.) 


Find the number of 5-letter strings with distinct letters in alphabetical order (26-letter alphabet), such that the 
string (a) starts with H, and (b) ends with R. Ans. (a) C(18, 4); (©) C17, 4). 


Chapter 2 


Further Basic Tools 


2.1 GENERALIZED PERMUTATIONS AND COMBINATIONS 


If X is a collection of n objects that are not necessarily distinct, any arrangement (or ordering) of rn 
objects from X is known as a generalized r-permutation of X. (If r = 2, we speak simply of a generalized 
permutation of X.) 


Example 1. The collection X = {A, A, B, B, B,C,C} has AABCBBC as one of its generalized permutations. 


Definition: If n, i= 1,2,...,k), r, and n are k + 2 positive integers such that n, +n, ++-++n,=rsSn, 
then 


_ Par) 
ERG Mists My a on | 


Since P(@,r) = P(n, n)/(2 — r)!, it follows from the definition that 


PCH; 11, Mg). ++, My) = PUN; Ny, Ay Mya —P) 
Example 2. 
. _ PU8,3+4+6) 181/518! 
PIB; 3,4,0)="—"“ara er = 3rarel > 3l4tet si 
_ PUB,3+44645) _ 
came 1 | a 


Theorem 2.1, The number of generalized permutations of a collection X consisting of n, identical objects of 
type 1 @=1,2,...,k) is Pit; n,,n,...,m,); here, n=n, tn ,+-++ +n, 

Proof. Let p be the total number of generalized permutations of X. If the n objects in X were all 
distinct, there would be P(n, n) permutations of X. Now the 7, distinct objects of type 1 would give rise to 
n,! permutations, the other 7 —n, objects being held fixed. This is true for the objects from each of the k 
types. So, by the product rule, each of the p generalized permutations will define g=n,!n,!---n,! 
permutations of the supposedly distinct elements of X. Thus pg = P(n, n), or 


= P(n, n) 
q 


Pp = P(N; n,,N,,...,N,) 


Example 3. The collection of letters that form the word COMMITTEE is X ={C, E, E,1,M, M,O,T, T}, with 9 letters 
belonging to 6 types. The number of generalized permutations of X is 


P(9;1,2,1,2,1,2)= = 45,360 


U!2! 122! 1/2! 
Example 4. Twelve light bulbs (4 identical red, 3 identical white, and 5 identical blue) are to be installed in 18 sockets 
in a row, leaving 6 empty sockets. Thus we have 18 objects (12 light bulbs and 6 empty sockets) that fall into 4 
categories; these may be arranged in P(18; 4, 3,5, 6) ways. But P(18; 4, 3, 5,6) = P(18; 4, 3, 5). Thus, without bothering 
about the empty sockets, one can assert that the number of ways of installing 4 identical red bulbs, 3 identical white 
bulbs, and 5 identical blue bulbs in 18 sockets in a row is P(18; 4, 3, 5). 


Suppose now that X is a collection of n distinct objects and suppose that S is any r-subset of X. Then an 
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ordered partition of S is called a generalized r-combination of X. Again, if r=n, we use the term 
generalized combination. 

The number of generalized r-combinations of X having , objects in the first cell, n, objects in the 
second cell,..., n, objects in the kth cell, is denoted C(Q1; ,,1,,...,n,). Since n, +n, +++ +n, =r, the 
product rule gives 


C(nj nny, 2.51) = CM, nC — n,n) C@—m, Ny - —~ Ny_ 15%) 


n! P(n,r) 


ningterrnt(a—r)! njtnt-+-n,! 
and we have proved 
Theorem 2.2. C(n;,,15,..-5",) =P; n,,N2,...,N,), Where n, tn, tess +n, =ren. 


Example 5. Seventeen students want to go to a party, and there are 5 vehicles available to them. The numbers of 
empty seats in these vehicles are 4, 3, 2, 5, and 1. Hence, there are 


17! 2! 


ee 9 
Asi atst gy td X10 


C17; 4, 3, 2,5, = 


ways of transporting all but 2 students to the party. 


The integers C(n; ,,n,,...,”,) are often referred to as the multinomial coefficients (see Problem 2.1). 


Theorem 2.3. The number of (unordered) partitions of a set of cardinality n into p, subsets of cardinality 
n,, P, subsets of cardinality n,,..., p, subsets of cardinality n, (where the n, are distinct and 
> pn; =n) is given by 


Pp, terms Pz terms p, terms 
SS re 
CCS yy ey My May eee Mayen Myre My) n! 
Py! Pal Py! (py)! Wp! (eg!)71 +++ (ag! Ge!)"*] 


Proof. The numerator of the given expression counts the ordered partitions of the n set into subsets of 
the required sizes. Now these ordered partitions fall into classes of p,! p,!--+- p,! members each: members in 
the same class differ only in the order in which like-sized cells are listed. Because each class represents a 
single unordered partition, and vice versa, the theorem follows. 


Example 6. (i) The number of ways of placing 12 students in the morning, afternoon, and evening recitation sections 
so that 4 of them go to each section is C(12; 4, 4, 4). (ii) The number of ways of dividing 12 students into groups of 4 is 
C(12; 4, 4, 4)/3! . Gii) The number of ways of dividing 12 students into foursomes for bridge (with assignment of N, S, 
E, W) is 


C(12; 4, 4, 4) 


3! (4!) = 4C(12; 4, 4, 4) 


2.2. SEQUENCES AND SELECTIONS 


Let X = {a,,a5,...,a,} be a set of n objects and r a positive integer. Then if X is sampled with 
replacement r times, an ordered r-set is obtained which is called an r-sequence of X. By Chapter 1 there 
are n’ r sequences of X. 


Example 7. In an undergraduate residence hall there are (at least 6) students in each of the 4 years. There is a bench in 
front of the hall which can accommodate exactly 6 people. Any filling of the bench from left to right by residents (all 
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facing the same way) is a 6-sequence of X = {i, 2,3, 4}, where 1 means a first-year student, etc. The number of seating 
arrangements is 4° = 4096. 


Considered without regard to order, the r-set obtained above is known as an r-selection (or r-sample). 
In an r selection all that matters are the nonnegative integers x, giving the numbers of occurrences of the a, 
(i=1,2,...,m). Problem 1.139 gives at once: 


Theorem 2.4. The number of distinct r selections from a collection X of n distinct objects is [n]'/r! = 
Cir+n—-iA,n- 1). 


Example 8. If, in Example 7, the distribution of the years along the bench were irrelevant, there would be only 
C(6+4—1,4— 1) = 84 seating arrangements. 


2.3. THE INCLUSION-EXCLUSION PRINCIPLE 


The number of elements in a finite set A is denoted by n(A) or by |Al. It is easily verified that 
n(A U B) = n(A) + n(B) — n(ANB) 


whenever A and B are finite sets. Thus, to find the number of elements in either A or B, we add (A) and n(B) 
(we include both sets) and then subtract n(A MB) from the sum (we exclude what is common to both). This is 
the idea underlying the inclusion-exclusion principle, which can be formulated in a more general setting 
involving a finite number of sets. 

If A is a subset of X, then the complement of A in X is denoted by A’. If A and B are both subsets of X, 


then obviously 
n(A U B)') = n(X) — n(A UB) = 2X) — [n(A) + 1B) + n(ANB) 
But (AU BY = A' MB’, so that 
n(A’ NB’) = n(X) — [n(A) + n(B)] + ANB) 
(It is a little simpler to derive the inclusion-exclusion formula in terms of complements.) 


If x is an arbitrary element of X and if A is some subset of X, then the count of x in n(A) is 1 if x is in A, 
and 0 if x is not in A. 


Example 9. Let X ={a, b,c,d,e, f,g,h}, A={a,b,c,d}, and B ={c,d,e}. Because n(X)=8, n(A)=4, n(B) = 3, 
n(A 1B) = 2, and n(A' MB’) = 3 the equation n(A’ NB’) = n(X) — [n(A) + n(B)] + (ANB) is seen to hold. The count 
of a in the left-hand side of this equation is 0, since @ is not in A‘; the count of a in the right-hand side is 
1—[i+0}]-0=0. 


Two forms of the inclusion-exclusion principle follow. 


Theorem 2.5 (Sieve Formula). If A,,A,,...,A,, are subsets of a finite set X. then 
WALNASN +++ AL) =nX)—5, +5, —5++ +(-1)"5,, 


where s, denotes the sum of the cardinalities of all the k-tuple intersections of the given m 
subsets (kK = 1,2,...,m). 


Proof. Let x be an arbitrary element of X. It suffices to show that the count of x is the same on either 
side of the stated equation. We consider two cases: (i) x is not an element of any of the m subsets; (i) x is an 
element of exactly r = 1 of the m subsets, which we may always suppose to be A,, A,,...,A,. In the former 
case, the count of x is 1 on both sides of the equation. In the latter case, the count of x on the left-hand side is 
0. As for the right-hand side, we have 
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5. = WA, A, NAA, = 1,2,...,m) 


the summation being over all & combinations of {1,2,...,m}. In a summand involving a k combination of 
{1,2,...,r}, the count of x will be 1; in all other summands, the count of x will be 0. Hence, the count of x 
on the right-hand side is 


1 — C(r,1) + (7,2) — C,3) +2 # (2 CO) = I-11) = 0 


and the proof is complete. 


Theorem 2.6. With the notation as in Theorem 2.5, 
n(A,UA,U+**UA,) = 5, ~5,+°°°+(-1)""'s,, 


Proof. n(A,UA,U++*UA,) =n(X)— n(A, NA,N-++NA},); now use the formula from Theorem 
2.4, 


Example 10 (Probléme des Rencontres). Let us use the inclusion-exclusion principle, Theorem 2.4, to determine D,,, 
the number of derangements of m distinct objects (Problem 1.67). Denote by Q the set of all permutations of 
{X,,Xg) +++) Xf and let A, (f= 1,2,..., 2) be the subset of Q composed of those permutations that leave x, fixed. From 
first principles, n(Q) =m! and, for k =1,2,...,™m, 


! 
5,= DMA, NA, 97+ 4,)=Clm, bom = bl = 
Hence D,,=n(A, NA, N-+: NAP) 


=m! i i m1 PON ea 
=m! Ia tap FG) mi | me 


2.4. SYSTEMS OF DISTINCT REPRESENTATIVES 


Given N sets, not necessarily distinct. If it is possible to choose exactly 1 element from each set, with the 
chosen elements distinct, then the family of N sets has a system of distinct representatives (SDR) made up 
of the selected elements. For an SDR to exist it is obviously necessary that the following marriage condition 
hold for the family: the total number of elements in any subfamily of k sets is at least k (kK = 1,2,...,N). 


Theorem 2,7 (Philip Hall’s Marriage Theorem). The marriage condition is also sufficient for the 
existence of an SDR. 


Proof. Assuming that the marriage condition holds for the sets A,,A,,...,A,, let the sets be depleted 
until a family F’={A{,Aj,...,A,} is reached such that removal of 1 more element from any of the A; 
would cause the marriage condition to be violated. We assert that each member of F’ consists of a single 
element; because these elements are distinct (by the marriage condition), F' itself is the required SDR. 

Suppose, on the contrary, that Aj (say) has 2 elements, x and y. Then the minimality of F’ requires the 
existence of subsets P and Q of the set {2,3,...,N} such that 


X=(A! ~»u(U At) and = Y=(Al -yu(U a\) 


have cardinalities n(X)<n(P) and n(Y) =n(Q). Consequently, by addition, 
nX) + nY)=nX UY) + nX% NY) San) + 0Q) () 


where the first equality follows from the simplest form of the inclusion-exclusion principle. Now, by the 
definitions of X and Y, 
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xuY=A,U( U A\) and xny= U A; 


iGPUQ iePNO 
and the marriage condition gives: 
nX UY) 2=1+nP UQ) and nXONY=nPNQ) 
By addition and the inclusion-exclusion formula, 
nX UY) +nXNY)2=1+nPUQ)+nPNQ) 
=1+n(P)+n(Q) 
> AvP) + n(Q) (ii) 


The contradiction between (i) and (ii) establishes the theorem. 


Example 11. A family of sets will, in general, have many SDRs. A more refined form of the marriage theorem 
includes a lower bound on the number of SDRs, expressed in terms of the size of the smallest set in the family. 


Companion theorems to Theorem 2.7 play important roles in matrix theory, graph theory, and the theory 
of partially ordered sets. Some of these will be explored in the Solved Problems. 


Solved Problems 


GENERALIZED PERMUTATIONS AND COMBINATIONS | 


2.1 (The Multinomial Theorem) Show that the typical term in the expansion of (x, +x, +++: +x,)" is 
CORN yan DR XS (n, +n, +++? +n, =n) 
The number of ordered partitions of the sei 
S={Q@, tee +x,),,0, tees tao... @&, te +4), } 


into a cell of n, elements, each providing an x,;...; a cell of a, elements, each providing an x,—is 
CN) yy Mage ee My) 


2.2 There are 20 marbles of the same size but of different colors (1 red, 2 blue, 2 green, 3 white, 3 
yellow, 4 orange, and 5 black) in an urn. Find the number of ways of arranging 5 marbles from this 
um in a row. 


There are 7 distinct cases. (i) All marbles are of the same color. There is 1 possible 5-sample (the black 
marbles) and 1 way of arranging it. (i) Exactly 4 are of the same color. The number of 5-samples is 
C(2, 1)C(6, 1) = 12. Each sample has P(5;4,1)=5 arrangements. So the total number of arrangements is 
(12)(5) = 60. (iii) 3 of one color and 2 of another color. There are C(4, 1)C(5, 1) = 20 samples, each yielding 
P(5; 3,2) = 10 arrangements. So the total here is (20)(10) = 200. (iv) 3 of one color, 2 of two different colors. 
The number of samples is C(4, 1)C(6, 2) = 60; each sample gives P(5; 3, 1, 1) = 20 arrangements. The total here 
is (60)(20) = 1200. (v) 2 of one color, 2 of another color, and 1 of a third color, The number of samples is 
C(6, 2)C(5, 1) = 75, and each sample yields P(5; 2,2, 1) = 30 arrangements. The total here is (75)(30) = 2250. 
(vi) 2 of one color and the other 3 of different colors. The number of samples is C(6, 1)C(6,3) = 120. Each 
sample admits P(5;2,1,1,1)=60 arrangements, for a total of (120)(60)=7200 arrangements. (ii) 5 of 
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different colors. There are C(7, 5) = 21 samples, each giving P(5; 1,1, 1,1,1)= 120 arrangements. Here the total 
number of arrangements is (21)(120) = 2520. 
The grand total of arrangements is 1+ 60+ +++ + 2520= 13,431. 


Show that if m and n are positive integers, then (mn)! is divisible by (m!)”. 


As a count of generalized permutations, 
n terms 
__ mn)! 
(m!)” 


P(mn; m,m,...,m) 


is an integer. 


Evaluate 


>» Cn; Ny, May - + My) 


nytngtectapan 


By the multinomial theorem, the sum is (1+ 1+-+- +1 =k". 


A particle in the plane is free to move from any lattice point (Problem 1.58) to any of the 4 
neighboring lattice points. Find the number of ways that the particle can start from the origin and 
return to the origin after covering a total distance of 27 units. 


A path of length 2n which returns to its starting point must consist of p rightward steps, p leftward steps, 7 
upward steps, and g downward steps (2p + 2q = 2n). Hence the desired number is 


>= P(2n; P,P» 9s @ 


ptq=n 


A particle starts from a lattice point U(u,, u,,....u,) in k-dimensional Euclidean space, makes a step 
of 1 unit parallel to the positive direction of one of the coordinate axes, continues to do likewise at 
every lattice point en route and stops at the lattice point V@,, ¥2,..-, v,), creating a path from U to V. 
Find the number of such paths. 


Let u=u,+u,+-++:+u, and v =v, tv, +++: +0,. In any of the considered paths the number of steps 
parallel to the positive X, axis is v, — u; = 1,2,....k) and so the path length is v — u. The required number of 
paths is therefore P(v — 4, U, — Uy. Ue u,). 


Show that (7!)! is divisible by (n!)°~"”. 
Consider a collection of n! objects of (m ~ 1)! types, with » objects of each type. This collection can be 
arranged in 


(a— 1)! terms 


I! 
Pat; nyn,...,n) ay 


az any”?! 
ways. 


Give a noncomputational (combinatorial) proof of Theorem 2.2 in the case r =n. 


Let X be the n set of Theorem 2.1 and let Y be a set of n distinct locations along a straight line. Any 
generalized permutation of X determines a unique ordered partition of Y (the ith cell consists of those locations 
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occupied by the n, identical objects of type i). Conversely, any ordered partition of Y determines a unique 
generalized permutation of X. This one-to-one correspondence immediately implies Theorem 2.2. 


2.9 Obtain from Theorem 2.3 an explicit formula for the Bell number, B, (Problem 1.161). 


First observe that the conclusion of Theorem 2.3 remains true if some (but not all) of the p, are zero. Make 
an n-way classification of the partitions of an n set X according to the number p, of 1 cells, the number p, of 2 
cells,..., the number p, of n cells. By Theorem 2.3, a given class will contain 


n!} 
(pt)? Ip.'2)"7]- > (p, ta)?" 


partitions of X. The total number of partitions is therefore 


>> 1 
py t2pgeetopyen (Py !CL)? Ips '(2!)"4] «+ « Ep, t@t)?"] 


B, =n! 


2.10 From Problem 2.9 infer that 


a” gsxj 
B,=ae 
e dx x=0 
Expanding e* — 1 in a Maclaurin series, we have 
Psa slp atta d Bite ex iM gr? /2t gt rat ae 
x! 1! at /11)! at 1)?! 
s|eay Pa Sneene ae Le 
1! p,! 


(27/21)? 7/2)" /2)' (x? (21)? 
x| Ce + | 


(x"/nl)? x" Jnl)! (x" [nya 
x| 0! SH EI | 


Kee 


The coefficient of x” in e° —' will be the coefficient of x” in the product of the first » infinite series on the right; 
thus this coefficient has the value 


1 1 1 


wine Saee POI pO play 


or B,/n!, by Problem 2.9. The desired result now follows from Taylor’s theorem. 


SEQUENCES AND SELECTIONS 


2.11 Find the number of r sequences of a set X of n distinct elements such that each of the sequences 
involves every element of X at least once. 


Clearly, we must have r=n. Let P represent a set of r distinct positions along a straight line. Then an 
r-sequence of the specified kind determines, and is determined by, a surjection from P to X. By Problem 1.146, 
the required number is n! S(r, 7). 
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Suppose X is a collection of n distinct objects. Find the number of r selections from X such that each 
selection includes the ith object at least p, = 0 times (= 1,2,...,7). 


Let g, be the number of times the ith object is included in an n-selection. Then the number of selections is 
the number of solutions in integers of 


QAtateottg=r and gq; =P; @G@=1,2,...,n) 


By Problem 1.142, this number is C7 —p +n—1,n~ 1), where p = & p,. 


Find the number of ways of allocating r identical objects to n distinct places so that the jth place gets 
at least p, = 0 objects (j = 1,2,...,7”). 
This is just the dual of Problem 2.12: each allowable r selection of Problem 2.12 is equivalent to reserving 


at least p, of the r identical places (now called ‘‘objects’’) for the ith distinct object (now called ‘‘place’’). Hence 
the answer is that found in Problem 2.12, C7 —p+a-1,n—-1). 


Find the numbers of ways of allocating (a) 10 identical VCRs, to dormitories A through F in such a 
manner that the total number allocated to dormitories A and B does not exceed 4. (&) 10 students to 
their dormitories with the same stipulation as in (a). 


(a) By Problem 1.139 or Problem 2.13 there are C(r + 1,1) =r + 1 ways to distribute 0=r= 4 VCRs between 
dorms A and B; the remaining 10 — r VCRs may then be distributed in C(10 — r + 3, 3) ways. The product 
rule yields 


> @ + C3 —-7,3) 


r=0 


(b) Choose 0 <r = 4 out of the 10 students; this can be done in C(10, r) ways. These can be assigned to dorms 
A and B in 2” ways. Now assign the remaining 10 —, students, in 4'°- ways, The answer is therefore 


4 
> c(10, N24" 
r=0 
[Is it just an accident that we have obtained the first five terms of the binomial expansion of (2 + 4)'°9] 


Consider a collection of n objects of different types such that any 2 objects of the same type are 
indistinguishable. Suppose there are x, objects of type i, where i= 1,2,.... These objects are to be 
distributed among a group of distinguishable boxes in such manner that box j receives y, objects 
(j=1,2,...). Denote the number of allowable distributions by [(1,,%,,...)*(¥y> Yao JI,» where 
the subscript n is a reminder that = x, = 2 y, =n. Interpret and, when possible, evaluate the following 
expressions: 


(a) (G,1,...)*(.L...)1, ——@) [@. a. -54,) #1. Dp | 
(6) [C,1,...)*,2—-N), Gf) (0,1... D*0,1...,42-], 
(cc) {a-—n*Q,1,...)], (g) [@,,4....-,4,)*@n —r)], 


) (C0, 1,..-)*@.4a, +06 Gan (A) [Gn -1)*@,,4,--- 5 OW n 
(a) There are n distinct objects and they have to be placed in n distinct boxes so that each box gets exactly | 
object. This can be done in n! ways. 


(b) There are n distinct objects out of which r objects go to box 1 and n —r objects go to box 2. This can be 
done in C(n, r) ways. 
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2.16 


2.17 


(c) There are r identical objects of one type and n — r identical objects of another type. These n objects are to 
be put in n distinct boxes so that each box gets exactly one object. This can be done in C(, r) ways. 

(d) There are n distinct objects and they have to be put in mm distinct boxes so that box j gets exactly a, objects 
(j=1,2,...,m). This can be done in C(n;a@,,a,,...¢,,) ways (see the definition of a generalized 
combination). 

(ce) There are n objects belonging to m types, with a, objects in type i @ = 1, 2,...,). These n objects have to 
be put in # distinct boxes such that each box gets exactly 1 object. This can be done in P(; a,,@,,...,4,,) 
ways (by Theorem 2.1). [Observe that the answers to (d) and (¢) are identical] 

(f) This is the special case of (d) corresponding to m=r+1, a,=-+-:=a,=1, a,,,="—r. Hence the 
answer is C(n;1,1,...,l,n —nN =P(a,r). 

(g) Here box 1 must get r objects from among the m categories. Let u; be the number of objects of the ith 
category going to box 1; we must have 

u, tutes tue and 0=u, <4, G@=1,2,...,m) (*) 
The number of integral solutions of (*) is the value of the given expression, because to each filling (u,) of 
box 1 corresponds the unique filling (a, ~ u,) of box 2. [For a method of handling (*), see Problem 2.21.] 


(4) Here the r objects of category 1 must be distributed among m boxes. Let u, be number of objects of 
category 1 that go to box j; we must have 


u,tu,teotu,=r and O=4u,=4, (j=1,2,...,m) 


This is the same system as found in part (g); so the answer is the same. Again note that to each distribution 
{u,) of the category 1 objects corresponds the unique distribution (a; = u;) of the category 2 objects. 


Prove the duality principle of distribution: 
[pKa ee Ay) * CVs Varnes Vga = (Vis Yor s Vgh* yr Xg00-- a, (i) 


The proof rests on the simple observation—already exploited in previous problems—that assigning an object 
to a location is tantamount to assigning the location to the object. More generally, if exactly u,, identical objects 
of type i are assigned to (the distinct) box j, then exactly u,, identical box numbers j are assigned to (the distinct) 
object-type i. Consequently, both the left-hand and right-hand sides of (i) are equal to the number of nonnegative 
integral solutions of the linear system 


P q71 
Lis. “GSt2 SD Dey Se, MAT Iie op) 
i=1 j=l 


(The system may be solved by the techniques of integer programming.) 


Find the value of [(2,1,1,...,1)*(2,1,1,..., ))],.- 


There are n objects belonging to n — 1 types: 2 identical objects, x and x, of type 1 and 1 object of each of 
the remaining types. Also there are n — 1 marked boxes. Box 1 will get 2 objects, and the other boxes will get | 
object each. There are three mutually exclusive cases: (i) Box I has the 2 identical objects. Then the remaining 
n— 2 distinct objects can be distributed to the remaining » — 2 boxes in (7 — 2)! ways. (i) Box I has one of the 
objects x. The other object x can be distributed in C(v — 2,1) ways. Then we distribute the remaining n — 2 
objects to the other boxes (including box 1) in (m — 2)! ways. Thus in this case there are Cin —2,1\n - 2)! 
ways. (iii) Box 1 has neither object x. In this case the 2 identical objects can be assigned to 2 of the other n — 2 
boxes in C(n — 2,2) ways. Two of the other n — 2 objects can be assigned to box 1 in C(# — 2,2) ways. There 
are n — 4 boxes and n — 4 objects left. Thus in this case there are C(n — 2, 2)C(a — 2, 2)(2 — 4)! ways. The total 
number of ways is the sum of the ways obtained in the three cases, or 


(nv? —n+2)(n —2)! 
4 
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Consider a set X of n consecutive natural numbers. A p-bleck in X is a subset of p consecutive 
numbers in X. Find the number of ways of forming m pairwise disjoint p blocks in X. 


Suppose that the blocks are B,,B,,...,B,,, where the order is that of the smallest elements of the blocks. 
Let x,  =2,3,...,m) be the number of elements of X that are between B,_, and B,; let x, and x,,,, be the 
respective numbers of elements preceding B, and succeeding B,,. The number of ways of forming m pairwise 
disjoint p blocks is the number of solutions in nonnegative integers of x, +x, +++++X,,4,; =" — mp; ie., 
C(2 — mp + m,m). (Note that the answer vanishes, as it should, for mp > 17.) 


Suppose there are x, identical objects of type i (= 1,2,...,m) in a collection. In how many ways 
may the collection be distributed among n distinct boxes, if box j must receive at least q,, type-i 
objects (i= 1,2,...,m; jf’ =1,2,...,m)? 

The fact that there are separate demand conditions on each type of object—and not merely lumped 
conditions as in Problems 2.15 and 2.16—allows a simple solution, provided the numbers q,, satisfy the 
necessary conditions 


Ik 


q =H; G=1,2,...,2) 


bs qi 
j=l 


In that case, we may distribute the objects type by type. By Problem 1.142, the ith type can be distributed in 
C(x, ~ gq, + 2 — 1,2 — 1) ways. Therefore, by the product rule, the collection can be distributed in 


[l ce,-¢,+n-1,.2-1) 
i=l 


ways. 


THE INCLUSION-EXCLUSION PRINCIPLE 


2.20 


2.21 


In a dormitory, there are 12 students who take an art course (A), 20 who take a biology course (B), 20 
who take a chemistry course (C), and 8 who take a drama course (D). There are 5 students who take 
both A and B, 7 students who take both A and C, 4 students who take both A and D, 16 students who 
take both B and C, 4 students who take both B and D, and 3 students who take both C and D. There 
are 3 who take A, B, and C; 2 who take A, B, and D; 2 who take B, C and D; 3 who take A, C, and D. 
Finally, there are 2 in all four courses. It is also known that there are 71 students in the dormitory who 
have not signed up for any of these courses. Find the total number of students in the dormitory. 


Let N be the total number of students. Then 71 =N —s, +5, ~ 5, +5,, where 


s, =12+20+ 20+ 8=60 $,=54+74+4+4 164443 =39 §,=34+24+2+3=10 §,=2 
Thus 71 =N — 29, or N = 100. 


Find the number of solutions in integers of the equation a+b+c+d=17, where 1=a33, 
2=b54,35c55,4=d=6. 


Leta=1lt+a,b=2+B,c=3+y, d=4+6, The transformed system is 
atBpt+yt+d=7 O=<a,B,y,6 52 (i) 


Let X be the set of all solutions in nonnegative integers of a + 6 + y + 6 =7; and let A be the subset of X for 
which a = 3, B be the subset for which 8 = 3, C be the subset for which y = 3, D be the subset for which 6 23. 
Applying Theorem 2.5 and Problem 1.142, we have: 
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nx) = C10, 3) n(A) = n(B) = n(C) = n(D) = C(7, 3) 
NMANB)=nANC)=---=n(CND)=Cé4, 3) 


and all higher-order intersections are empty. Thus, 
n(X) = 120 s, =C(4, DCC, 3) = 140 S, = C(4, 2)C(4, 3) = 24 


and the answer is 120 —- 124+ 24=4. 


Prove that the Stirling number of the second kind may be evaluated from the following inclusion- 
exclusion formula: 


m! S(n, m) =m" — C(m, 1)(m — 1)" + Cm, 2)(m — 2)" — + + (1) 'Cm, m — 1" 


Let M denote the set of all mappings from X = {x,,x,,...,x,} to Y={yy,¥o5-+-s Vad and, for i= 
1,2,...,m, let A, be the subset of M consisting of those mappings that fail to cover y,, We have n(M) = m" and 


5, = Cm, kn — by” (kK =1,2,...,m—1) 


[There are C(m,k) ways to set apart k elements of Y, and X can be mapped into the remaining elements in 
(m — k)” ways.] Then Theorem 2.5 gives for the number of mappings that cover every element of Y—i.c., the 
number of surjections from X to Y—as 


m" — C(m, 11m — 1)" #+++ + (- 1)" 'COm, m— 191" 


But, by Problem 1.146, the number of surjections is m! S(n, m). 


Find the number of permutations of the digits 1 through 9 in which (a) none of the blocks 23, 45, 
and 67 8 appears; (b) none of the blocks, 34, 45, and 738 appears. 


Let X be the set of all the permutations; then n(X) = 9!. 


(a) Let A, B, and C be the subsets of permutations which respectively contain 23, 45, and 678 as blocks. 
Then n(A) = 8! [this is the number of permutations of the set {1, 2, 3, 4, 5, 6, 7, 8, 9}]. Similarly, n(B) = 8!, 
nC)=7!, n(ANB)=7!, n(ANC) =n(B NC) =6!. Thus the answer is 


9! — (814+ 8147!) + (7! +6! +6!) — 5! 


(b) Let A, B, and C be the subsets of X in which 34, 45, and 738 respectively appear as blocks. Then 
n(A) = n(B) = 81 and n(C) = 7! . Observe that AM B is the subset of permutations in which 3 4 5 appears as 
a block; so n(ANB)=7!. Here n(ANC)=O=n(AMNBNC) and n(BNC)=6!. Thus the answer is 


9! — (814+ 814 7!) +(7! +046!) -0 


A partition of a positive integer N is an unordered collection of positive integers (or parts) whose 
sum is N. Let f(V,r) be the number of partitions of N in which each part is repeated fewer than r 
times (r = 2,3,...,N +1) and let g(r) be the number of partitions of N having no part divisible by 
r. Prove that f(N, r) = g(N, r). 


We apply Theorem 2.5 twice to the set X of all partitions of N. First define A, as the subset of X composed 
of those partitions in which part i is repeated r or more times (i = 1,2,... LN irl). Then 


nO) A) = f0V,7) = n0X) sp tag t(D says 


in which the s, are defined in the usual manner in terms of the intersections of the A,. 
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Next define B, as the subset of X composed of those partitions containing ir as a part (= 1,2,... ,LN/r]). 
We have: 


n( M a') = g(N, n= n(X)— 0, +0, -0 t+) ay 


where the og, are defined analogously to the s,. 

But 0, =, for all k. Indeed, if x € X is a partition of N whose parts include i,r, i,r,...,i,r—so that x has 
a count of 1 in ¢,—then there exists an x* © X in which parts i,,i,,...,4, are each repeated r times—so that x* 
has a count of 1 in s,. Consequently, f(N,1r) = g(W, r). 


DERANGEMENTS AND OTHER CONSTRAINED ARRANGEMENTS 


2.25 


2.26 


2.27 


2.28 


Use a combinatorial argument to establish the identity 


= Be . 
2m v 


The n! permutations of an n set may be classified according as they have n, n — 1, n — 2,...,0 fixed points; 
thus, 


nl =C(n,n)D, + C(n,n— 1D, + Ctn,n —2)D, +--+ + C(n, 0YD,, 


Divide through by x! to obtain (Z). 


Each of the n children in a class is given a book by the teacher; the books are all distinct. The students 
are required to return the books after 1 week. The same n books are again distributed for another 
week. In how many distributions does nobody get the same book twice? 


The books can be distributed the first week in n! ways. Each such distribution gives rise to D,, ways of 
distributing them the second week. So the answer is n! D,. 


Given the sequence X = (x,,x5,...,%,), find the number of derangements of X such that the first n 
elements of each derangement are (a) the first n elements of X, and (6) the last n elements of X. 


(a) The first n elements can be deranged in D,, ways. The same is true for the last n elements. So the answer 
is (D,, )’. (b) Each of the 2! permutations of the last n elements in the first n places is indeed a derangement. This 
is true for the other half as well. The answer is (aly. 


Each of n women who attend a banquet checks her coat and hat with the receptionist on arrival. Upon 
leaving, each woman is given a coat and a hat at random. Find the number of ways these coats and 
hats may be distributed such that (a) nobody gets back either her coat or her hat, and (b) nobody gets 
back both her coat and her hat. 


(a) The number of derangements for coats is D, and the number of derangements for hats is D,,. Because the 
handing out of coats is independent of the handing out of hats, there are (D,)’ distributions with the 
specified property. 

(b) Let A, (j= 1, 2,...,) be the subset of distributions in which woman j gets back both her coat and her hat. 
Then, applying Theorem 2.5, 


AMM) s,=Cania-n'P  (=1,2,...,0) 


and the answer is given by n(X)—s, +°°:+ (~1)’s,. 
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Let A denote an r-subset of an n set X. How many permutations of X induce derangements of A? 


Let A, (i =1,2,...,7) denote the subset of permutations of X which leave the ith element of A fixed. Then 
nAXy=n!  s,=Cr, jla-j! (7 =1,2,..-,9 


and Theorem 2.5 yields the answer as n(X)-—s, +++++(—1)’s,. 


Show that D, =(n- 1)(D,_,+D,_,), where n 23. (Of course, D, = 1 and D, = 0.) 


Consider those derangements of X = {1,2,...,} in which r occupies the first position. Then either 1 does 
not occupy the rth position or it does. There are D,_, derangements of the former type (with respect to X — {r}, 
position r functions as position 1) and D,_, of the latter type. The element 7 can be chosen in n — 1 ways. 


(a) Show that D, =nD,_, +(-1)", for n=2, and () Use this result to evaluate D,. (D,, can be 
computed without using the inclusion-exclusion principle.) 


(a) The substitution E, =D, —nD,_, takes the recursion formula of Problem 2.30 into E, = —E,_,. Since 
E, =D, —2D, = 1, the latter recursion formula has the solution E,, =(—1)", for n= 2. 


(b) By iteration, 
D, =n(n—1)D,_, + (-1)""') + (- 1)" 
=n(n—1)D,_, + n(-1)""' +(-1)" 
=n(n— 1)(2 - 2)D,_, +n — 1-1)? + n(- 1)" + 1" 
=n(n~1)+++(3)— n(n 1) (A tnaa—1)---S)- 


+(-1) 7ntn- TI) 4+ (C1) an + (- 1)" 
1 1 (-1)" 
=i gat S| 


Find the number, T,,, of permutations of Z = {1, 2, 3, ...,} such that no permutation contains a block 
of 2 consecutive integers. 


Use inclusion-exclusion. Let X denote the set of all permutations of Z; n(X) =n! Let A, @=1,2,...,n—-1) 
represent the subset of X consisting of all permutations in which the block ii +1 occurs. If one chooses r 
mutually disjoint blocks, these r objects and the remaining n — 2r elements of Z together generate (n —r)! 
permutations. This same number, (n —r)!, is obtained for any selection of r blocks, disjoint or not (prove it!). 
Hence, s,=C(n—-1,N@—r)!, for r=1,2,...,2—1, and : 


n-t ani sf 
| »» (-1YCa-1na-nl= »» cy[S- = 5: | 


ant -j r a-2 —4 s 
=n! > fe eGrs 1)! ey SD. 
r=0 re s=0 ss 
Referring to Example 10, we see that 


T, =(D, —(-1)"1+ [D,_, —(-1)""'] =D, + D,_, 


or, by Problem 2.30, T,, =D, /n. 


Tabulate D, and T, for n = 1(1)10. 
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Start with D, = 0 and T, = 1. To compute D, use the relation D, = (1 — DT, _, (Problem 2.32); to compute 
T, use the relation T,, =D, +D,_, (Problem 2.32). See Table 2-1. 


Table 2-1 


14 833 16 687 
133 496 148 329 
1334 961 1 468 457 


1 
2 
3 
4 
5 
6 
7 
8 
9 


i 
i=) 


2.34 Find the number of ways the integers 0,1,2,...,2—1 can be arranged in a circle so that no 


2.35 


2.36. 


2.37 


arrangement, when read clockwise, has a block of 2 consecutive integers or the block [” — 1 0}. 


Let X be the set of circular permutations of {0, 1,2,...,%— 1}; by Problem 1.34, n(X)=(n— 1)!. If we 
operate modulo n, the n excluded blocks can be notated as ii+1@=0,1,2,...,4— 1). Let A, be the subset of 
X in which each circular permutation contains the block i i + 1. To evaluate s,, for r<n, we may suppose the r 
blocks selected to be disjoint (sce Problem 2.32), thus leading to ( +” — 2r —1)t!=(@—r—1)! circular 
permutations; i.e., 


5,= Cy, n(n-—r- 1)! (r=1,2,...,2-—1) 


Clearly, s, = 1. Theorem 2.5 now yields the answer 


XS Ep ca na-r-1t + eer eee 
r=0 


foo TF! (7) 


There are 8 letters to different people to be placed in 8 different addressed envelopes. Find the 
number of ways of doing this so that at least 1 letter gets to the right person. 


The answer is, from Table 2-1, 8! — D, = 40 320 — 14 833 = 25 487. 


Find the number of 4-digit positive integers the sum of the digits of which is 31. 


We wish to count the solutions in integers of the system 
at+b+ct+d=3l O<a,b,c,d=9 
By the method of Problem 2.21 the answer is 
C(34, 3) ~ C(4, 1)C(24, 3) + C(A, 2)C(14, 3) — C(4, 3)C(A, 3) + 0 


Find the number of injections (one-to-one mappings) from a finite set X of n elements to X such that 
each has at least 1 fixed point. 


The total number of injections is n!. Any derangement of X defines a unique injection which has no fixed 
point, and vice versa. Thus the answer is nt — D,. 
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2.38 Out of 30 students in a dormitory, 15 take an art course, 8 take a biology course, and 6 take a 
chemistry course. It is known that 3 students take all 3 courses. Show that 7 or more students take 
none of the courses. 


Let A be the set of students who take the art course, B be the set for biology, and C be the set for chemistry. 
Then s, =15+8+6= 29 and s, =3 (given). Let x be the number who are not in any of these courses; by 
Theorem 2.5, 


x=30-29+5,-3=5,-2 
Now the intersection of the 3 sets is a subset of the intersection of any 2 of the sets. Therefore, 


§,234+34+3=9 or x29-2=7 


2.39 There are 6 pairs of children’s gloves in a box. Each pair is of a different color. Suppose the right 
gloves are distributed at random to 6 children, and then the left gloves also are distributed to them at 
random. Find the probability that (2) no child gets a matching pair, (b) everybody gets a matching 
pair, (c) exactly 1 child gets a matching pair, and (@) at least 2 children get matching pairs. 


The right gloves can be distributed in 6! ways, after which the left gloves can be distributed in 6! ways. 
Thus there are (6!)(6!) equiprobable outcomes. 


(a) For each of the 6! distributions of right gloves there are D, distributions of left gloves that result in no 
matching pairs. The required probability is therefore (6!)D,/(6!)” = D,/6! . 

(b) For each of the 6! distributions of right gloves there is 1 distribution of left gloves that yields 6 matching 
pairs. The required probability is (6!)( 1/6! = 1/61. 


(c) For each of the 6! distributions of right gloves there are (1)D, distributions of left gloves that give 
Annie—and Annie alone—a matching pair. Hence the required probability is 


6[(6!))Ds] Ds 
ey 5! 
(d) Using the results of (@) and (c), 
as D 6 D 5 
Probability = 1 — rere 
COMBINATORIAL NUMBER THEORY 
2.40 Find the number of positive integers less than 601 that are not divisible by 3 or 5 or 7. 


Let X ={1,2,..., 600}; then (X) = 600. If A, B, and C are the subsets of integers in X that are divisible by 


3, 5, and 7, respectively, 
600 600 600 
S, =n(A) + n(B) + nC) -(@) + (2) +| | = 405 


5,=MANB)+H ANC) +nBNC) 


(2) {211S)- 


600 


ios *> 


5,=MANBNC)= 


Thus, n(A’N B’NC') = 600 — 405 + 85 — 5 = 275. 


2.41 (Sieve of Eratosthenes) Derive an expression for the counting function 


60 


2.42 


2.43 
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ar(n) = number of primes not exceeding the positive integer n 


Eratosthenes’ method is based on the observation that an integer k=2 is composite if and only if it is 


divisible by a prime p= k'’”. Thus let X = {2,3,..., a} and let r be the number of primes that do not exceed 


1/2, 5 
n'”?s ie, 


1/2 


2=?p, <p2z<c <p, Sn < Prat @) 


Then, if A, @=1,2,...,7) represents the subset of X composed of multiples of p,, the union U, A, will consist 


of all composite integers in X and the first r primes. 
We compute n(U, A,) by means of Theorem 2.5. Here, 


old allel 


and, in general, 


s= > ee (Gj=1,...,9 (ii) 


1st, <ig<-<ijsr [Pi Pi,” Pi, 


the summation in (ii) being over ail j combinations of {1,2,...,7r}. Hence, 


n(U A,) = 5,5) te FCI, 


and so mn)=n-1+r—s,+s,—-7° +(Ds, (iti) 


where r is given (i) and the s, by (ii). Note that if the 7 function is extended to arbitrary real arguments, r can be 
expressed as a(n"! 2). 


Show that 97 is the twenty-fifth prime. 
Since 98, 99, and 100 are composite, it suffices to show that 7(100) = 25. In the notation of Problem 2.41, 


r=4 (p, =2, p,=3, ps =5, py=7); 


100} | 100| | 100} ,| 100 
wa FE Peele u 
100 | | 100 | | 100 
a Lane Lax ‘Lan 
100 | | 100 
Lael Lao 


+| 100 | 
(5)(7) 
= 45 


-| 100 | 100 {+ 100 {+4 100 |-s 
*3 1 (3)57)1 LAM LOGI “L@EBS) 


| Oa ag 
Fa 12035) 


whence (100) = 100-1 +4~ 117+ 45-6+0=25 


A positive integer is squarefree if its prime factorization involves no power higher than the first. (We 
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2.44 


2.45 


2.46 


2.47 


agree that 1 is squarefree.) Show how to compute the number of squarefree integers not exceeding a 
given integer n. 


Let X = {1,2,...,n} and, as in Problem 2.41, let r be the number of primes not exceeding the square root of 
n. Now define A, @=1,2,...,7) as the subset of X composed of multiples of p,. The sought number is just 
n(M, A’), which is given by Theorem 2.5. 


Find the number of squarfree integers not exceeding 100. 


Follow Problem 2.43 (and Problem 2.42): 


sollte lt tele |e 


100 100 
S,= + ay | t+ O04+-+: + 0=3 
pas ge as Be lg 


5,=0 


5,=0 


and nO) A’) = 100-42 +3=61 


Two positive integers are relatively prime if the only positive divisor they have in common is 1. The 
number of positive integers not exceeding n and relatively prime to n is denoted by (7), where ¢é is 
Euler’s phi (or totient) function. Obtain a formula for Euler’s phi function. 


Let p,, P>,---> P, be the distinct prime divisors of the positive integer n, and let A, G@ = 1,2,..., 4) be the 
set of all positive integers from 1 to n that are divisible by p,. Then, in Theorem 2.5, 


n 
s= oO ELL... 
? P;, Pi," * Bi, 
where the summation is over all j combinations of {1,2,...,£}. Thus, 
on) =n-s,+5,--+'+(-1)'s, 


wf (Le) e(h (pipe ee] 
(ora) Ow) 


= 5A, P,P — Dp. - DR -Y) 


Evaluate 6(3528). 
Since 3528 = (2°)(37)(77), the distinct prime divisors are 2, 3, and 7. Problem 2.45 gives: 


3528 


(3528) = Dean 


(2 - 1)3 — 1)(7 — 1) = 1008 


Show that @(p) =p — 1 if and only if p is prime. 


If p is prime, (p) = p — 1, by Problem 2.45. Conversely, if p is not prime, there exists a positive integer 
1<d<p such that d divides p. Therefore p and d are not relatively prime, and the definition of the phi function 
implies ¢(p) = p — 2. Certainly, then, d(p) #p — I. 


62 


2.48 


2.49 


2.50 


2.51 
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A function whose domain is the set of positive integers is called a number-theoretic function. A 
number-theoretic function f is multiplicative if the range of f is closed under multiplication and if 
fimn) = fmf) whenever m and 7 are relatively prime. Show that Euler’s phi function is 
multiplicative. 


Let m and n be relatively prime. If the distinct prime factors of m form the set M={p,, p.,..., p,} and the 
distinct prime factors of n form the set N = {q,, q,,.-..,9,}, then MON = @, Let p be the product of the r primes 
in M and q be the product of the s primes in N. By Problem 2.45, 


(mn) ==" (py ~ 1), Wa — DG, D 
mn Pq Py P, i q; 


m 


= $(m) $n) 


Suppose 1=d,,d,,...,d, =n are the distinct positive divisors of the positive integer n. Show that 
= f(d,) =n. 


First observe that the summation can also be written as > d(/d,); for as d, runs through the divisors of n 
(in increasing order), n/d, runs through the divisors of (in decreasing order). Let X = {1,2,...,n} and, for 
i=1,2,...,7, let X,={m EX : the g.c.d of m and n is d,}. Because any pair of positive integers has a unique 
g.c.d., and because d, € X, for each i, it is clear that {X,,X,,...,X,} is a partition of X. Now, m is in X, if and 
only if m/d, and n/d, are relatively prime. Thus the number of elements in X, is the number of positive integers 
not exceeding n/d, and relatively prime to it; i.e. 6(@1/d,). The desired result now follows from the fact that {X,} 
is a partition. 


Verify the result of Problem 2.49 for n = 12. 
The distinct divisors of 12 are 1, 2, 3, 4, 6, and 12. 


X, = {1,5,7, 11} and nX&X,) = £(12/1) = 4 


X, = {2, 10} and sn (X,) = (12/2) =2 
X, = 3,9} and n(X) = (12/3) =2 
X, = {4,8} and = n(X,) = (12/4) =2 
X,={6 and n(X,) = (12/6) =i 
X,> = {12} and n(X,,) = #(12/12) = 1 


and 4+24+2+2+1+1=12. 


The Mobius function, s(n), of a positive integer n is defined by y(”) = 1, if 2 = 1 or n is the product 
of an even number of distinct primes; p(n) = —1, if n is the product of an odd number of distinct 
primes; and «(1) = 0 for all other n. Show that the Euler phi function and the M6bius function are 
related as follows: 


gin)=n > 2 


d\n 


where the sum is over all the divisors of n, including 1 and rn. 


This follows immediately from the second equation of Problem 2.45, 
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2.53 


2.54 


2.55 


2.56 


Rewrite the result of Problem 2.41 in terms of the M6bius function. 


From the formula (ii) for the s, it is apparent that 


nS, +8,—syt00 = > uia| =| 


d\p\ PP, 


(The term n on the left side corresponds to d= 1.) Hence (iii) becomes 


mn)— mn) =-1+ D wa|4| 


4p, P27 P, 


Show that the Mébius function is multiplicative (Problem 2.48). 


We have to show that y(n) = x(n) (1) whenever m and n are relatively prime. This is trae when m = | or 
n= 1, Suppose m > 1 and n> 1. It is also true (0 = 0) when either m or x is divisible by p*, where p is a prime 
and k > 1. The only remaining case is when both m and n are products of distinct primes: m= p,p, °°: p, and 
N=4,92°'°q, Then 


e(mn) = (-1)° = (-1)"(- LY = wen) er) 


Let f be a multiplicative function and let 


gin) = fd) 


dln 
where the sum is over all the divisors d of n. Show that g is multiplicative. 
Let d,,d,,...,d, be the distinct divisors of the positive integer m and let e,,e,,...,¢, be the distinct 
divisors of the positive integer n. Then, 


gim= > fd) and gin) = D fe) 


If m and n are relatively prime, the distinct divisors of mn are the st numbers d,e,, with d, and e, relatively prime 
for all i and j. Therefore, 


g(mn) = > 2 fide) = 2 Sid,) 2 fle;) = gim)g@) 
is i= 


i=b j= 
If n= 2, evaluate 


@) Sud) and 6) > |u(a) 
dln 


din 


We need consider only those divisors of n which are squarefree (including 1). Suppose # has & prime 
factors. 


(a) The sum of the Mdbius-function values of the squarefree divisors of 7 is 
C(k, 0) — Clk, 1) + CK, 2) — + + (- 1K, &) = 0 
[by Problem 1.39(5)]. 
(b) 2* [by Problem 1.39@)]. 


Let n be a positive integer and let its divisors be 


l=d,<d,<-::<d,=n 
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Prove that for ail i and j, 
d,|d,_,,, if and only if d; |d,_j41 


J 


We have d,d,_;,, = and djd,_,,, =n. Therefore, 
4d, _i4) = 44,541 or 
One side of this last equation is an integer if and only if the other side is. 


2.57 (a) (Classical Mébius Inversion Formula) Let f be a number-theoretic function and let 


g(n)= > f@) 


dln 


Show that 
y= wdg() => (5 )e@ 


(b) Prove the converse of (a). 


(a) Denote the divisors of n as in Problem 2.56. We have: 
t n t 
> ude(z) = > LG, )8G@,_ 14) 
i=1 é i=t 
= Sud) D fd) 
fed 4jld,—j43 


Problem 2.56 may be used to invert the order of the double summation: 


> pld,) = fia) = fia) = 2@,) 


dj\dy—j+1 dild,—j4t 


On the right-hand side the inner sum vanishes for j =1,2,...,¢— 1—in consequence of Problem 
2.55(a)—while for j = it has the value y(d,) = 1. We see then that 


> médye(F) =Aa) =f 


which is the Mébius formula. 
(b) In the notation of Problems 2.56 and 2.57(a), we have 


gal J=l dja; sal djld; 
f 
d,_i 1 
=D ad) w(t ‘ ) 
i=t 4, ja tldy—s4t fr) 


where the last step follows from Problem 2.56. For simplicity, replace the summation index t —j +1 by k, 
obtaining 


d fa)= 2 sd) DX wld) 


ayldy— ja 
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For i=1,2,...,¢—1, the coefficient of g(d,) is zero [Problem 2.55(a)]; for i=1¢, the coefficient is 
ie(d,) = 1. Thus, 


» fd) = g(d,) = 8) 
jul 
and the proof is complete. 


2.58 With reference to Problem 2.57(a), show that f is multiplicative if and only if g is multiplicative. 


If f is multiplicative, then g is multiplicative, by Problem 2.54. 
Suppose g is multiplicative. Let m and x be relatively prime and let the divisors of m and n be d,,d,,...,4, 
and ¢,,€,,...,€,, respectively. The divisors of mn are d,e,, where 1 Si=s and 1=j <1; hence, by the Mébius 


formula, 
finn) = EX widere(Fe) 
ig os 


But y# is multiplicative (Problem 2.53), and d, and e, are relatively prime, so that 
MG, €,) = HG) BE;) 


Also (by assumption) g is multiplicative, and m/d, and n/e, are relatively prime, so that 
TEN ce ef BEN OF 2G 
*(ae,) - (7 )e(<,) 
m n 
Thus fim) = wde(Z) 2 wee(z) = fmf) 
i i i Sf 


and f is multiplicative. 


2.59 The number of positive divisors of the positive integer n is denoted by 7(#), and the sum of the 
positive divisors of n is denoted by a(n). (a) Prove that these two functions are multiplicative. ©) 
Show how to compute their values for a given xn. 


(a) If f is multiplicative and if 


gn) = 2 fd) 
din 


then by Problem 2.54, g is multiplicative. Now the function f(n)=1 is clearly multiplicative; to it 
corresponds g(x) = 7(n), which is therefore also multiplicative. The same argument, using f() = 2, shows 
that o(n) is multiplicative. 


(b) If p is prime, the divisors of p‘ are 1, p, p”,..., p*. Hence, 
P PB 
k+l 1 


np'y=1+k and o(p)=1Ltptp +: +p = yaa 


These results, the prime factorization theorem, and the multiplicative property of 7(n) and o(7) allow the 
computation of the two functions. For example, 


7(4068)=.7(2°3’) = (149) (1+2) = 30 


OT 2H 
o(4068)= (2-51) (F-5!)= 13,299 
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Show that for any positive integer n, 
Y w@(F)=3 
dln d 
Apply the Mébius inversion formula to the relation 


x(n)= > 1 


d\n 


Consider the formal series L(s) = =*_, f(n)n-* defined by a number-theoretic function f. Show that if 
f is multiplicative, this series can be represented as an infinite product: 


Ls)= I F(p,s) where F(p,s)=1+flp)p' +f(p?)p* + fp )p +e 


[F(p, 5) is also a formal series.] 


It suffices to show that, for every positive integer n, the term n° arises in the infinite product with the same 
coefficient that it has in the infinite series; namely, f(n). Let n have the unique prime factorization 


k 
n=[| p?' whence n* = II py" 
i i=l 
It is seen that when the infinite product is multiplied out, one and only one product gives a term inn *: this is the 


product of f(p?')p7°" from F(p,,5), f(p3?)p2°” from F(p,5),..+> f(pi)p, ** from F(p,,s), and 1s from all 
other F(p,s). Thus, n~* appears with coefficient 


SPT ie?) FD) = fel Pp? Pe) =f) 


f being multiplicative. 


The celebrated Riemann zeta function is defined by 


= 1 
uis)= LaF 
Prove that 
ee) 
46) a > n 


By Problem 2.61, with f() =1, 
1 1 
“=I (2) ae co ee 
i-p Tla-p) 
On the other hand, for f(n) = 4”), Problem 2.61 gives 


HM) re re 
»y n° =[la p =F) 


Let A= {a,,a,,...,4,} be an alphabet with m distinct letters. A circular word of length n from A 
is an n sequence of A arranged clockwise around a circle, as in Fig. 2-1(@). Ina circular word only the 
clockwise order of the letters matters: circular words f and f’ are identical if some rotation of the 
diagram for f takes it into the diagram for f’. Count the distinct circular words of length n from A. 
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b b p 
b b 
a @a a 
b b 
b b b b b 
(b) p=6 (c) p=3 (ad) p=1 
Fig. 2-1 
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It is apparent from Fig. 2-1(@) that when a circular word of length n is ‘‘spelled’’— with any of its letters 
chosen as the initial letter—-the clockwise sequence repeats after n letters. Hence, the set of repetition-distances 
for the circular word is nonempty. The smallest element, p, of this set is called the period of the circular word. 


Figures 2-1(b)-(d) show three circular words of length n = 6 (m = 2), and their corresponding periods. 


It is easy to see that any repetition-distance—in particular, the period p—must divide n. Furthermore, a 
circular word of period p determines precisely p distinct n sequences of A. [For example, the circular word of 
Fig. 2-1(c) determines the 3 sequences babbab, abbabb, bbabba.] Consequently, the M(p) (say) circular 
words with a given period p account for pM(p) n sequences. Because there are m” n-sequences in all, and 
because p is a divisor of n, we must have 


> pM(p) =m" 


pin 


Application of the Mébius inversion formula to this last equation yields 


xM@x) = 2) pdm" 


dx dix 


or = M(x) =-> pd)m*" 


and the answer to our problem is x M(p). 
pip 


How many circular words of length 12 may be drawn from a 5-letter alphabet? 


The periods, or divisors of 12, are 1, 2, 3, 4, 6, and 12; the corresponding MObius-function values are 1, —1, 
—1, 0, 1, and 0, respectively. The integers M(p) are given by the expression of Problem 2.63: 


MQ) =F 1A)s"}=5 


M(2) = 10s?" + (—1)5?7/7] = 10 


M ak 3A — 1\53/37 — 
(3) = 3 {C5 +(-1)5°"] = 40 


M(4)= 4 [(1)s*7! + (—1)5*”? + (0)5*/*] = 150 


M(6) = ‘ ((1)5°* + (—1)5°? + (- 5°? + 5°} = 2580 


M12) = 10)S"2" +(-1)5'7/? + (-1)5'78 + (0)5'7/4 + (1y5'7/° + (0)51?/17] 


= 20,343,700 


The number of circular words is the sum of these 6 integers, or 20,346,485. (For comparison, the number of 12 


sequences is 5'* = 244,140,625.) 
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2.65 Let X be anN set and let I]={7,, 7,,..., 7,,} be an m-set of properties. If {7,5 Ty sees 7,3 is an 
arbitrary k subset of II, denote by nT; > This es T%;,) the number of elements of X that possess these 
k properties (and possibly other properties, too). Define s, =N, and, for k= 1,2,...,m, 


$= DL AT,» Tyr es TH) 


where the sum is extended over all k-subsets of II [C(m,k) summands]. Finally, let e, (= 
0,1,...,m) be the number of elements of X that have exactly j of the m properties, and let f 
(j= 1,2,...,m) be the number of elements that have at least j properties. (a) Prove 


Theorem 2.8. 
e,=s8,— CULL, Dsj4, + CU +2, Dsj2~ 0 + (—1)” /C(m, m - fs, 


(b) Prove 
Theorem 2.9, 


f= s,—- CU, Dsj4, FCU +1, D5j42 0 + (-1)” /C(m — 1,m—J)s,, 


(a) We show that every element of X has the same count on (makes the same contribution to) either side of the 
equation of Theorem 2.8. 
If an element has fewer than j properties, its count is 0 on either side. 
If an element has exactly j properties, its count is 1 on the left, and (C,, j) = 1 (in s,) on the right. 
If an element has exactly j + / properties (1 =/ =m — j), its count on the left is 0. On the right, it has 
the count C(j + /, fins, CU +4 7+) in5,445--.5C9 +1,j +1) ins,,,. The total count on the right is 
therefore 


CU +L AD-CGUFLVCG HE +I FECUFUDCYU +L IHD HCV CU FLNCU +LI+D 
=CU FL AN-CUNCGFL AF CE DCG +L D7 + CV CENCY +h) 
=CUi+h )U-D'=0 


This completes the proof. 
Observe that, for j= 0, Theorem 2.8 is just the sieve formula [in Theorem 2.5 let A, (7 = 1,2, ...,m) 
be the subset of elements possessing property 77]. 


(b) It is enough to show that the given series for f, satisfies the difference equation f, — f., =e; and the end 
condition f,, = e,,. Now, using Pascal’s identity, 


ffir = 5, ~ (CG, I) + CC, Ols;., +1CG 41,2) + CU +1, Ds, 42 
asst (-1)" [Cm —- 1,m—j) + Cn —1,m—j- 1s, 
=3,- CU +1, 5+ CU 42,2542 °°° + (-1)” "CQ, m — j)s,, 


= e; 


Farther, f, =5,, =€m- 


2.66 With X and II as in Problem 2.65, find the number of elements of X having an even number of the 
properties and the number having an odd number of the properties. 


If we define E(x) =e, +e,x +e,x° +--+ +e,,x”, then the numbers of elements having an even and an odd 
number of properties will be 4[E(1)+E(— 1)}. Now, by Theorem 28, 
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2.67 


2.68 


2.69 


2.70 


EQ) = > ex = > [3 1)*"C«k, ise |e 


k=j 


aS 185, D Cth X- VDC 1)‘s,(1 — x)" 


Therefore, AE(+E(-1) =a] 2D 2) s,| 


Find the number of m-letter words that can be formed using the letters A, B, C, and D, such that each 
word has an odd number of A’s. 


In the notation of Problem 2.65 let 7, (i =1,2,...,m) be the property that the ith letter of the word is A. 
We have s, = 4” possible words, and 


s,=C(m,k4"* — (k=1,2,...,m) 


By Problem 2.66 the desired number is 
als -» 2's, | aka — >» C(m, ax-2yer| 
(4” 


2S ar 2" 1) 


Check Problem 2.67 by direct use of the generating function E(x). 
Since e, = C(m, j)3”7 for all j, 


Eq) = & Com, j)x/3"% = +3)" 


and so $[E(1) ~ E(-1)] = 4(4" - 2”). 


Of the 100 students in Problem 2.20, how many take (@) exactly 1 course? (b) exactly 2 


courses? (c) exactly 3 courses? (@) at least 1 course? (e) at least 2 courses? ( f) at least 3 
courses? 


With the s, as computed in Problem 2.20, Theorems 2.7 and 2.8 give: 


(a) e, =60—C(2, 19) + C(3, 2)(10) — C(4, 3)(2) = 4 

(b)  e, =39—C(3, 1)(10) + C(4, 2)(2) = 21 

() e,=10—C(4, 1)(2)=2 

d@) f, =60-—C(1, 1)39) + CQ, 2)(10) — C3, 3)(2) = 29 

(e) f,=39-C(2, 110) + C3, 2)(2) = 25 

(f) f,=10-—C(3,1)2)=4 

A function w from a set X to the set of real numbers is called a weight function on X. If X is finite 


and A is a subset of X, the weight of A, denoted w(A), is the sum of all w(x) for x & A. If Il is a set of 
m properties (cf. Problem 2.65), let A j (j =0,1,2,...,m) be the set of all elements in X having 
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exactly j properties and j let B, (j= 1,2,...,m) be the set of all elements in X having at least j 
properties. For each j, write E, = w(A,) and F; = w(B,). If Q is a subset of II, w(Q) is defined as the 
sum of the weights of all the elements in X which have every property in Q. Finally, in analogy to the 
s, of Problem 2.65, define 


w(X) k=0 

S.=4 >) wQ)  k=1,2,...,m (i) 
ocn 
n(Qyak 


Prove that Theorems 2.8 and 2.9 remain valid if e,, f,, and s, are replaced, respectively, by E,, F,, and 


ae be 
S,. 


In the proof of Problem 2.65(@), simply replace ‘‘count of x’’ (1 or 0) by ‘‘weight of x’ [w(x) or 0]. The 
proof of Problem 2.65(b) extends without change. Note that for the particular weight function w(x) = 1, we have 
5, = 5; ete. 


Let X = {a, b, c,d, e, f} be a set with weights 2, 3, 4, 5, 6, and 7, respectively, and let II = {a, £, y, 6} 
be a set of properties. Given: (i) a, b, c, e, and f have property a; (ii) b, c, d, and f have property B; 
(iii) a, d, e, and f have property y; (iv) b, c, d, and e have property 6. Compute all £,, F;, and S,. 


In the notation of Problem 2.70, A,, A,, and A, are empty; A, = {a}; A, ={b,c,d,e, f}. Hence, 
E,=0 E,=0 E,=2 E, = 25 E,=0 
Further, B, = B, =X, B, =A,, and B, is empty; hence 
F,=F,=217 F,=25 F,=0 
By (i) of Problem 2.70, S$, =wX)=2+3+44+5+6+7=27. 
w({a}) = w@ + wb) + w(c) + wle) + wf) = 22 
w({B) = w(b) + w(c) + wd) + wf) = 19 
w({y} = w(a) + wd) + wle) + wf) = 20 
w({8}) = wb) + w(c) + wd) + wle) = 18 
§,=22+19+20+ 18=79 
w({a, B}) = w(b) + wc) + wf) = 14 
w({a, y}) = w(a) + we) + w(f) = 15 
w({a, 5}) = wb) + w(c) + we) = 13 
w({B, y}) = wd) + wf) = 12 
w({B, 5}) = w(b) + wc) + wd) = 12 
w({y, 5}) = w@) + we) = 11 
S,=14+15413+12+12+ 11=77 


w({a, B, y}) = wf) =7 
w({a, B, 5}) = wb) + w(c) =7 
w({B, y, 8) = w(d) = 5 
w({a, y, 5}) = wle) = 6 
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S,=74+74+546=25 


Finally, S, = E, =0. 


2.72 Verify the generalized Theorems 2.8 and 2.9 for the data of Problem 2.71. 
Checking Theorem 2.7 for j=0,1,...,4: 


S, — CC, 1S, + C(2, 2)8, — C(3, 398, + C4, HS, = 27 — 79+ 77-25 +0=0=E, 
S, ~ C2, 1)S, + C3, 2)S, — C(4, 3)S, = 79 — 154+ 75-O-0=E, 
S, — CG, 1S, + C(4,2)S, = 77-75 + 0=2=E, 
S,—- C4, 1)S, = 25 -0=25=E, 
.=O=E, 
Checking Theorem 2.9 for j=1,...,4: 
S, — CC, 1)S, + C(2, 2)S, — C(3, 3)S, = 79 — 77+ 25 -0=27 =F, 
S, — C(2, 1)S, + C3, 2)S, = 77 — 50+ 0 = 27 =F, 
S, — C3, 1)S, = 25 -0=25=F, 
S,=0=F, 


2.73 (Probleme des Ménages) Find the number of ways of seating n =3 married couples at a circular 
table (having 27 numbered seats) so that the sexes alternate and no husband and wife sit side by side. 


Let the wives be seated first: they can occupy the odd-numbered seats in n! ways, or they can occupy the 
even-numbered seats in 2! ways. For each of these 2! arrangements, there is a fixed number, M,, of ways in 
which the husbands can be seated, no husband next to his wife. (M, is called the ménage number.) This being 
the case, we may assume the wives disposed and the empty seats renumbered as in Fig. 2-2(a). The spouse of W, 
will be notated H, G = 1,2,..., 7). ; 


rae ih Ley 


@ () 
Fig. 2-2 


There are 7! (unrestricted) arrangements of the husbands. We distinguish 2 properties of the arrangements: 


aw, @=1,2,...,"): H, is put in seat i 


aw, @=1,2,...,n—1): H, is put in seati+1 


a,: H,, is put in seat 1 


n 
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In using Theorem 2.8 to evaluate e, = M,,, one need only consider k subsets of compatible properties. (A k-subset 
containing incompatible properties—e.g., 7, and 7,—contributes zero to 5,.) Now, to say that an arrangement of 
husbands exhibits certain k compatible properties means that certain k husbands are sitting in forbidden seats; 
there exist (1 — &)! such arrangements. In other words, 5, =p,(n —k)!, where p, is the number of ways of 
choosing & compatible properties from among the given 2n properties. 

All that is left is to determine the numbers p, (k = 1,2,..., 2m). To this end, dispose the properties around a 
circle [Fig. 2-2(b)]; in this configuration consecutive properties, and these only, are incompatible. Let a property 
be colored red if it is included in the & sample and blue if not included. 


Case 1. 7, is red. Then 7, and 77, are blue, leaving a linear sequence 77, ai,+++ a7, from which the remaining 


k —1 compatible properties must be selected. By Problem 1.174(c), this can be accomplished in C(2n — k — 1, 
k — 1) ways. 


Case 2. 7, is blue. Again by Problem 1.174(c), the selection can be made in C(2n — k, k) ways. 
Thus we have found 


2 
p= Cn — kA, kW) + COn k= 5 Cn — 


(which expression properly vanishes for k >). Consequently, the ménage problem has the solution 2n! M,,, with 


toes an C(2. 1,1 yptt+ 2 CQn — 2,2)(n — 2)! 
M,=n! on—1 (2n ’ \a- )! In -2 (2n 7 Ma ) 
~ +(-1)" an C(2n — —n)! 
Cl) Sana (2n —n, n\(n — n)! 


Solve the ménage problem if the alternation of sexes is no longer required. (Now there will be a 
positive solution for the case n = 2.) 


Distinguish & couples and consider an arrangement in which each of these couples sit side by side. Each 
couple may be treated as a unit; the 2 seats occupied by each couple may also be taken as a unit. There are 
°2n — 2k more individuals and 2n — 2k more seats. Thus, in effect, there are 2n — & units of people to be assigned 
to 2n — k units of seats. Since the seats are labeled, the number of possible assignments is (2n — k)! . Now, our k 
couples will still each be adjacent if any subset of the husbands trade places with their wives. This leads to a total 
of 2“(2n — k)! arrangements, whence, in the sieve formula, 


5,=C(n, k)2*(Qn—-k! (k= 1,2,...,0) 


Because the seats are labeled, the formula extends to k = 0, and we have 


M!)= > (-1)'C@, b2'Qn-b!  (n=2,3,..) 


k=0 


Find the number of ways of seating 5 couples around a circular table having 10 numbered seats, under 
the conditions of (a) Problem 2.73 and (6) Problem 2.74. 


(a) M, = 5! — 22C(9, 1)4! + 22.C(8, 2)3! — 42.C(7, 3)2! + LC, 4)! — PC(S, 5)O! 


=13 


5 
(b) ML= > (-1)°C(5, 2*(10 — &)! = 1,263,360 


k=0 
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THE PERMANENT OF A MATRIX 


2.76 Let A=(a,) bea matrix with m rows and n columns, where m =n. The permanent of A is defined 
as 


per (A) = > Gy; ai Ami 


m 


where the summation is over all m-permutations of the set N = {1, 2, ...,}. Compute the permanents 
of the following matrices: 


1111 
abel, “he ba ae, - 
(@) A=) | (b) B=} 1 3 (c) =|! ; : i 


(a) per (A) = (1)(1) + (1)(1) = 2 


The permanent of a square matrix is made up of the same products that compose the determinant, but 
without the prefixed algebraic signs. 


(>) per (B) = (1)(2) + (2)(1) + (G3) + 3G) + QB) + G2) 
= 22 


(c) By its very definition, the permanent of an m Xn matrix A is the sum of the permanents of all m Xx m 
submatrices of A. For the given matrix C, 


Columns 1, 2, and 3: 
(1D) + ()3)0) + (YC)C) + G)CD + (CGC) + (2) 
=24+34+11+3+14+2=19 
Columns 1, 2, and 4: 


(1)(2)0) + AMG) + CDG) + (DAG + CDG) + MAC 
=2+4+14+4+14+2=14 
Columns 1, 3, and 4: 
(1)(3)(1) + (DMG) + CD(DG) + (0) + CCD) + ()3)1) 
=3+4+1+4+14+3=16 
Columns 2, 3, and 4: 


(1)(3)) + GAG) + (20D + (DMD + (DQ)CD + ()G3)0) 
=34+4424+44+24+3=18 


Thus, per (C) = 12 + 14 + 16 + 18 = 60. 


2.77 Let J, and J, respectively denote the  X n identity matrix and the n <n matrix of 1s. Evaluate 


1 
(a) per é 1,) (b) per, —1,) 


(a) The required permanent is the sum of P(#, 1) =n! terms, each equal to (1/n)". Thus, 


1a 
per no" ~ yt 
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(b) The nXn matrix J,—J, has Os on the main diagonal and 1s elsewhere. Hence, each derangement of 
{1, 2,...,} contributes 1 to per VJ, — 1), while every other permutation of the set contributes 0. That is, 
per VJ, ~1,) = D,,.- 


Let the product of the row sums of any matrix B be denoted by P(B). Let B=(6,,) be an mxXn 
matrix with m=n. An m Xn matrix obtained from B by replacing the elements of exactly r columns 
by Os shall be denoted as B, = (b;,)s there are C(,r) such matrices, for each r. Define 


P= oy P@,) (r=0,1,2,...,n) 


C(a, r) terms 


(Clearly, P, = P(B) and P,, = 0.] Prove: 


Theorem 2.10, 
per(B)=P,_,,-Caa-—mt+I,VP,_4,+Ca—m+2,2)P,_ 44. 770° 


+(-1)""'Can-1,m-I)P,_, 
We shall apply inclusion-exclusion—as developed in Problem 2.70—to the set X of m-sequences (Section 

2.2) of N={1,2,..., 2}; we know that |X|=7”. Define a weight function w on X as follows: If x= 

(iss Jos+-+sJm) belongs to X, then 

“b 


oes 
2} 7" m 


w(x) = b,,,.5 


Cleverly consider the n-set of properties I] = {7,, 7,,..., 7,}, where a, (i= 1,2,...,m) is the property that an 
element of X does not contain i. Then an m-sequence x is an m-permutation if and only if x possesses exactly 
n—m of the properties. Hence (going over to the notation of Problem 2.70) if A,_,, is the set of all such x, we 
have E,,_,, = per (B). 

Now observe that, by the rule for multiplying series, 


Since b;,=0 for r given values of j, and since bj, =b,, for the remaining n —r values of j, the multiple 
summation need be extended only over those sequences x = (j,, j,,..-, J,» which possess r specified properties 
in IJ; moreover, the primes may be dropped from the summand. Therefore—still following Problem 2.70— 


PB)= > we) =w(Q) 


x€O 


so that (/) of Problem 2.70 gives P,=S, (r=0,1,...,”). Expressing E,_,, in terms of these S, via the 
generalized Theorem 2.8 yields Theorem 2.10. 


A simple example of a circulant matrix (of order 3) is 
x y Zz 

C= E Zz | 

zx y 
By calculating per (C) in 2 ways, establish the identity 


ety te=atytz’—-3at+yytaet+a 


From the definition of the permanent, 
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per (C) = (@yz + x°) + (yxz + y*) + @x tz’) 
=x +y? +2) + 3xyz @) 
For Theorem 2.10, P, = @ +y +z)’, 
Py =(y+z)Ztxaty + &t+z(ytryety) + &t+yMy +E +4) 
= 30 + yy +2) +x) 
and P, = 3xyz. Therefore, 
per(C)=(@+y +2)’ — 3 + yy + YE +x) + 3xyz (ii) 


Comparison of (/) and (i) yields the identity. 


ROOK POLYNOMIALS AND HIT POLYNOMIALS 


2.80 


2.81 


In the game of chess a rook is a piece that can capture another piece or pawn situated in the same row 
or same column, provided that there is no other piece or pawn between the two. The problem of 
nontaking rooks asks for the number of ways, r,(@), of positioning k identical rooks on a 
chessboard, €, with squares, so that no rook can capture another rook. The polynomial 


RO, OH lt ryx try tee t,x" 


is called the rook polynomial of ©. Find the rook polynomial of the standard 8 X 8 chessboard. 


One can choose k rows out of the 8 rows in C(8, k) ways. After that the k rooks can be placed in these & 
rows so that there is exactly 1 rook in each row and no 2 rooks are in the same column, in P(8, k) ways. Hence, 
for k= 1,2,...,8 (and also for k=O and k>8), r, = C(8, /)P(8, 4), giving 


R(x, Case) =>, (k!) C(8,kyx* 


(Restricted Permutations) For each element i of N = {1,2,...,n} let there be specified a (possibly 
empty) subset, A;, of N. Required is the number of bijective functions f from N to N such that, for 
every i, f(i) does not belong to A,. (Because f is a permutation of N, the elements of A, are called the 
forbidden positions for i € N.) 


This problem may be transformed into one of nontaking rooks on a subboard @' of an n Xn chessboard ©, 
provided that one agrees that 2 rooks on @’ are nontaking if and only if they are nontaking on @. (On this 
understanding, there are 2 nontaking rooks on the subboard of Fig. 2-3.) Specifically, let square (i, j) of @ be 
colored red if j€A,; otherwise, let it be colored green. The green squares compose our subboard @': it is 
evident that every placement of m nontaking rooks on @’ corresponds to a permutation f of N with the desired 
property, and vice versa. Hence there exist r,(@’) such permutations. 
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An alternative solution follows from consideration of the red subboard (call it @”). A placement of k 
nontaking rooks on ©” corresponds to a family of (” ~ k)! permutations with k elements in forbidden positions. 
Thus, in the sieve formula, 


5,=7,(67n-b! — k=0,1,...50) 


and the required number is 
r,(6') = Dy (-1)'r,( "Mn — b! (i) 
k=0 


Show that (/) of Problem 2.81 is self-inverse; i-e., 


r,( 6") = (-1'r,( 6'Y(n — &! 


k=0 


In Problem 2.81 replace each subset A, by its complement in N. This interchanges ©’ and ©”. 


Reformulate the ménage problem—the wives already having been seated as in Fig. 2-2(a)—as a 
problem of nontaking rooks. 


In the notation of Problem 2.81 choose A, = {i,i+ 1}, for i=1,2,...,2—1, and A, ={I,n}. Then 
r,(€') = M,,. 


(Expansion Formula for the Rook Polynomial) Given a chessboard © in which a special square has 
been distinguished. Let % be the board obtained from @ by deleting the row and the column of the 
special square, let be the board obtained from @ by deleting only the special square. Prove that 


R(x, €) =xR, D)+ RO, @) @) 


Either there is a rook in the special square or there is no rook in that square. The number of ways of placing 
k nontaking rooks in €, one of which is in the special square, is r,_,(@); the number of ways of placing k 
nontaking rooks so that no rook is in the special square is r,(@). Consequently, 


rf{@)=r,. (BD) +r) 


Multiply this equation through by x* and sum on & to obtain (i). 


Find the rook polynomial of a 2 X 2 board by use of the expansion formula. 


For any choice of the special square, R(x, J)=1+x and R(x, ZJ)=14+3x+ x’. Hence, 


RO, ©) =x ++ (143x437) = 14+ 4x + 2x? 


Find the rook polynomial of the board @ that is obtained from a 3 x 3 board by deleting the middle 
square in the first row and the first and the last squares in the third row. [Fig. 2-4(@)]. 
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(a) (6) (c) 
Fig, 2-4 
Choosing the central square of @ as the special square, we have 
Ro, €)=xRQG, D)+ RG, €) =2x(1 + 2x) + RG, B) 
Further decomposing @ relative to its third-row square, 
Rx, 8) =x(1 + 4x + 2x7) + (1+ 4x + 2x7) 


Thus, R(x, @) =xC1 + 2x) + + 1 + 4x + 2x7) = 1 + 6x + 8x7 + 2N? 


2.87 In how many ways may nontaking rooks be placed on the board @ of Problem 2.86? 
RC, €)— 1 = 16 ways. 


2.88 Let & and & be two disjunct (or disjoint) subboards of a given chessboard @; this means that no 
row or column of @ contains both a square of x and a square of 94. Show that the rook polynomial of 
the subboard & U 8 is given by 


Rx, €U B)=RE, MRE, B) 


If & nontaking rooks are placed on # U &, there must exist a nonnegative integer t such that ¢ (nontaking) 
rooks are on & and k—¢ rooks are on &. Since # and & are disjunct, the way the ¢ rooks are placed is 
independent of the way the k — + rooks are placed. Hence, the number of ways of placing the k rooks is 


k 


1,(f UB) = Dr), B) ® 


t=0 


The left side of (i) is the coefficient of x“ in R(x, %U @); the right side is the coefficient of x* in 
Rix, ARG, B). 


2.89 Find the rook polynomial of the forbidden subboard (squares marked with X) in Fig. 2-5. 


Fig. 2-5 


Figure 2-6 shows the decomposition of the forbidden board relative to the indicated special square: 
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RG, €) = xR, BD) + RO, 8) (i) 


= 
(a) (b) (ec) 
Fig. 2-6 
Now decompose Q as indicated in Figs. 2-6(6) and 2-7: 
R(x, DY =x(1 +x) + (1 + 3x + 2x?) = 1 + Ax + 3x? (ii) 
(a) - 


Fig. 2-7 


The board & is the union of 2 disjunct subboards, one of which is a single square and the other is the board 
F of Fig. 2-8(@). Thus, 


R@, €@)= (1+ ORG, F) 


@) ) © || 


Fig. 2-8 


Board ¥ may be decomposed into boards G and H (Fig. 2-8), where # is itself the union of 2 disjunct parts, BD 
and a single square. By use of Problem 2.88, 
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2.93 


RQ, F) =X + 3x $27) + (1 + 40 + 31 +0) 
= 1+ 6x + 10x" + 4x° 
and so R(x, 8) = 1+ 7x + 16x? + 14x? + 4x* (iii) 
Substitution of (ii) and (ii) in (i) yields 


RG, €) = 14 8x + 20x? + 17x? + 4x" (iv) 


An executive attending a weeklong business seminar has 5 suits of different colors. On Mondays, she 
does not wear blue or green; on Tuesdays, red or green; on Wednesdays, blue, white, or yellow; on 
Fridays, white. How many ways can she dress without repeating a color during the seminar? 


The scenario here can be represented by the 5X5 board of Fig. 2-5, in which the rows respectively 
represent Monday through Friday; the columns respectively represent colors R, B, G, W, Y; and the forbidden 
subboard represents the constraints on the colors worn. Hence, (i) of Problem 2.81 may be immediately applied, 
with the r,(@”) taken from (iv) of Problem 2.89 (note that r, = 0): 


No. of ways = 1(5!) — 8(4!) + 20(3!) — 17(2!) + 41!) = 18 (i) 


Find the number of permutations of a set of n elements such that exactly j elements (j = 0, 1,..., 7) 
are in forbidden positions. 


This is a matter of redoing the last part of Problem 2.81, with application of Theorem 2.8 (replace m by 7) 
instead of the simple sieve formula: 


e,=5,- CU +1, 15,4, + CU +2, 2542-1 t(D" Cn — f)s, 


Here, s, =r,(n — &)! , r, being the number of ways of placing k nontaking rooks on the forbidden (red) subboard. 


The generating polynomial of the numbers e, of Problem 2.91, 
Hx) =egtextes- tex" 


is known as the hit polynomial (since an object in a forbidden position constitutes a “‘hit’’). Show 
that 


H@ => 5,@-1! = D ra- bla - py" 


k=0 k=0 


H(x) is just E(x) renamed; see Problem 2.66. 


Find the hit polynomial for Problem 2.90. 


Use the result of Problem 2.91; the s, may be picked up as the magnitudes of the summands in (é) of 
Problem 2.90. 


A(x) = 165!) + 8(4D)@ — 1) + 203D@ — 1? + 17(2D@ — 1" + 40D@ - D* 
= 120 + 192@ — 1) + 1200? — 2x +1) 
+ 3403 — 3x? + 3x — 1) + 4007 — 4x? + 6x? - 4x +: 1) 
= 18 + 38x + 42x? + 18x? + 4x4 


The constant term (no hit) is 18. So there are 18 ways she can ‘‘lawfully’’ wear her suits. 
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The coefficient of x is 38. This means there are 38 ways she can have 1 hit. In other words, there are 38 
ways she can dress lawfully on all but 1 day of the seminar. 


2.94 A corporation has to assign 4 executives—P, Q, R, and S—to 4 cities—Atlanta (A), Boston (B), 
Chicago (C), and Denver (D). Owing to internal politics, executive P is not welcome in D; executive 
Q is not welcome in C or D; executive R is not welcome in B or C; and executive S is not welcome in 
B. Show that if the assignment is made at random, at least 1 executive will be welcome. 


Drawing the 4X4 board of the problem, we note that the forbidden subboard occupies only 3 columns 
(cities). Hence, r, = 0; that is, there is no assignment that makes all 4 executives unwelcome. 


2.95 It is evident that the rook polynomial of an arbitrary board is invariant under permutations of rows 
and/or columns. (In Problem 2.90, for example, nothing changes if we agree to call red ‘“‘white’’ and 
to call white ‘‘red.’’) Use this fact to compute the rook polynomial of the forbidden subboard in Fig. 


2-9. 


The row- and column-permutations indicated in Fig. 2-10 transform the forbidden subboard into a union of 
4, pairwise disjunct boards. Applying Problem 2.88, 


Ro) = (1 + 4x $+ 2x7)(1 + + 3x $271 +9) 


= 14 9x + 30x? + 47x? + 37x" + 14x° + 2x° 


2.96 Five workers (P, Q, R, S, T) are to be assigned to 4 jobs (a, b, c, d), with the forbidden jobs as in Fig. 
2-11. Find the hit polynomial. 
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Fig. 2-11 


If this 5X4 assignment problem is to be viewed as a problem in restricted permutations (bijective 
mappings), it is necessary to append a fifth, dummy job (6) which is open to all 5 workers. Clearly, any hit in the 
5X5 problem is a hit in the 5 X 4 problem, and conversely. 

Transforming the 5 X 5 tableau by a row-c permutation and applying Problem 2.88, 


R@) = (1+ 2x) = 14 6x + 12x? + Bx? 
Hence, by Problem 2.92, 


Hd) = 1065!) + 6(4@ — 1) + 128D@—-1) + 82D@—- 1)° 
= 32+ 48x + 24x? + 16x° 


Find the number of 6-letter words that can be formed using the letters A, B, and C (each twice) in 
such manner that A does not appear in the first 2 positions, B does not appear in the third position, 
and C does not appear in the fourth and fifth positions. 


Temporarily making the letters distinguishable, we have the board of Fig. 2-13. The rook polynomial of the 
forbidden subboard is, by Problem 2.88, 


(1 + 4x + 2x79?(1 + 2x) = 1 + 10x + 36x? + 56x° + 36x* + 8x? 


Fig. 2-13 


Then (i) of Problem 2.81 yields 


re = (6!) — (5!1)(10) + (419036) — (3!)(56) + (2!)(36) — (11(8) = 112 
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But A and A’, etc., are really not distinguishable. Thus (see Theorem 2.1) the answer is 112/(2!1)(2!)(2!) = 14. 


2.98 Let R(m,n;x) be the rook polynomial of a m Xn chessboard. (a) Find the coefficient of x* in this 
polynomial. (b) Establish the recurrence relation 


Ron, n; x) = Rm — 1, 125.x) + xR — 1,n- 154) 
= R(m, n — 1;x) + mxR(m — 1,2 — 1; x) 


(a) The distinct rows to be occupied by k nontaking rooks may be chosen in C(n, k) ways. The distinct columns 
may then be chosen in P(n, k) =k! C(n, k) ways. Thus, the required coefficient is 


r,Qn, n) = k! Cm, C(t, k) 


(Note the necessary symmetry in m and 1.) 


(b) The number of ways of placing & nontaking rooks, with no rook in the first row, is rn — 1,7). The number 
of ways of placing k nontaking rooks, with a rook on the jth square of the first row, is r,_,(m— 1,n— 1). 
Therefore, 


r.(m,n) = r,(m — 1,n) + >; r,_,(m—-1,n-1) 
j=l 
=r,(m—1,n)+nr,_,(m—1,n-1) 


which implies R(m, n; x) = R@n — 1,1; x) + nxRQm — 1,0 — 1; x). 
The other relation follows from symmetry. 


2.99 Refer to Problem 2.83. Regain the solution to the ménage problem by determining the rook 
polynomial of the forbidden (shaded) subboard, @”, of Fig. 2-14. 


Fig. 2-14 


Before applying to @” the expansion formula of Problem 2.84, we have to look at two geometrically distinct 
kinds of subboards. One, which shall be denoted ¥,, is composed of the squares on the main diagonal of ann Xn 
board, together with the squares just above the main diagonal. The other type, ZJ,_,, is a subboard of an 
(n-—1)Xn board; it consists of the squares (1,1) and (1,2), (2,2) and (2,3), (3,3) and (3,4),..., 
(n—1,n—1) and @ — 1,7). 
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Referring to Fig. 2-14, let us temporarily delete square (n, 1) from ©”; this leaves Y. Choosing (#, m) as the 
special square for %,, we find: 


RG, F,) = xR, F,_,) +R], F,_1) (i) 
Now decompose J,_, relative to the special square (n — 1, n): 
RX, F,_,) =4aR@, F,_,) + RO, F,_,) (ii) 
Next, replace n by n — 1 in (i): 
R(x, F,_1) = AR, F,_2) +R], F,-2) (it) 
Elimination of R@, F,_,) and R(x, 7,_,) among (i), (i), and (iii) yields the difference equation 
f,- Qx+Df,_, +2°f,_. =0 (iv) 


for f, = RO, F,). 
The starting values for (iv) are 


f,=1+x=C(2,0)+CQ-1,1)x 
fo=143x +27 =C(4,0) + C(4—- 1, Ie + C(4 — 2, 2)x” 
and one obtains 
f= 1+ 5x + 6x? +x° =C(6,0) + C(6— 1, 1)x + C(6 — 2, 2)x” + C(6 — 3, 3)x* 


f, =C(8, 0) + C(8 — 1, Dx + C(8 — 2, 2)x” +. C(8 — 3, 3x? + C(B — 4, 4)x* 


Ce eae ee ay 


It is evident—-and easily proved by induction—that 
f,=R@S)= > CQn-k,bx* — (n=1,2,..) (v) 
k=0 


Now back to Fig. 2-14 and the decomposition of @”. Taking (m, 1) as the special square, 
Rx, 6") = RE, F) + aR F,_,) (vi) 
(To get the last term, turn Fig. 2-14 upside down.) Thus, by use of (v) 
(OY =r (FZ) +r A) 
2n 
=C(QQn—k,k)+CQan-—k-i,k- N= 5 Wg Cn — kk) 


We have recovered the numbers p, of Problem 2.73. Hence, (i) of Problem 2.81 will yield the same expression 
for M, =r,,(@') as was obtained in Problem 2.73. 


SYSTEMS OF DISTINCT REPRESENTATIVES (SDR); MATCHINGS AND COVERINGS 
IN GRAPHS 


2.100 Why is the ‘‘marriage theorem’’ so called? 


Let W,,W,,...,W, denote the unmarried women of the town of F , in which bigamy is forbidden. 
Let A, @ =1,2,...,N) be the set of single men of F acceptable to W,. Then, if every k of the women 
among them know at least k of the men, all the women can find acceptable husbands. 
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If r,>0 distinct elements, composing a set B,, can be chosen from each set A; of a family 
{A,;:i=1,2,...,N} of sets, such that the sets B, are pairwise disjoint, then the family {B,:i= 
1,2,...,N} is a generalized SDR for the family {A,}. Find a necessary and sufficient condition for 
the existence of a generalized SDR. 


The given family {A,,A,,...,A,} will have a generalized SDR if and only if the expanded family 


r, times ro times ry times 
1 2 N 


1 Ae Aah A Aine GliyesietA Aid yg 


has an (ordinary) SDR. Consider a k-sample, S,, of the expanded family in which some set A, appears fewer than 
r, times. Since A, U A, = A,, it is apparent that S, will perforce obey the marriage condition if the larger sample 
obtained by adjoining to S, the missing A,’s obeys the marriage condition. Thus we need enforce the marriage 
condition only on those 2” — 1 distinct samples whose elements are ‘‘completely represented’’; our criterion 
becomes 


|A, UA, Us: UA, [2r, tr teeter, 
{ 2 m 1 2 m 
for every m combination (j,,i,,...,i,,) of {1,2,...,N}, where m=1,2,...,N. 


A graph @= (V, E) is a set V of elements called vertices and a set E of distinct 2-element subsets of 
V, called edges. Graph @ is finite whenever V is finite (herewith assumed). If e = {x, y} is an edge of 
G, vertices x and y are both incident on e, and edge e is incident on both x and y, we also say that e 
joins x and y. A matching M in @ is a set of edges such that each vertex of @ is incident on at most 
one edge in M. If the set V can be partitioned into 2 sets X and Y such that every edge in E is incident 
on 1 vertex from X and 1 vertex from Y, the graph @= (X, Y, E) is known as a bipartite graph. In 
G = (X,Y, E) there exists a complete matching from X to Y (also called an X-saturated matching) 
if there exists a matching M such that every vertex in X is incident on exactly 1 edge in M. Obtain a 
necessary and sufficient condition for a bipartite @X, Y, £) to incorporate a complete matching from 
X to Y. 


Let X = {1,2,...,n} and K, ={y € Y: some e EE joins i€X and y}. Then a complete matching from X to 
Y exists if and only if the family {K,, K,,...,X,} has a system of distinct representatives; that is, if and only if 
the marriage condition holds for the family. 


The degree of a vertex in a graph is the number of edges incident on that vertex. A graph is r regular 
if all its vertices have the same degree, r. Show that if @= (X, Y, E) is an r-regular (r > 0) bipartite 
graph, then there is a complete matching from X to Y, and vice versa. 


Let A be any subset of X and let f(A) be the set of vertices in Y which are joined to at least 1 vertex in A. Let 
E, be the set of edges incident on vertices in A and let E, be the set of edges incident on vertices in f(A). Then 
IE,|$|E,|. But |£,|=r|Al and |E,| =r |f(A)|. Thus the marriage condition, |/(A)| = [Al, holds for every subset A 
of X, and hence there is a one-to-one mapping from X to a subset of Y. 

Now, if the total number of edges is m, then r |X| =r |¥| = m, or |X| = |Y|. Hence, the above mapping is also 
one-to-one from Y to X. 


If = (X, Y, E) is a bipartite graph and if the degree of any vertex in X is greater than or equal to the 
degree of any vertex in Y, then there is a complete matching from X to Y. 
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Let r be the minimum of ail the degrees of vertices in X and let s be the maximum of all the degrees of 
vertices in Y; by hypothesis, r=s. Then, with A, f(A), E,, and E, as in Problem 2.103, 


E,| =|E,| E,|=r [Al IE.| <5 [AD 
which, together with r= s, imply the marriage condition, |f(A)| = |Al. 
If C is any set of vectors in a finite-dimensional vector space, the dimension of the span of C (the 
subspace consisting of all linear combinations of vectors in C) is denoted by d(C). Show that 
d(AUB) + d(ANB)<d(A) + dB) 


where A and B are any two subsets of the vector space. 


Let P be a basis of the span of AMB. Then P is a linearly independent subset of A, and so it can be 
extended to a basis, Q, of the span of A by adjoining vectors from A to B to P. Next, Q can be extended to a 
basis, R, of the span of A UB by adjoining vectors from B to A to Q. By these constructions, 

d(AMB) =|P| dA) = |Q| d(A UB) = |R| ) 


(These results are schematized in Fig. 2-15.) 


Fig. 2-15 


Noting that P and R — Q are disjoint and that P U(R — Q) is a linearly independent subset of B, we have 
IP| + |R ~ Q| <dB), or 


P| + |R — Q| + |O|=|P[ + |R| = 4B) + |Q| (ii) 


Substitution of the expressions (i) in the inequality (i) yields the required result. 


(Rado’s Theorem) Show that a linearly independent SDR exists for a family {B,,B,,...,B,} of 
subsets of a finite-dimensional vector space if and only if, for every subset K of {1,2,..., 7}, 


a( U B,) = |K| 
iGK 
Here d(_) is defined as in Problem 2.105. 


Proof of sufficiency (necessity is obvious) follows the proof of Theorem 2.6: merely replace the previously 
used equality 


nX UY) + nX& OY) = n(X) +n) 


by the inequality established in Problem 2.105. The SDR composed of the n distinct singleton sets (vectors) 
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ultimately obtained must be linearly independent, because—by hypothesis—these n vectors span a subspace of 
dimension n or greater. 


An r Xn matrix (Sn) in which each entry is an element of N = {1,2,...,n} is a latin rectangle if 
(i) each row is a permutation of N and (di) each column is an r-permutation of N. If r =n, the latin 
rectangle is a latin square (Problem 1.88). Show that any r X n latin rectangle L, with r <n, can be 
extended into an (r + 1) X 7 latin rectangle. (This guarantees the existence of latin squares of every 
order 7.) 


The proof follows readily from Problem 2.103. Let C, denote the jth column of L and let 5, be the 
(unordered) subset of N composed of the  — r elements that do not appear in C,. Construct the bipartite graph 
G=(N,{S,},E), where an edge joins gEN with S, if and only if gE S,. Each vertex 5, of & is of degree 
|s,| =n-r>0, and the same is true of each vertex g EN. In fact, by condition (i) above, g occurs r times in L 
(once in each row); and (ii) requires that these r appearances are in r distinct columns of L. Hence, q belongs to 
exactly n—r of the sets {S,}; ie., the degree of g in @ is n—r. As an (1 ~r)-regular bipartite graph, g 
incorporates a complete matching from {S,} to N. Under the matching let S, > q,, 5, > 4,,..-,5, 4, Then 
(q, 4 ‘** 4,) is the required (r + 1)st row of the expanded latin rectangle. 


(Kénig—Egervary Theorem) A matrix in which each entry is either 0 or 1 is called a (0, 1)-matrix. 
A line in a matrix is either a row or a column. The term rank of a (0, 1)-matrix is the largest number 
of 1s that can be chosen from the matrix such that no 2 selected 1s lie on the same line. A set S of 
lines is a cover of the (0, 1)-matrix if the matrix becomes a zero matrix after all the lines in S have 
been deleted. Prove that the term rank of a (0, 1)-matrix is the cardinality of its smallest cover. 


Let p be the term rank of the m X n (0, 1)-matrix B = [b,,]. Obviously, any cover of B must contain at least 
p lines; hence p <q, where q is the cardinality of a smallest cover. One now shows that p = q. 

Let the g lines which define the smallest cover consist of r rows and s columns (r + s = q). Since p and q 
are unaffected by a permutation of rows or columns of B, it may be supposed that these are the first r rows and 
the first s columns. Correspondingly, B has a @m — r) X (n — s) submatrix of zeros at its lower right-hand corner. 
Define the sets A, (i= 1,2,...,r) such that the positive integer j is in A, if and only if j>s and the entry 
b,, = 1. If A, were empty, all the 1s in row i would be covered by the first s columns; i.e., B would have a cover 
of fewer than q lines. Hence, each set A, contains at least 1 element. 

More generally, the union of any & sets from the family {A,} has at least k elements. Indeed, if this were not 
the case, certain k of the first r rows could be replaced in the minimum covering by a smaller number of columns 
drawn from among the last n — s. Therefore, by Hall’s marriage theorem, the family {A,} has an SDR consisting 
of r elements. This means that the r X (7 — s) submatrix at the upper right-hand corner contains 7 1s, no 2 of 
them on the same line. 

Repeating the argument for the (nm —r) Xs submatrix at the lower left-hand corner, one shows that this 
submatrix contains s 1s, no 2 on the same line. But the upper-right and lower-left submatrices are disjunct 
(Problem 2.88), which implies that B contains at least r +s 1s, no 2 on the same line. Hence, p2=r+s5 =. 


(Kénig’s Theorem) A covering (of the edges) in a graph is a set C of vertices such that each edge of 
the graph is incident on at least 1 vertex in C. Show that in a bipartite graph the cardinality of a 
maximum matching is equal to the cardinality of a minimum covering. 


Let the bipartite graph be @=(X,Y,£), with X ={x,,x,,...,x,,} and Y={y,,y,,...,y,}. Construct a 
(0, 1) matrix B = {b,,]—called the adjacency matrix of @—with m rows and n columns by defining b,,= 1 if 
and only if there is an edge joining the vertex x, and the vertex y,. Now, the term rank of B is the cardinality of a 
maximum matching in G; and the size of a smallest cover of B is the size of a smallest covering of the edges of 
@ Hence Kénig’s theorem is implied by the Kénig—Egervary theorem. (Conversely, since any (0, 1) matrix can 
be interpreted as the adjacency matrix of a bipartite graph, Kénig’s theorem implies the Kénig—Egervary 
theorem. Thus the two theorems are equivalent, and—as will be shown in Problem 2.112—are both equivalent to 
Hall’s marriage theorem.] 
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Connect the notions ‘‘term rank’’ and ‘‘rook polynomial.”’ 


Treat a given (0, 1) matrix as a (rectangular) chessboard, and let the Is in the matrix define the forbidden 
subboard. Then, if the rook polynomial of the forbidden subboard has the form R(x) =1+--++ ax”, the term 
rank of the matrix is p (and the number of ways of choosing p linewise disjunct 1s is a). 


Use Problem 2.110 to determine the term rank of the matrix 


COCO 
Sooo 
a erreraren 
hh) 


Taking the (1,3) element as the ‘“special square’’ (Problem 2.84), we have the expansion 


R(x) = x(1 + x) + (1 + 2x) + 5x + 3x7) 
=148x+ 14x? + 6x° 


whence the term rank is 3. 


Prove that K6nig’s theorem implies Hall’s theorem. (The reverse implication was established in 
Problems 2.108 and 2.109.) 


Let X={1,2,...,m} and let {A,:i@X} be a family of m nonempty sets whose union is Y= 
{Y,,Yos--+s¥,}. Construct a bipartite graph @= (X, Y,E) in which {i, y,} is an edge if and only if y, € A,. 

If K is any subset of X, define f(K) to be the set of vertices in Y such that each vertex in f(K) is joined to at 
least 1 vertex in K; equivalently, /(K) = U,., A,. It suffices to show that if |f(K)| = |K| (the marriage condition) 
holds for all K, then there exists in @ a complete matching from X to Y. 

Now, by K6nig’s theorem, a complete matching from X to Y exists if and only if the cardinality of every 
covering of E is at least m. But, if the vertex subset C is a covering, and if C’ denotes the intersection of C and 
X, then f(X — C’) is necessarily a subset of C — C' (cute!). Thus, 


Icl=lc'|+le-cl2|e1+ lax -cyzicl+x-C']|=m 


Let X = {x,,x,,...,.x,} (2 = 2) and, for each i, A, =X — {x,}. Show that the family {A,} has an SDR. 
Find the number of distinct SDRs for this family. 


Each set in the family (k = 1) contains at least 1 element. For k = 2,3,...,n, the union of any & of the sets 
is X, and so this union contains n = k elements. It is evident that any SDR is a derangement of X; conversely, any 
derangement of X furnishes an SDR. Hence the number of SDRs is D.,. 


Let {A,,A,,...,A,} and {B,,B,,...,B,} be 2 families of nonempty subsets of a set E. Show that 
these 2 families will have a common SDR, or SCR, if and only if 


(U a)a(U a) | =Wl+ un (*) 
jes! 


ier 


where J’ and J‘ are any subsets of J = {1,2,..., n}. 
In the special case where B, = U,<, A;, for every j, (*) holds for arbitrary J’ if and only if 


U a,| =01 


ie!’ 
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Thus the present theorem is a generalization of Hall’s theorem. 


Assume that E={n+1,n+2,...,2 +m}, where m2n. Define a family {X,} of n +m subsets of the set 
F=IUE={i,2,...,2+m}, as follows: 


X,=A, wheni€l and X,={k}U{j:kEB} when kEE 


Because B, is assumed nonempty for each j € J, the union of all n + m sets in the family {X,} is F itself. So, if 
this family has an SDR, that SDR can only be F. 

Suppose, then, that {X,} does have the SDR F. Reindex the subfamily {X,} so that n +i © X, for lsisn; 
further, reindex the subfamily {X,} so that jE X,,, for 1<j<a. But j EX, ,, if and only if n + j © B,. We thus 
have n + j as an element in both A, and B,. In other words, if the family {X,} has an SDR, then the families {A} 
and {B,} have a common SDR. By reversing the argument, it is easy to establish that if the 2 families have a 
common SDR, then F is the unique SDR of the family {X,}. 

An arbitrary subset, F’, of the set F can be expressed as F’=1' UE’, where J’ and E’ are subsets of J and 
E, respectively. Therefore, the marriage condition for {X,} reads: 


Ux] -=|(U a,)u(Ux,)| =vi+ 
leF’ ier’ kEE’ 


Let U,., A; =V and U,<,-X, =W. Then V is a subset of E, and 


W=E'UJ ~~ where J={j E1:B, NE' #8} 
Now, VuUWw =|v}+ iw] - Vow) =|] +le|+U)-V ne’ 
Thus the marriage condition is equivalent to |V|-— VQ E'|+|J|=('[, or 
VOE-EV+Wl2I (#*) 


All that remains is to show that (**) implies (#), and vice versa. 


(1) If 7’ and J’ are any 2 subsets of /, define E’ by 


E-E'= Us 


jes’ 


(Ua)o(Ua)| sui 


But, for this E', J={j 1: B, NE’ #B}=1 — J', whence |J| =n —|J"|. Thus (**) implies (+). 
(2) Let J’ be any subset of / and let E' be any subset of Z. Define 


Then, from (*), 


J'={jE1:B, NE’ =8}=1-J 
According to this definition, B, is a subset of E — E’ for each j € J’, whence U ,..,, B, is also a subset 
of E — E’. Consequently, for any set V—in particular, for V= U,.,, AV N(U,.,B,) is a subset of 
VOCE— E'). Then (*) gives 
VOE-E)= lya(U 3,) | 2l'|+a@-|)~-n 
jer’ 


which is just (#*). 


2.115 A (0, 1)-matrix (Problem 2.108), P, is a permutation matrix if PP" is the identity matrix, J (here P” 
is the transpose of P). It is obvious that a square (0, 1)-matrix is a permutation matrix if and only if it 
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has a single 1 in each row and each column. Suppose that A is an m Xn matrix with nonnegative 
entries in which each line sum is equal to the positive number M. Show that there exist positive 
numbers c, and n Xn permutation matrices P,, where i= 1,2,...,4, such that 


A=c,P, +e,P, +++: +¢,P, 


The notions of term rank and cover may be extended to A by treating each positive entry as a 1. Let a 
minimum cover of A consist of r rows and s columns. Since the total of all the entries in the matrix is nM, 


rM+sM2=nM or r+s2n 


But, by the Kénig—Egervdry theorem, r +s =p, the term rank of A. Since p <n for an x Xn matrix, we must 
have 


nzp=rtsz=n or p=n 


Let {X),%5,..- ,x,} be a set of maximum cardinality of linewise disjunct, positive entries of A, and let P, be 
the n X n permutation matrix derived from A by replacing each x, with a 1 and replacing all other entries with Os. 
Now let B = A —c,P,, where c, = min {x,,x,,...,%,}. Then all entries of B are nonnegative and every line sum 
in B is M —c,. Moreover, the number of zeros in B exceeds the number of zeros in A by at least 1. Repeating 
this argument, one must eventually reach the zero matrix: 


QO=A-—c,P,—c,P,—-*°*'~¢,P, or A=c,P,+c,P, +++: +¢,P, 


in which c, +c, +-°--+c¢,=M. 


2.115(a) Show that a square (0, 1) matrix in which each line sum is r is the sum of exactly r-permutation 
matrices. 


In the expansion formula of Problem 2.115, each c, (which is one of the x,) is 1; and the c, must sum 
tor. 


SPERNER’S THEOREM AND SYMMETRIC CHAIN DECOMPOSITION 


2.116 (Sperner’s Theorem, Part 1) A collection F of nonempty subsets of a set X is called an antichain 
or clutter or Sperner system) in X if no set in F is properly contained in another set in F. Prove that 
if |X| =n, the number of sets in any antichain in X cannot exceed C(n,n'), where n' = la+1)/21. 
[More pregnant: Any C(n,n')+ 1 subsets of a given n-set must include 2 subsets such that one 
contains the other.] 


The collection of all k subsets of X is obviously an antichain, and the cardinality of this collection is C(a, k). 
Now, by Problem 1.74, C(, k) = C(, n’) for all &. Thus the number of sets in any antichain in which all sets 
have the same number of elements is bounded above by C(n, n’). 

To lift the restriction that all sets in the antichain have the same number of elements, we introduce a new 
object. A maximal chain in the n-set X is a sequence (A,,A,,A,,...,A,) of subsets of X, where A, is the 
empty set and A, =X; |A,|=#, for each i; and A, is a proper subset of A,,,, fori =1,2,,..,2— 1. The number 
of maximal chains in X is n! , since each permutation (x,,x,,...,x,,) of the set X defines a unique maximal chain 


GC{x,}C{x,,x,} C++ Chx,,x,,...,¥,} 
and conversely. Let F = {B,,B,,B,,...,B,} be an antichain in X, with |B,|=b, @=1,2,...,0). By definition, 
any chain in X—-maximal or not—can contain at most ! of the sets B,. Now, there are b,! ways of forming a 


chain from 9 to B,, and there are (n — b,)! ways of extending this chain to a maximal chain. Thus the number of 
maximal chains that contain the set B, is b,!(” — b,)!; we therefore have the inequality 


> bj! @—b)! sn! | () 
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Suppose that among the cardinalities {b,} there are p, 1s, p, 2s,..., and p, 1's; here, the p’s are 
nonnegative integers with sum ¢. Then (i) becomes, after dividing through by n!, the Lubell- Yamamoto— 
Meschalkin (LYM) inequality: 


= Py os 
py Can (i) 


From the LYM inequality it follows at once that 


= gts) 


Cian!) yz Sinn) = 


ea He 


or (=C(n,n’). 


(Sperner’s Theorem, Part 2) Prove that if n=|X| is even, the only antichain of maximum 
cardinality is the collection of all (7/2)-subsets of X. 


Observe first that if n = 2m, the greatest cardinality allowed by Problem 2.116 is 


C(n, n’) = c(n, [m + 51) = C(n, m) = c(n, *) 


which is in fact the cardinality of the given antichain. 
By Problem 1.74, 1/C(v, &) > 1/C(n, n/2) for all k #n/2. Hence, for an arbitrary antichain (of cardinality 2), 
the LYM inequality yields 


n 1 t 
nz 2p | ap bt | =1~ Goun/2) 


It follows that, if ¢ assumes the value C(n,n/2), we must have p, = 0 for all k#n/2 and p,,. = C(a, n/2). This 
proves uniqueness of the maximal antichain. 


(Sperner’s Theorem, Part 3) Prove that if 2 = Ix| is odd, there are exactly 2 maximal antichains: the 
collection of all [(2 — 1)/2] subsets of X and the collection of all [(@2 + 1)/2] subsets of X. 


Let n= 2m + 1. Using Problem 1.74 and the LYM inequality as in Problem 2.117, one establishes that in an 
antichain F of maximur cardinality, 


bnax = C(n, n’) = C(2m + 1,m + 1) 


each set has either m=(n—1)/2 or m+1=(1+1)/2 elements. Assuming there are k m sets and ¢,,, —* 
(m+ 1) sets in F, we now prove that k=0 or k=f,,,,. 
To this end, let X ={1,2,...,2m+1}; A={1,2,...,m+ 1} and, for some 2=ism+1, 


B={i,it+1,i+2,...,i+m} 
Suppose that the (m + 1)-set A belongs to F, but the (m + 1)-set B does not belong to F. Then there is a positive 
integer j <i such that C={j, j+1,...,j +m} is in F, while D={j +1, j+2,. ..,j+m-+ 1} is not in F. Let 
E=CND={j+1,...,j7 +m does E belong to F or does it not? 
Notice that E and D are sets in the maximal chain 


OC{it+ Ci +1 j+2---CECDC:++-CX 


By Problem 2.116, our maximal antichain F must be intersected in exactly 1 element by any maximal chain in X. 
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For the above maximal chain, that element can only be the m set E or the (m+ 1) set D (since only these 2 
cardinalities are represented in F), But D is not an element of F. Hence, E must belong to F. 
On the other hand, E is a proper subset of C, and C belongs to F. Therefore, E cannot belong to F. 
The only way out of the contradiction is to admit either (@) that when one Gn + 1)-subset belongs to F, they 
all belong to F (i.e., k = 0); or (ii) that no (m+ 1)-subset belongs to F (iLe., k= ¢,,,,). 


A sequence (A,,A,,...,A,) of subsets of a set X of cardinality n is called a symmetric chain in X if 
(i) A,CA,,, G@=1,2,...,k-1); @ 14,,,/= 1A] +1 @=1,2,...,4- 5 Gi) |A,| +A, =n. 
Show that symmetric chains exist for k=n+1,n—1,n-—3,n—5,..., and that no other k values 
are possible. 


Maximal chains (which certainly exist) are symmetric chains with k =n + 1. Delete the first and last sets 
from a maximal chain, and you have a symmetric chain with k = n — 1; delete the first two and the last two, and 
you get k =n — 3; and so on. 

To prove necessity, consider condition (ii) above as a difference equation: 


|As44| Te iA,l =a 


A particular solution is |A,| =i; the general solution of the homogeneous equation is |A,| = c = const. Hence, 
|A,|=i+c. The ‘boundary condition’’ (iii) determines 


_na-ktt) 


. 2 


Because c has to be an integer, we infer that k is opposite in parity to n. In addition, it is necessary that 
|A,|=1+0¢20, which implies k=n-+ 1. Putting together these two facts about k, we conclude that n+ 1, 
n~1,n-—3,... are the only possible & values. 


(Existence of SCDs) Given an n set—which can always be notated as X(n) = {1,2,...,}—prove 
that 2%”? (Problem 1.22) can be partitioned into symmetric chains in X(n). [Such a partition is called a 
symmetric chain decomposition (SCD) of 2*“”.] 


The theorem is true for n = 1: the partition of 2*"” consists of the single cell 
#C {I} 


The inductive proof becomes transparent when it is bore in mind that each element S of 2X") gives rise to 2 
elements, 5 U & and S U {n}, of 2"; moreover, every element of 2* is generated in this way. Thus, if the 
symmetric chain (A,,A>,...,A,) in X@— 1) is a cell in the partition of 2*”~'? (which exists by the induction 
hypothesis), then the 2 symmetric chains in X() 


(A, UB,A, UD,...,A, UB, A, U{n}) 
and (A, U{n}, A, U {n},...,A,_, U{n}) 


will serve as 2 cells in a partition of 2". (Exception: When the second chain is empty, it is not used as a cell.) 
Figure 2-16 shows how the above mapping produces SCDs for the first few values of n. (The vertices of the 
tree are the symmetric chains, in a condensed notation.) 
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Fig. 2-16 


‘ 


2.121 Show that any SCD of 2*” involves exactly C(n,n’) symmetric chains. 


Let s be the number of cells (symmetric chains) into which 2*” is partitioned. The crucial condition (ii) of 


Problem 2.119 ensures that, in any cell, the size of the smallest subset is less than or equal to Len +1) j2j=n’, 
while the size of the largest subset is greater than or equal to n’. (Otherwise the two sizes could not sum to 7.) 
Condition (ii) then implies that the cell contains exactly 1 subset A, of size 2’. The cells being disjoint, it follows 
that the number of n’ subsets cannot be smaller than the number of cells: 


Cin,n')=s 
But, since each n’ subset must belong to some cell of the partition, and since no 2 can belong to the same cell, 


s=Ctn’) 


2.122 Use the fact (Problem 2.120) that the class of all subsets of a set of cardinality m has an SCD to 
establish the first part of Sperner’s theorem (Problem 2.116). 

Suppose 2**” is partitioned into symmetric chains in X(n). If F is an antichain in X(), each set in F must 

belong to a different cell of the partition. Thus, the cardinality of F cannot exceed the number of cells, which 


(Problem 2.121) is C(n, n'). 


2.123 Verify that 2*” allows at least n! SCDs. 


The inductive process of Problem 2.120 and Fig. 2-16, starting with the unique SCD of , generates a 
single SCD for 2". In this SCD permute the integers {1,2,...,n} arbitrarily, to obtain n! SCDs in all. 


XO) 


2.124 (G.O.H. Katona, 1972) A directed graph & (or digraph) is a pair (V,Z) where E is a set of 
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ordered pairs from V. The ordered pair (x, y) in E is called the arc from x to y. Suppose that the set V 
of vertices can be partitioned into disjoint subsets V,,V,,...,V, such that every arc (v, y) in E has 
x EV, and y EV,,,, for some 0S i =n — 1. [Note that such a partition is impossible if both (p, g) and 
(q, p) belong to E. If the partition is possible, the digraph must be acyclic (no continuously directed 
cycles).] If v is a vertex in V,, one defines its rank as r(v) =i. A symmetric chain in @ is the vertex 
set of a directed path starting from a vertex x and ending in a vertex y where r(x) + r(y) =n. G isa 
symmetric chain graph if there exists a partition of V into symmetric chains. 
Restate Sperner’s theorem (Problem 2.116) in graph-theoretic terminology. 


Just as the general n set is modeled by X(z) ={1,2,...,n}, the general connected symmetric chain graph 
(which will be a tree) may be modeled by Gv), the subset graph of X(n), which is constructed as follows. For 
the vertex set of Gn) choose V=2*. Let V be partitioned into subsets V,={AC X(a):[Al=i} G= 
0, 1,2,...,#). Define the arc set E thus: (A, B) is an arc in E if and only if ACB and [B|=|A| + 1. That @(n) is 
in fact a symmetric chain graph is guaranteed by Problem 2.120. Figure 2-17 is a diagram of 4); the Greek 
letters indicate how the SCD of Fig. 2-16 provides a set of disjoint directed paths (2 of them of length zero) that 
cover all the vertices of the graph. 


Vo 


1234 


An antichain in X(n) corresponds in &n) to a subset, F, of V with the property that no 2 vertices in F are 
joined by a directed path. Therefore [abandoning the model “(m)] the graph-theoretic version of Sperner’s 
theorem reads: 


Let @=(V,E) be a symmetric chain graph with a vertex partition (V,,V,,...,V,). Then any selection of 
lV,,|+1 vertices must include a pair of vertices that are joined by a directed path of @ [Here, as usual, 
n=l 1/21) 


(de Bruijn, Tengbergen, and Kruiswijk, 1952) The sum of the exponents in the prime factorization 
of a positive integer m is its degree, r(@m). A sequence (d,,d,,...,d,) of divisors of m is called a 
symmetric chain of m if (@) d,,,/d, is a prime for 1 Sisk —1, and (i) rd,)+r@d,) =r). Two 
divisors of m are incomparable if neither divides the other. Prove: (a) The set of divisors of m has an 
SCD. (6) If r(m) is even, the largest set of mutually incomparable divisors is the set of all divisors of 
degree r(m)/2. (c) If r(m) is odd, there are 2 largest sets of mutually incomparable divisors: the set of 
all divisors of degree [r(#1) — 1]/2 and the set of all divisors of degree [r(Qm) + 1]/2. 


(a} The proof is by induction on the number, n, of distinct prime factors of m. If n=1, then m=p' and 
r(m) =t. The required SCD involves the single symmetric chain (1, p, p’,..., p’). Suppose the theorem 
holds for n= k. Any number m with & +1 distinct prime factors will be of the form m, p', where p is a 
prime that does not divide m, and where the set of divisors of m, (which has & distinct prime factors) has an 
SCD, by the induction hypothesis. From this SCD, one derives an SCD for the set of divisors of m, as 
follows. 

Let S = (d,,d,,...,d,) be a symmetric chain in the SCD for m,; correspondingly let 
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X ={d,p':1Si<h0<s<h 


The elements of X, all of which are divisors of m, may be displayed in f+ 1 rows and h columns: 


col col col 

1 2 h 

row 0 d, da, d, ae d,_2 d,-1 d, 
row 1 dp d,p d,p mene d,-»P d,_\P d,p 
row 2 dp? d,p* d,p° dy oP” dip d,p° 
row f dp" d,p' d,p' d,_»P' d,_,p' d,p" 


Figure 2-18 shows how the tableau of divisors may be covered by a set of disjoint, L-shaped lines, on the 
assumption that h 21+ 1. (As the reader may verify, everything goes through when h<i+ 1.) We claim 
that the sequences 


TO) = (d,p',d,p',....4,-,P4, Po s.--.d,P') — G=0,1,...,) 


obtained by reading across and then down the covering lines, will serve as (disjoint) cells of an SCD for m. 
For it is clear that each T(i) obeys condition (i) of the definition of a symmetric chain. Further, T(i) obeys 


condition (ii), because 
rd,p')+rd,_,pP) =a, +i+h@d,_)+4 
=r@,)+ir@,_)+it+e 


=rd,)t+r@d,)+t=rm,)+t=rm) 


i h-t ' h-i h-l h 


h-(t-1) 
Fig, 2-18 


Collecting the symmetric chains T generated by all the symmetric chains §, we obtain an SCD for m. This 
completes the induction. 
(b) I£ r(m) is even, choose the divisor of degree r(m)/2 from each symmetric chain in the decomposition. 
(c) If r(m) is odd, choose the divisor of degree [r(m) — 1]/2 from each symmetric chain or choose the divisor of 
degree [r(m) + 1]/2 from each chain. 


2.126 Use the inductive process of Problem 2.125 to generate an SCD for the squarefree integer 
m = 42 = (2)(3\(7). 


CHAP. 2] FURTHER BASIC TOOLS 95 


2.127 


For squarefree integers—the divisors of which are also squarefree—all tableaux are two-rowed. See Fig. 
2-19, 


<7, 14> 


<1,2,6>—» salen <1,2,6,42> 
— (DOOM ; 
<1,2>—» 1(1) 3) — 


3 
<3> 0 —— —_ <3,21> 


3) 7) 
Fig. 2-19 


A set S of divisors of a positive integer m is called convex whenever d, € S, d, € S, d,|d,, and d,|d, 
together imply 7, € S. If n is the number of distinct prime factors of m, show that 


by ua) <C(n,n’) 


des 


where n’ =Lin +1) /2] and b is the Mébius function (Problem 2.51). 


It is enough to consider the case when m is squarefree, since, otherwise, 4.(d) = 0 over S. Hence the degree 
of m is r(m) =n. By Problems 2.125(a) and 2.121, the set of divisors of m has an SCD (C,,C,,...,C,), with 
k=C(n,n'). Thus, 


> ua = SS wa 


des i=1 dESNC, 


Since S is convex, each SC, is either empty or consists of a number of consecutive elements of C,. The inner 
sum on the right can therefore only be 0, +1, or —1; whence 


PARTIALLY ORDERED SETS AND DILWORTH’S THEOREM 


2.128 
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A partially ordered set (poset) is a set, P, and a binary relation, =, on P such that, for any a, b, and c 
in P, the following conditions hold: 

(i) a Sa, (ii) a =b and b <a imply a = b, and (iii) ab and b Sc imply a Sc. Two elements x 
and y in P form a comparable pair if x= y or yx. A chain in P is a subset in which every pair of 
elements is a comparable pair; an antichain in P is a subset in which no pair is a comparable pair. 
How do these notions generalize the concept of set inclusion? 


’ The power set, 2%, of an arbitrary set X, together with the binary relation C, constitutes a poset. The 
antichains of this particular poset are the same objects F contemplated in Sperner’s theorem. However—even in 
the case of a finite X—there are many chains other than the simple ‘‘staircase’’ chains previously dealt with. 
Note also that the binary relation C is defined for every pair of elements in 2%, a property not shared by = ina 
general poset. 


(Dilworth’s Theorem) Prove that in a finite poset the cardinality of a maximum antichain is equal to 
the minimum number of (disjoint) chains into which the poset can be partitioned. 


Obviously, if p is the size of an antichain in a poset and if the poset can be partitioned into q chains, then 
p =q, and therefore the maximum value of p cannot exceed the minimum value of q. So it is enough to show 
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that if m is the size of a maximal antichain, there exists a partition of P into m (disjoint) chains. The proof is by 
induction on |P| =n. 

Suppose the theorem is true for any poset with fewer than n elements. An element x in P is a minimal 
element if there is no y in P such that y <x. Element x is a maximal element if there is no y in P such that 
x sy. Let X be the set of all maximal elements and Y be the set of all minimal elements. Both X and Y are 
nonempty, since P is finite; furthermore, both are antichains in P. 


Case 1. [X|=m and X is the sole maximum antichain in P. Choose b in X and a in Y such that a =b. Define 
X'=X-{b} — P'=P — {a,b} 


Clearly, P’ is a smaller poset than P, and X’ is an antichain in P’ of size m— 1. Now, P’ cannot support an 
antichain of size m (by the uniqueness of X). Hence, X’ is maximum in P’, and the induction hypothesis 
guarantees a partition of P’ into m— 1 chains. These chains and the chain / give a partition of P into m chains. 


Case 2. |Y|=-m and Y is the sole maximum antichain in P. Reverse the relation = and this becomes Case 1. 


Case 3. P has a maximum antichain, A, that is not a subset of X UY. The set 
A* ={x © P : there exists p in A such that p <x} 


is nonempty (because A ~ X) and smaller than P (because A ~ Y). By condition (i) above, A C A’; therefore, by. 
the induction hypothesis, A” can be partitioned into m chains. Similarly, the set 


A ={x GP: there exists g in A such that x =q} 


which also contains A as a subset, can be partitioned into m chains. Now, by the maximality of A, A’ UA =P. 
Also, AX NA =A; for if t€ A’ MA, then there exist u and v in A such that u<t<v, which implies 
u=t=v, ort GA, For each a € A, join the chain in A’ of which the smallest element is a@ with the chain in A~ 
of which the largest element is a, thereby obtaining m pairwise disjoint chains that exhaust A” UA™ = P. 


(Mirsky’s Dual of Dilworth’s Theorem) Prove that in a finite poset the cardinality of a maximum 


chain is equal to the minimum number of disjoint antichains into which the poset can be partitioned. 


Here chains and antichains play the roles of antichains and chains in Problem 2.129. Thus we must show 
that if m is the size of a maximum chain in P, there exists a partition of P into m (disjoint) antichains. 

The proof is by induction on m. The assertion holds trivially when m= 1. Assume that the theorem is true 
for m— 1. Let P be any poset with a maximum chain consisting of m elements. As we know, the set X of all 


"maximum elements of P is an antichain in P, The subposet P — X cannot contain a chain with m elements; so a 
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maximum chain in P ~ X has at most m — 1 elements. But, if a maximum chain in P — X has fewer than m— 1 
elements and if M is a maximum chain in P, the antichain X must intersect M in 2 or more elements—an 
impossibility. So any maximum chain in P ~ X has exactly m — 1 elements, whence, by the induction hypothesis, 
P —X can be partitioned into m — 1 (disjoint) antichains. Adjoining the antichain X, we have a partition of P into 
m antichains. The induction is complete. 

(A deep theorem in graph theory, due to Lovasz, shows that Mirsky implies Dilworth, and conversely.) 


A finite poset (P, =) can be represented by its Hasse diagram, which is a digraph Y= (P, E), where 
(u, v) is an arc in E if and only if v covers u in P (see Problem 2.137). Show how Case 3 of Problem 
2.129 is exemplified by the poset whose Hasse diagram is Fig. 2-20. 
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Fig. 2-20 


In this poset, corresponding to the maximum antichain A = {7, 8,9, 10} we have 
A” ={7,8,9, 10, 11, 12, 13} and A’ ={7,8, 9, 10, 1, 2,3, 4, 5, 6} 


The 4 disjoint chains in A™ that terminate in the 4 elements of A are 


1—5—7 2—6—8 9 3—4-10 
The 4 disjoint chains in A* that emanate from the 4 elements of A are 
7 8—13 9—12 10—11 
Thus the promised partition of P has as its 4 cells the chains 


1—5—7 2—6-—8— 13 9—1i2 3—4—10—I1 


Let = V, E) be a finite acyclic digraph (Problem 2.124). Define a partial order = on E as follows: 
For 2 arcs e and f, esf if and only if e precedes f in some directed path of @& Reformulate 
Dilworth’s theorem in terms of directed paths of & 


‘‘The maximum number of arcs in E with the property that no 2 of them belong to a directed path of & is 
equal to the minimum number of arc-disjoint directed paths into which E can be partitioned.” 


Show that Dilworth’s theorem implies Hall’s theorem. 


Let 1 = {1,2,...,a} and let {A,:i€J} be a family of subsets of E = {x,,x,,....x,,} satisfying Hall’s 
marriage condition: J C/ implies |J| =|U{A, : i € J}. It is to be proved that the family has a system of distinct 
representatives. 

On the set X = {x,,x,,...,%,,,4,,A3,...,A,} define a strict partial order, <, where x, < A, if and only if 
x,GA,. [The partial order is not defined for pairs (x,,.x,) or pairs (A,,A,).] In the poset X, the set E is an 
antichain of cardinality m. Suppose there is an antichain D in X consisting of p elements from £ and q sets from 
the family; without loss of generality we may write 

Dijk eX pAnAyeawas 
Then none of these p elements x, from D can belong to the union of these g sets A, from D. So the union of these 
q sets can have at most m — p elements. Thus, by the marriage condition, 
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q=m-—p or ptq=m 


which shows that FE is a maximal antichain in X. Hence, by Dilworth’s theorem, there exists a partition of X into 
m chains. Of these, n chains necessarily consist of 2 elements, 1 from E and 1 from the family. By a suitable 
reindexing of X, we can notate the n chains as x, <A,, or x, A,, for i= 1,2,...,n. In other words the family 
has the SDR (x,,x,...,%,) 


(Danzig and Hoffman, 1956) Show that the Kénig—Egervary theorem (Problem 2.108) implies 
Dilworth’s theorem. 


A poset ({x,,x,,...,%,}, =) may be represented by an n X n (0,1) matrix A = [a,,], where a, =1 if and 
only if x, <x,. (Hence, if a, = 1, then a,, = 0.) For simplicity, let us call a set of linewise disjunct 1s in A an 
independent set. 

Every chain in P consisting of 2 or more elements defines an independent set. For example, assuming n = 8, 
a chain x,—x,—x,—*,—*,, with 5 elements (of length 5), defines the independent set {a,,, 26,457, @7g}, of 
cardinality 5 — 1 = 4. So, if a chain decomposition of P consists of p, chains of length g, > 1 (kK =1,2,...,) and 
q chains of length 1, this disjoint decomposition corresponds to an independent set of cardinality n — q — p, 
where p =~ p,. In other words, 


(Number of chains in a decomposition of P) 
+ (size of corresponding independent set) 

= (size of P) (i) 

It follows from (i) that if there exists a maximum independent set of size t¢ (i.e., if the term rank of A is 4), 
there is a minimum chain decomposition of P consisting of g chains of length 1 and n —t~—q chains of length 
greater than 1. But, by the Koénig—Egervary theorem, A has a cover of ¢ (and no fewer) lines. This minimum 
cover corresponds to a set D of n —t —q elements of P (one from each of the n —f— gq nonsingleton chains). 
The set E of elements which constitute chains of length 1 is of cardinality g. Then F =DUE is a set of 


cardinality n —¢ the elements of which are pairwise noncomparable. Thus there exist an antichain in P of 
cardinality n — ¢ and a chain decomposition of P consisting of n —t¢ chains. 


Verify the complete equivalence of the Kénig, Kénig—Egervary, Dilworth, and Hall theorems. 


One circle of implications is: 


Prob. Prob. Probs. Prob. 
K-E => D => H => K => K-E 
2.134 2.133 2.108 2.109 


(The circle could be widened to include two fundamental graph-theoretical results, Menger’s theorem and the 
Ford—Fulkerson theorem. See Appendix.) 


Prove that a poset P of cardinality mn + 1 has either a chain of cardinality m+ 1 or an antichain of 
cardinality n+ 1. 


If there is no antichain of cardinality n+ 1, the cardinality, r, of a maximum antichain satisfies r Sn. 
By Dilworth’s theorem, there exists a decomposition of P (‘‘pigeons’’) into disjoint chains (pigeonholes) 
C,,C,,...,C,. Theorem 1.4 ensures that some hole contains at least m+ 1 pigeons. 


lf x and y are 2 elements in a poset Q = (X, =) then x covers y if y<x and y=t=x imply y =t or 
t=.x. A poset P is called a ranked poset if there exists a function r defined on P such that r(x) = 0 
whenever x is a minimal element and r(x) = r(y) + 1 whenever x covers y. The set Q, of all elements 
of rank k is the kth level set; obviously, Q, is an antichain in P. The cardinality of Q, is called the 
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kth Whitney number of P. Show that the poset (2, C) is a ranked poset. Give its Whitney 
numbers. 


For each subset A of X(n) define r(A) as the cardinality of A. The kth Whitney number is then C(@, k). 
Note that for any ranked poset, 


Largest Whitney number = size of a maximal antichain (*) 


If (*) holds with equality, the ranked poset is termed a Sperner set. Clearly, a, C) is a Sperner set, because, 
by Sperner’s theorem, both members of (*) are equal to C(n, 1‘). 


Obtain a sufficient condition for a ranked poset P = (X, =) to be a Sperner set. 


If there is a chain decomposition of X such that every constituent chain intersects the largest level set, Q,.,,5 
then Q.,, must be a maximum antichain, and (*) of Problem 2.137 will hold with equality. 

A more interesting sufficient condition is obtained by generalizing the concept of an SCD (Problems 2.119 
and 2.120) along the lines sketched in Problem 2.124. Suppose the level sets of a ranked poset are {Q,,Q,,...}, 
with corresponding Whitney numbers {w,, w,...}. The poset is symmetric if there exists an integer m such that 
w, =0 for i> m, and w, = w,,_, for all other i. (Caution: Symmetry by itself does not imply unimodality.) The 
number m is the rank of the symmetric poset. A chain a, <a, <-+-++<a, in a symmetric poset of rank m is a 
symmetric chain if r(a,) + r(a,) = m. If a symmetric poset P has a decomposition into symmetric chains, then a 
consideration of the intersections of the level sets with these chains—cf. Problem 2.121—establishes that the 
sequence of Whitney numbers is unimodal, with the largest level set intersecting every chain of the 
decomposition. In other words, if a symmetric poset has an SCD, then it is a Sperner set. 


Let Q, be the set all divisors of a positive integer n, with the prime factorization 
n= pi Po??? p 


The number # can be specified as the m vector [e, e, ‘°° @,,], in which all components are 
positive integers; any divisor of n is represented by an m vector with nonnegative integer com- 
ponents. If x and y are 2 divisors of n, with respective representations [f, f, -:: f,] and 
[8: 8 °** 8&8], then the ordering x <y defined by f, =, (all i) is a partial order on Y,. Show 
that the poset (Y,, <) is a ranked poset and find the Whitney numbers. 


A ranking function on &, may be defined by 
r(x) = degree of x = sum of components in representation 


(compare Problem 2.125). In the ranked poset the kth level set, Q,, is the set of all divisors of n of degree k. 
Consequently, the Ath Whitney number, w,, is the number of solutions in integers of u, tu, +++: tu, =k, 
subject to 0 Su, =e, for i= 1,2,...,m. See Problem 2.21 for a counting method. 


Is the poset of Problem 2.139 a Sperner set? 


The answer is yes. First, note that the poset is a symmetric poset. In fact: (() w, = 0 fori>e,te,+---+ 
€,, =q; and (ii) for each x € D,, of rank (degree) i, there is one and only one y ED, (namely, y = n/x) of rank 
q—i, whence w, = w,_;. Second, it is clear that whenever y covers x, the order relation x = y becomes 


an a prime 
x 
This means that in Problem 2.125 the implicit ordering of B, was precisely =. Hence, by Problem 2.125(a), our 
symmetric poset has an SCD. Then, by Problem 2.138, it is a Sperner set. 

{The existence of an SCD for (@,, =) yields a bonus: Without even counting, one knows that the numbers 
of integral solutions in Problem 2.139 have a unimodal property.] 
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Calculate the Whitney numbers of (Y,,, =) (a) by the method of Problem 2.139, and (6) by use of the 
SCD found in Problem 2,126. 


(a) For a squarefree n (42 = 2’ X 3’ X7') the constrained equation of Problem 2.139 has exactly C(m, k) 
solutions. Here m= 3, whence 


w, = C(3,0) = 1 w, =C(3, 1) =3 w, = C(3, 2) =3 w,=C(3,3)=1 
0 ( ! 2 3 


(b) Reading Fig. 2-19 vertically, we have 
Q, = {1} Q, = {2, 7, 3} Q, = {6, 14, 21} Q, = {42} 


whence w, = 1, w, =3, w, =3, w, = 1. 


Let II, be the set of all partitions of a set X of cardinality n. [By Problem 1.161, |II,|=B, (the nth 
Bell number).] If 7 ={A,,A,,...,A,} and 7’ ={B,,B,,...,B,} are 2 partitions of X, write a= 7’ 
if and only if a’ is obtained from 7 by partitioning each of the sets A, into one or more (nonempty) 
sets. Then (II,, =) is a poset. Show that it is a ranked poset and obtain the corresponding Whitney 
numbers. 


Let the rank of a partition be 1 less than the number of cells in the partition. Then, by definition (Problem 
1.146), the kth Whitney number of the ranked poset is S(n, k + 1). 

It is interesting to observe that this poset has a unimodal sequence of Whitney numbers (Problem 1.155), 
even though the poset is not symmetric (see Table 1-2). 


Supplementary Problems 


Find the number of ways in which the complete collection of letters that appear in the word MISSISSIPPI can be 
arranged in a row, if (a) there is no restriction on the locations of the letters; (b) all the S’s must stay together; 
and (c) no two 5’s may be adjacent. 

Ans. (a) P(11;4,4,2, 1); (6) P(8; 1,4, 2, 1); (©) P(7; 4, 2, IC(8, 4) 


Find the number of ways in which the complete collection of letters that appear in TALLAHASSEE can be 
arranged in a row so that (a) T appears at the beginning and E appears at the end, (6) there are no adjacent A’s. 
Ans. (a) P(9;3, 2,2, 1, 1); (6) P(8; 2, 2,2, 1, 1)C(9, 3) 


Find the number of ways of (a) assigning 10 students to 12 single rooms; (0) installing 10 identical telephones in 
12 rooms; and (c) installing 10 color telephones (4 red, 3 white, 3 green) in 12 rooms. 
Ans. (a) P(12, 10); (6) C(12, 10); ©) C(12; 4, 3,3) 


There are 20 students in a class. Find the number of ways of: (a) allocating them to 4 distinct dormitories so that 
the first dormitory gets 3 students, the second dormitory gets 5 students, and the third dormitory gets 4 students; 
(b) dividing them into 4 groups of 3, 5, 4, and 8; (c) allocating them to 4 distinct dormitories so that each 
dormitory gets 5 students; and (d) dividing them into 4 equal groups. 

Ans. (a) C(20; 3,5, 4, 8); (6) €(20; 3, 5, 4, 8); (c) C(20; 5, 5,5, 5); @) (1/4DC(20; 5, 5, 5, 5) 


Find the coefficient of p’q*r’s* in the expansion of (2p —3qg+2r—s)'*. Ans. (—864)C(12; 2, 3, 3, 4) 


Find the number of ways of distributing 10 distinct books to 4 students so that each gets at least 2 books. 
Ans. C(4, 1)C(10; 4, 2, 2,2) + C(4, 2)C(10; 3, 3, 2, 2) 
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From an abundant supply of red, yellow, blue, and green marbles, how many rows of 10 marbles can be made if 
each row must contain at least 2 marbles of each color? (Hint: This is the dual of Problem 2.148.) 
Ans. C(4, 1)C(10; 4, 2, 2, 2) + C(4, 2)C(10; 3, 3, 2, 2) 


Find the coefficient of x° in (a + bx + cx’)’. 
Ans. a°b°C(8; 3, 5) + a*b’cC(8; 4, 3, 1) + a°be?C(8; 5, 1, 2) 


Disregarding order within a box, find the number of ways of packing: (a) 12 distinct books in 3 distinct boxes so 
that 3 books are in box 1, 4 books are in box 2, and 5 books are in box 3; (b) 12 distinct books in 3 distinct boxes 
so that 1 of them has 3 books, another has 4 books, and yet another has 5 books; (c) 12 distinct books in 3 
identical boxes, if they are to contain 3, 4, and 5 books; (d) 12 distinct books in 3 distinct boxes, each to contain 
4 books; and (e) 12 distinct books in 3 identical boxes, each to contain 4 books. 

Ans. (a) C(12; 3, 4,5); (0) GDCC12; 3, 4, 5); ©) CC12; 3, 4, 5); @) C2; 4,4, 45 Ce) /3NCU2; 4, 4, 4) 


Find the sum of all 4-digit integers formed by permuting the digits 1, 2, 3, and 4. (Hint: In each column of the 
sum each digit must appear 3! times.) Ans, (60)[(1 + (10)' + coy + (10)’] = 66,660 


Find the sum of all 4-digit integers formed by permuting 1, 2, 2, and 5. 
Ans. (30){1 + (10)! + (10)? + (10)? = 33,330 


Find the number of ways of choosing 3 distinct integers from the set X = {1,2,..., 100} so that their sum will be 
divisible by 3. (Hint: First partition X into residue classes modulo 3.) 
Ans. C(33,3) + €(33, 1)C(34, 1)C(33, 1) + [C(34, 3) + C(33, 39) 


Find the number of ways of giving 3n different toys to Maddy, Jimmy, and Tommy so that Maddy and Jimmy 
together get 2n toys. Ans. C(3n,n)2”" 


Find the number of r sequences that can be formed using the first 7 letters of the English alphabet, if (a) r = 4 
and no letter repeats; (b) r= 4; and (c) r=9. 
Ans. (a) P(7,4) = 940; (6) 7* = 2401; (©) 7° = 40,353,607 


Repeat Problem 2.156 for r selections. 
Ans. (a) C(7, 4) = 35; (6) C(44+7—-1,7- 1) =210; © C(9+7-1,7—- 1) = 5005 


(a) Find the number of terms in the multinomial expansion of (p + g ++ 5)”°. (Hint: See Problem 1.139.) (b) 
Find the number of terms in which the exponents of p, q, r, and 5 are at least 1, 2, 3, and 4, respectively. 
(Hint: See Problem 1.142.) Ans. (a) C(25+4-1,4- 1); 6) C25-10+4-1,4-1) 


Find the number of ways of distributing 7 identical pens and 7 identical pencils to 5 students so that each gets at 
least 1 pen and at least 1 pencil. (Hint: Two independent distributions.) 
Ans. C(7-5+4,4)C(7 —5 + 4, 4) = 225 


Determine the number of positive integers which do not exceed 100 and which are not divisible by 2, 3, or 5. 
Ans. 26 


Find the number of solutions in nonnegative integers of the equation a+ b+e+d+e+f=20 in which no 
variable is greater than 8. Ans. C(25, 20) — C(6, 1)C(16, 11) + C(6, 2)C(7, 2) 


Find the number of positive integers smaller than 291,060 and relatively prime to it. Ans. 60,480 


Find the number of ways of arranging the 26 letters of the alphabet so that no one of the sequences ABC, EFG, 
PQRS, and XYZ appears. Ans. 26! ~ [3(24!) + 23!] + [3(22!) + 3(21!)] — [20! + 3(19!)] + 17! 
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Find the number of 4-digit integers involving the first 6 positive digits in which each of the first 3 positive digits 
appears at least once. Ans. 6° — 3(5*) + 3(4*) — 3° 


Find the number of permutations of the 9 positive digits in which (a) the blocks 12, 34, and 567 do not appear; 
(b) the blocks 415, 12, and 23 do not appear. 
Ans. (a) 91— (814+ 81471) +(71 +6! + 6!) —5!; () 91 — (81+ 814+7/+(714+0+ 6!) 


Find the number of ways of assigning 6 students (A, B, C, D, E, F) to 6 dormitories (1, 2, 3, 4, 5, 6), with the 
following restrictions: A does not go to | or 2, B does not go to 4, C does not go to 1 or 5, D does not go to 2, E 
does not go to 4, and F does not go to 4 or 6. (Hint: The rook polynomial may be used.) Ans. 132 


From Problems 2.30 and 2.31 conclude that 7 and D, are always of opposite parity. 
Ans. If nis odd, D, is even by Problem 2.30. If n is even, D, is the sum of an even number and an odd number 
by the next problem. 


From Problems 2.32 and 2.167 conclude that T,, is always odd. 
Ans. T,, is the sum of an even number and an odd number for any n. 


n 


In a 6 X 6 chessboard the forbidden squares are (1, 2), (2, 1), (2,5), (3,4), (4, 1), (4,5), and (6, 6). Determine 
the rook polynomial of the forbidden subboard. (Hint: Permute rows and columns.) 
Ans. (1+ 4x0 4+2x7)C1 +x)? = 1+ Tx t+ 17x? + 19x? + 10x* + 2x9 


A final exam is given each day of the week (Monday through Friday), and each exam should have a different 
professor in charge. Unfortunately, only 4 professors are available, under the following constraints: Professor A 
is not free Mondays and Tuesdays; Professor B is not free Tuesdays; Professor C is not free Wednesdays and 
Thursdays; and Professor D is not free Thursdays and Fridays. In how many ways can 4 of the exams be 
covered? (Hint: Add a dummy Professor E who is never free.) 

Ans. 5! — 7(4!) + 16(3!) — 13(2!) + 3(1)) = 25 


Count the positive integers smaller than 1 million that (a) include all the digits 2, 4, 6, and 8; (6) include only the 
digits 2, 4, 6, and 8. 
Ans. (a) 10° — 4(9°) + 6(8°) — 4(7°) + 1(6°) = 23,160; (6) 4+.4? +--- +4° = 5460 


Find the number of permutations of 11223344 such that no 2 adjacent positions are occupied by the same digit. 
Ans. C(8; 2,2, 2,2) ~ 4C(7; 2, 2, 2, 1) + 6C(6; 2, 2, 1, 1) — 4C(5; 2, 1, 1, 1) + C(4; 1, 1, 1) = 864 


Find the number of ways of assigning r distinguishable objects to n girls and p boys so that each girl receives at 
least 1 object. (Hint: Use inclusion-exclusion.) 

Ans. (n+p) —C(n, 1a + p — 1)" + Cn, 2)(n + p — 2) — +--+ + (-1)"C@, nla + p — ny 

An elevator starts with 9 people at the first floor. At each floor at least 1 person leaves the elevator and nobody 


enters the elevator. It becomes empty at the fifth floor where it stays till it is activated again. Find the number of 
ways of unloading the people. Ans. 5° — C(5,1)4° + C(5, 2)3° — C(5, 3)2” + C(5, 4) 


Use Theorem 2.9 (Problem 2.78) to compute the permanents of 
1 2 3 1 ttl 
A=|2 3 4 B={1 2 3 4 
3 4 5 1111 


Ans. per (A) = 126, per (B) = 60 
Use Problem 2.77 and Theorem 2.9 to establish the following identities: 
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@ n= > (-V’'Cana-n" 6) D,=> C-1'Ca,na-n'a-r-1)"" 
r=0 r=O 
(Hint: n!=Perl, and D,=Per(VJ, —1,)J 


Verify that the Ménage numbers (Problem 2.73) satisfy the difference equation (n = 3) 
(n ~ 2)M, — n(n ~ 2)M,_, ~ 2M, = 4(-1)"*" 


Hint: M, is the sum of (x + 1) terms.) Let M, =x, +x, +4, +4, 4-°> +4, +X,415:M@,-) =), T¥2 ta + 
yator ty, +0, and M,.,=O0+04+042,4+-+°++2,.,+2,_,. Then (1 ~ 2)@, +x,)=n@—1)(y, + y2), 
(n — 2)x,,4) = NZ, 1 + 4(-1)"*! and (1 — 2)x, = n(n — 2)y, +nz,_, GSrsn-2). 

In the special case of Problem 2.114 where {A,} and {B} are 2 partitions of E, show that an SCR exists if and 
only if, for k= 2,...,n, no k of the A, are contained in fewer than & of the B,. (Hint: Consider the family of 
subsets of J defined by X,={j: A,B, #9},) 


(Birkhoff—von Neumann Theorem) A square matrix of nonnegative real numbers is doubly stochastic if each 
line sum is 1. Show that a matrix is doubly stochastic if and only if it is a convex combination of permutation 
matrices. Ans. Put r=1 in Problem 2.115a. 


Exhibit simple bipartite graphs that allow (a) both an X-saturated and a Y-saturated matching; (6) neither an 
X-saturated nor a Y-saturated matching. 


x y2 


x y M x3 


x2 33 


(KOénig, 1914) Prove that the edges of an r-regular bipartite graph, “{X, Y, E), can be painted with r colors in 
such a manner that all colors are represented at every vertex. [Hint: If M is a complete matching in the graph, 
then &X, Y, E — M) is an (r — 1)-regular bipartite graph.] 


How about interchanging ‘‘chain’’ and ‘‘antichain’’ in the proof of Problem 2.130, thereby obtaining a proof of 
Dilworth’s theorem that is much simpler than that given in Problem 2.129? 
Ans. This cannot be done: the subposet P — X can contain a maximum antichain. 


By suitably orienting the edges of a pentagon, demonstrate that not every poset is a ranked poset. 
Ans. Suppose the 5 corners (represented as the vertices of a directed graph) are labeled clockwise, A, B, C, D, E 
with orientation A— —- -— B— — ~ C— — -D—— -»E—— A. Then r(A) = 0 implies r(C) = 2 or 3. 


Chapter 3° 


Generating Functions and Recurrence Relations 


3.1 ORDINARY AND EXPONENTIAL GENERATING FUNCTIONS 
Given a sequence of real numbers (ay, a@,,d,,...) and a dummy variable x, one makes the 


Definition: The (ordinary) generating function of the sequence is 
g(x) =a, tax tax + eo 


The exponential generating function of the same sequence is 
2 
x x 
Ga)=a, tap taat 
Example 1. For the sequence of combination symbols (C(m, 0), C(, 1), C(, 2), ..., C(n, n)), the generating function is 
> ca, bx = (1 +x)" 
k=0 


Since C(n, k) = P(n,k)/k! (Theorem 1.1), one infers that (1+ x)” is also the exponential generating function of the 
sequence of permutation symbols. 


Generating functions of either sort are defined as formal power series: they are added, multiplied, 
scalar-multiplied, termwise differentiated, and termwise integrated as if convergent—whether or not they 
actually are so. Some general properties of generating functions are listed as 


Theorem 3.1. (i) If g(x) is the ordinary generating function of (a,), then (1 —x)g(x) is the ordinary 
generating function of (a, — a,_,). , 


(ii) If g(x) is the ordinary generating function of (a,), then (1 — x) 'g() is the ordinary 
generating function of (a, + a, +a,+-°+++4,). 


(ii) If g(@®{[G@)] is the ordinary (exponential) generating function of (a,), then 
xg’(x)[xG’(x)] is the ordinary (exponential) generating function of (ra,). 


(iv) If g()[G(x)] is the ordinary (exponential) generating function of (a,), and AQ){H(x)] is 
the ordinary (exponential) generating function of (b,), then g()h@)[GQ)H(@)] is the 
ordinary (exponential) generating function of the convolution (binomial convolution) 


(= a,b,-,) (S cer, ia.) | 


(v) If SQ) is the (ordinary or exponential) generating function of (a,), and T(x) is the 
generating function (same type) of (b,), then pS(x) + q7(x) generates (pa, + gb,), for 
any real p and q. 


Example 2. The reciprocal, A(x) = 1/g(x), of the generating function g(x) =a, + a,x + +++ may be determined by 
_ means of the multiplication rule, provided a, #0. Indeed, if h@)=b, + b,x +---, then 


BX)A(X) = (ay tax tax? +++ bo t+ bx t+ by? +++) =1 
implies the triangular system 
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AgDg =1 
a,b, tab, =0 
a,b, + a,b, + a,b, =0 


which has a unique solution for the b,. 


If by combinatorial reasoning or other means a generating function g(x) has been found, then the 
particular sequence of which g(x) is the generating function may be recovered via the formula 


(kK =0,1,2,...) 


Similarly, if the exponential generating function G(x) is known, 


_a@G 


a,= 
k k 
dx 


(k=0,1,2,...) 


x= 


Example 3. For each fixed m, the Stirling numbers of the second bind, S(#, m), may be defined via an exponential 
generating function. Consider the identity 


x? xl x? x"? 
PSUs en a 


( x xn ) ; 
eeefytoeee. 4 eee @) 


2! ny! 


When the product on the right of (i) is expanded using the multiplication rule, the coefficient of x” is found as 


1 )( 1 ) ( 1 ) 1 > n} 
a are ve = Sor oG era (ii) 
ny tagt +n, an G n,! n,,! nf Nytngteta,an nin! as Ny! 


m 
= = 
n=l nj=l 


By the proof of Theorem 2.2, the quantity n!/n,!---,,! represents the number of ordered partitions of an n set X into 
cells of respective sizes n,,n,,...,n,,. Therefore, the right-hand side of (7) equals 1/n! times the number of ordered 
partitions of X into m cells; or, m!/n! times the number of (unordered) partitions of X into m cells; or, finally, 
(m!/n!)S(, m). In short, (e* — 1)” is the exponential generating function of the sequence (m! S(#, m)),.93 therefore 


n 


d 
ml! S(n, m) = we e* — 1)” 


(n=0,1,2,...) (iil) 


x=0 


Observe that (iii) properly makes S(#, m) =0 for n<m. 


3.2. PARTITIONS OF A POSITIVE INTEGER 


Generating functions play an essential role in the theory of partitions. Recall from Problem 2.24 that a 
partition of a positive integer r is a collection of positive integers (parts) with sum r. Some useful notations 
are: 

p(r) = number of distinct partitions of r 


p, (r) = number of partitions of r into parts at most equal to n 
= number of solutions in nonnegative integers of . 


tu, +2u,+3u,+ +++ +nu, =r 
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q,(r) = number of partitions of r into at most n parts 
= number of distributions of r identical objects (1s) among n identical places, empty places being 
permitted 


Example 4. (a) The partitions of 5 are 
5 4+1 34+2 3+1+4+1 24+2+1 2+14+1+1 1+14+1+1+4+1 
So p(5) = 7. (6) The partitions of 5 having no part greater than 2 are 
2+2+1 2+1+1+4+1 1+14+14+1+1 
Thus p,(5) = 3. (c) The partitions of 5 into 3 or fewer parts are 
5 4+1 3+2 3+1+1 24+2+1 
So q,(5) =5. 


Theorem 3.2. For all r and n, p,(r) = 4,(r). 


Proof. Any partition II of a positive integer r may be represented in a star diagram composed of r 
asterisks that are arranged in rows corresponding to the parts. The rows are nonincreasing in length as one 
moves from top to bottom of the diagram (see Fig. 3-1). If the star diagram of II is read by columns, a 
conjugate partition [I* of r is obtained. The relation between TI and II* is clearly reciprocal, with the 
number of parts of the one equal to the the largest part of the other. Thus, for every IT counted in p,(r) there 
is a unique Ii* counted in ¢,(7); ie. p,(7) = 9,7). 


cS % * * 


* *+ + + & 


% 
Fig. 3-1 The conjugate partitions: 5+ 5+4+1+1+1=17=64+34+34+3+2 


The second defining expression for p,(7) arises from the fact that a partition is uniquely determined if we 
give the number of 1s, the number of 2s, etc., among the parts. From it, a generating function for 
(p,(0) = 1, p,(1), p,(2), p,(3),.-.) is simply obtained. Consider the product of n geometric series 


1 1 1 1 
I-x 4-7? 1-x3 1-x 


alta + @' pte tater] 
Xt 40? Pte + @7Pt--] 


Xt FOP tee +O? te-4] 


ee 


XL t x7 FOP tee + tee | 


CHAP. 3} GENERATING FUNCTIONS AND RECURRENCE RELATIONS 107 


It is seen that the coefficient of x” on the right will be 


=P.) 
Lu, +2ugt3ugtetau,Hr 
4,20 


That is to say: 
Theorem 3.3. The ordinary generating function of (p,(r)) = (q¢,(r)) is 


1 
sO) d=) 2) 


As a matter of definition, p,(r) = p(r) for all n > r. Consequently, as n 3%, p,(r)—> p(’) for 
all r; and Theorem 3.3 yields in the limit (remember that we are dealing with formal power 
series): 


Theorem 3.4 (Euler). The ordinary generating function of (p(r)) is 


1 
oe wd el 


While in principle they solve the counting problem for partitions, Theorems 3.3 and 3.4 are, by 
themselves, of small practical use. Noncombinatorial techniques from the theory of analytic functions must 
be employed to obtain, e.g., asymptotic estimates of p(7). 


3.3 RECURRENCE RELATIONS 


If (ap, 4;,...,@,,...) is a sequence of real numbers such that there is an equation relating the term a, 
(for any n 2n,) to one or more of its predecessors in the sequence, then this equation is a recurrence 
relation obeyed by the sequence. 


Example 5. The sequence (0!, 1!, 2!,...) satisfies the recurrence relation 


Conversely, given this relation and the initial condition a, = 1, one can recover the entire sequence by iteration: 


a, =n{(a — Da,_,J=ntn — Ii ~- 2)a,_,] 
=+++=sn(n—1)---(D=n! 


Example 6. The idea of a recurrence relation extends to sequences that depend on 2 or more indices. Thus Pascal’s 
identity (Problem 1.37) is a recurrence relation for the binomial coefficients. 


As illustrated in Chapters 1 and 2 (see especially Problems 1.149 to 1.150 and Problems 2.30 to 2.31), a 
powerful method for solving counting problems consists in first obtaining, by combinatorial reasoning, a 
recurrence relation for the counting numbers, and then solving that relation, subject to appropriate initial 
conditions, for those numbers. A complete solution theory is available when the recurrence relation falls 
under a certain broad category. This will be outlined in the next section. 
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3.4 ALGEBRAIC SOLUTION OF LINEAR RECURRENCE 
RELATIONS WITH CONSTANT COEFFICIENTS 


Definition: The recurrence relation 
a, =€,a,_; + €)4,_. + mitt +¢,a,_, + fin) (*) 
in which c, @ =1,2,...,7) are constants, with c, #0, is called a linear recurrence relation 
with constant coefficients, of order r. 


From linear algebra we have a fundamental theorem, which holds even if the coefficients c, are functions 
of n. 
Theorem 3.5. The general solution of (*) is given by 
a, = h(n) + p(n) 
where p(n) is any particular solution of (*) and A{n) is the general solution—a solution that 
linearly involves r arbitrary constants—of the homogeneous relation [(*) with f(2) = 0]. 


If a combinatorial or other problem has (*) as its recurrence relation and if there are r initial conditions 
attached to the problem, there are two possibilities: 


1. The initial conditions are consecutive, which means that a),a,,...,@,_, are prescribed. Then the 
arbitrary constants C, in A(n) are uniquely fixed, so that the problem has a unique solution. 


2. The initial (or boundary) conditions are not consecutive. In this case the problem may have a single 
solution, more than one solution, or no solution at all. 
Example 7. The general solution of a, =4a,_, (a homogeneous relation) is obviously a, =C,2” + C,(—2)’. 
(i) Prescribing a, =x and a, =y, we get 


C,+ C,=x x+y 2x—y 
OT CS" 
2C, —2C,=y : 4 


(unique solution). 
(ii) Prescribing a, = 1 and a, = 4 (nonconsecutive), 


C,+ C,=1 


toa =a. OS ys Che, 


(a single infinity of solutions). 


(iii) Prescribing a, = 1 and a, =5, 


C,+ C,=1 
4C, +4C, =5 
(no solution). 
(iv) Prescribing a, = 2 and a, =0, 
C,+ C,=2 C=C! 
gc,-8c,=0 ™ or a 
= 
(unique solution). gy 


Taking f(x) =0 in (*), we see that the homogeneous relation will have a solution of the form a, = t" 
(t #0) provided : 
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r rv] r-2 1, 
Pear met Oeste 7=0 


This polynomial equation, of degree 7, is called the characteristic equation of (*), and its r roots (counted 
according to multiplicity) are the characteristic roots of (#). Note that, even when all coefficients c, are real, 
complex charcteristic roots are possible; these must occur in conjugate pairs. 


Theorem 3.6. \.et the characteristic roots of (*) be t,,t,,...,¢,, of respective multiplicities m,,m,,...,m, 
(2 m, =r). Then the general homogeneous solution of (*) may be written as h(n) = ZhAn), 
where 


h(a) = (Cig tC + Cot t+, 0 @=1,2,...9) 


Corollary. If all the characteristic roots are simple, 

h(n) = Cth + Cyth +--+ + Cty 
Example 8. (i) For the recurrence relation a, = 6a,_, — 8a,_, +3", the characteristic roots are 2 and 4. By the 
corollary to Theorem 3.6, h(n) = C,2” + C4”; and it is known that p(n) = (—9)(3") is a particular solution. Thus we have 
the general solution a, =C,2” + C,4" — 9(3"). (ii) For the recurrence relation 


a, = 6a,_, —12a,_, + 8a,_, +3” 


the characteristic roots are 2, 2, and 2. By Theorem 3.6, h(n) = (C, + Cyn + C,n’)(2"). It is known that p(n) = 27(3”) is a 
particular solution. Thus the generai solution is 


a, = (Cy + Cin t+ C,n’)(2") + 273") 


If a particular solution of (*) cannot be guessed, it can, in theory, be constructed from f() and the 
homogeneous solutions /,(n). Fortunately, this usually tedious procedure can be bypassed in two important 
special cases. 


Theorem 3.7. (i) If f(n) is a polynomial in n of degree d, and if 1 is not a characteristic root of (*), then 
(*) has the particular solution Ay + A,n + Ayn te +A ,n” [where the constants A, 
are evaluated by substitution of p(n) in (*)]. If 1 is a characteristic root, of multiplicity 
m, 


p(n) a An” + Ayn"! fecoe Teo A,n"*4 
(ii) If ff) =” (an exponential in n), and if b is not a characteristic root, then p() = Ab”. 


If b is a characteristic root, of multiplicity m, then p(n) = An™b". Again the constant A 
is evaluated by substitution. 


Example 9. A student, who has forgotten the formula for the sum of the first n squares, sets 
17427437 +---+n? =a 

and obtains the linear recurrence relation 

+n? (a, = 9) 

The characteristic equation, t—- 1=0, has the single root t= 1 (m=1). Hence A(n) =C and, by Theorem 3.7(2), 
pin)= Ant An’ +Ajn® 


Upon substituting p(n) in the recurrence relation, she finds: 
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Ayn + Ayn + An’ = (—Ay + A, — Az) + (Ay — 2A, +3A2)n 
+(A,—3A, +1)? +A,n° 


Balancing the equation from the top down, she successively gets: nothing, A, =4, A, =4, A, =. The initial condition 
forces C = 0; so, 


i 3 n(n + 1)(2n + 1) 


ele has 
ad See aa hae 6 


n 


3.5 SOLUTION OF RECURRENCE RELATIONS 
USING GENERATING FUNCTIONS 


In many cases it is possible to transform a recurrence relation for a sequence into an algebraic or 
differential equation for the generating function of that sequence. If this equation is solvable, the sequence 
can be recovered by differentiation, as previously described, or by other means. 


Example 10. Rework Example 9 by use of an ordinary generating function. 


Define g(x) = 2°_, a,x". Now multiply the recurrence relation through by x” and sum from n = 0 to n =, taking 
into account the initial conditions a_, = ay = 0: 


Cd 


we 3 
> a,x" =x > @,03" '+ >D nx" 
nat 


n=O n=0 
(x) = xg(x) x0 +4) 
X) = XLUX. 
& §' (a —x) 
[To evaluate & n7x", write 
1 n x at 2x7 re 
ted oh aug e™ GagT ene De 
and add the last two series.] Thus 
—xg@) = 24228 «= t2 
— xg) = or = 
camry ee =a 


Now see Problem 3.82. 

The importance of the generating-function method lies not in its applications to linear recurrence 
relations with constant coefficients (where, of course, it must produce the same results as the characteristic- 
equation method) but in its applications to linear recurrence relations with variable coefficients and to certain 
nonlinear recurrence relations. 


Example 11. As was shown in Problem 1.131, the Catalan numbers satisfy the nonlinear recurrence relation 
a, = >> a,a,,-; (n 22) 
i=0 


with starting values a, =0 and a, = 1. Then 


= 


a 
a,a,,_; |X 
0 


go) = D a,x" =Otx+ D ax" =x+ > [ 
n=0 n=2Z i 


n=2 


=xt »y (> aay)" =x+{[g@)/ 
n=O i=0 
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or [go]? — g(x) +x =0, of which the solution that vanishes at x = 0 is 


To recover the Catalan numbers, differentiate g(x) n times at x = 0: 
g(0) = 1+3+5+ ++ (Qn — 3)2" 
But 2:4+6++-(2n—2)=2”" 'n— 1)!, so that 


[1-3°5+++(2n —3)2°4-6° +: (2n — 2)] 
~ (n— 1)! 


g‘(0) 


1 (2n — 2)! 


1 
(a) =e ees va ag. _ = 
a,=718 (0) ie Dla Ci2n-2,n-1)=C, 


and 


Solved Problems 


ORDINARY GENERATING FUNCTIONS 


3.1 Find the ordinary generating functions for the following sequences: 


(a) (1,1,1,1,...) (c) (1,2,3,4,...) (e) (0,1,2,3,...) 


(by 4t.— lips) @) (ly -2.3, —4,203) 


(a) Ttxtx7? tx? +++ =(1-x)' =f@) 
(b) P-xtv te =f-n etx)! 
(c) 142x437 4+--=f"W=(1-” 
(d) 1-243 ---=f'(-y (1+) 
(e) Otet2 43x74 02 =9f'@) =x - x? 


3.2. Using the generating function of Example 1, establish Pascal’s identity, 


Cn+1,n)N =Car) + Cn, r- 1) 
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The coefficient of x” in (1 +x)"*! is Ca +1,nr). But (1 +.x)"*'=(1 +0", and the coefficient of x” in the 


right-hand side is C(n,r) + C(n,r— 1). 


3.3. Give the ordinary generating function of the sequence (n(3 + 5n)). 


We have n(3 + 5n) = 3n + 5n”. By Example 10, the respective generating functions of (n) and {n’) are 


x ms x(1 + x) 
(1—x)’ (1-x)° 


Hence, by Theorem 3.1(v), the answer is 
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3x 5x(1 + x) 3 8x + 2x” 
(Q-xr (i-x = (~-x? 


3.4 Find the ordinary generating function of the sequence (Cr +n—-1,n—1)),., @ by a combinatorial 
argument, and (b) by differentiation of the infinite geometric series. 
(a) From Problem 1.139 it is known that C(r +n — 1, — 1) counts the nonnegative integral solutions of 
Uj, tu te tasr 
Therefore, one can write 
rere er eae Ce 
G—-x" \in-x/\i-x 1-x 
H(L EXE He EX He ML EKER Hee tx tees) 
ee(L tx tx? tees txt tees) 
= ( S las 
r=0 | uytugtetu,=r r=0 
“;2=0 
(b) Differentiate 
1 = ‘ 
I-x zx 
n— 1 times to obtain 
- 1)! — 
a Z = 2) kk-1)+- ent 2)x0"" 
(1 -x) k=n-1 
- = tn—1)! 
ecient 
r=0 r=0 r 
Division of both sides by (n — 1)! reproduces the result of (@). 
3.5 


Find the sequences corresponding to the ordinary generating functions (a) (3 + x), (b) 3x° + e*, and 
(c) 2° —x)7?. 


(a) (3+x)° =27+27x + 9x? +x°; the sequence is (27, 27,9, 1,0,0,0,...). 
‘ pg 2? ae 2° 
(b) 3° +e*%=1 srt Zere(se terre sere. 


The sequence is (1, 2,27/2!,2°/3!+ 3, 27/4!,...). 
(c) 2x4 —x)! = 2x71 t+uxtx7+x°+---); the sequence is (0,0, 2, 2,2,...). 


3.6 Find the coefficients of x?” in (a) (x4 tx 4x°4>- -p and (b) «x + 2x7 4+ 3x° +> ‘yy. 


(a) Since (* +25 +++) =x°(1 —x)”°, what is required is the coefficient of x’ in (1 — x) *. By Problem 3.4, 
this is C(11, 4). 


(b) Since (* + 2x5 + 3x°4+-) PP =x[(1— x) 7) = 271-2)", we require the coefficient of x’ in 
(1-x)7'°, which is C(16, 9). 
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3.7 Repeat Problem 3.4 for the sequence (C( — 1,n — 1)) (=O). (The first n terms are Os.) 
(a) By Problem 1.142, C(r — 1,1 ~ 1) counts the solutions in positive integers of 
u, tu, tess tu=r 


n 


Therefore, one can write 


Ga) “Ga G | 


al Can Sie Ee a ES 6 a a ae 


Sn 6a ae ee 
= > i x =>) Cr—-1n~ x" 
r=0 | uptugtetu,=r r=0 

aj;21 


(b) From Problem 3.4(b), 


2 


( x yer l = "> Cs+n-1n-Dx 
1-x (1 - x)" “ : 


s=0 


=>) Cstn-la-pxet*=> Cir — 1,n- Dx" 
s=0 ren 


3.8 (Restricted Partitions) Given a collection K of n distinct positive integers, a, <a, <+++<a,, and 
an arbitrary positive integer r, let 


f(r) = number of partitions of r into parts 
selected (with replacement) from K 


Determine the ordinary generating function of (f,(0)=1, f,(1), f,(2),...). 
Here we want to count the solutions in nonnegative integers of 
Qu, + au, te tau, =r 


and so we write 


a 


I] 


i 
iz1 l-x 


red 0 Oe Se Cae ee a 


X(L +x? +O" +>: +2 $e] 


3.9 If throwing a die 5 times constitutes a trial, with the 5 throws considered distinguishable, find the 
number of trials that produce a total of 12 or fewer dots. 


Let 


a, = number of trials that produce r dots 


A, = number of trials that produce at most r dots 


Clearly, (a,) has the generating function 
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I\5 
XxX 
glare ta5'-( ) 


1-x 


Hence, by Theorem 3.1(ii), (A,) has the generating function 


= x—x! 
(t=) ( 1-x 


5 
) =(c-x’)\(1-x)"° 


= (7° — $x" + 10x97 —-- 9) DC $5, 5X" 
ra 


The coefficient of x’? on the right is 


Ay, = 1+C(12, 5) — 5+ C(6, 5) = 762 


3.10 In an experiment, 4 differently colored dice are thrown simultaneously, and the numbers are added. 
Find the numbers of distinct experiments such that (@) the total is 18 and (6) the total is 18 and the 
green die shows an even number. 


(a) The answer is the coefficient of x'® in the generating function 
(x! +x? + eon +x°)* — « -xya -x7') 


= (xt — Ax! + 6x8 — 2) DC +330" 
r=0 


which is seen to be 


1°C(17, 3) — 4° C(A1, 3) + 6° C65, 3) = 80 


(b) Now the generating function is 


4x6 4+x%@' tar tere $x = Q? +x" t+ x(x — 3x° + 3x — x7) > C(r + 2,2)x 


r=0 
= (x tx? $9 — 3x! — 3x"? — 3x! 4 x7 HD CO +22 
r=0 
in which the coefficient of x’® is 
1-C(15, 2) + 1-C(13, 2) + 1-C(1, 2) — 3+ C(9, 2) — 3° CCT, 2) — 3 C5, 2) + 3-C@,2) 


or 46. 


3.11 Use the generating-function method (a) to count the distinct binary solutions of 


u,tu,terrs tur 


(b) to establish the pigeonhole principle (Section 1.3). 


(a) The generating function (on r) is 


(+x0"= > Ca,nx’ 
r=0 
Thus there are C(n, r) solutions (= 0 for r > 7). 

(b) The function (1 + x)” is also the generating function corresponding to the problem of distributing r identical 
pigeons among n distinct pigeonholes so that each hole receives fewer than 2 pigeons. The coefficient of 
x"*' in the generating function is zero. Hence, when n + 1 pigeons are distributed, some hole receives at 
least 2 pigeons. 
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3.12 


3.13 


3.14 


3.15 


3.16 


3.17 


A box contains many identical red, blue, white, and green marbles. Find the ordinary generating 
function corresponding to the problem of finding the number of ways of choosing r marbles from the 
box such that the sample does not have more than 2 red, more than 3 blue, more than 4 white, and 
more than 5 green. 


The generating function is 
(txt xe yl tx tx txydtxter tx lteter tx’) 


= (1-1-2) - 2°) =) 0) 


Find the number of ways of forming a committee of 9 people drawn from 3 different parties so that no 
party has an absolute majority in the committee. 


If any party is excluded, one of the other parties will have an absolute majority. So there must be at least 1 
person from each party. And no party can have more than 4 representatives in the committee. Thus the generating 
function is 


fo =e +22 $23 +44)? = (0? — 3x7 + 3x" — x8) DCO +22)" 
r=0 


The answer is the coefficient of x” in f(x), which is 


1-C(8, 2) —3+C(4, 2) = 10 


Let foy=(ltxteest x" and gx)=(ltxt+--: +x" 'S3, Use a combinatorial argument to 
show that the coefficient of x’”*' in f(x) is equal to the coefficient of x"? in g(x). 


Consider the equation a + b + c = 2n + 1, where the 3 variables are nonnegative integers at most equal to 7. 
The number of solutions is the coefficient of x*"*' in f(x). But no variable in this equation is 0, for then 1 of the 
remaining 2 variables would have to exceed n. So the number of solutions is also equal to the coefficient of ne 
in 


(etx? tere tx") =x? 9(x) 


2n—-—2 


which is the coefficient of x in g(x). 


Find the number of ways of changing a dollar bill into coins (pennies, nickels, dimes, quarters, and 
half dollars). 


Required is the number of partitions of 100 when the parts are restricted to the numbers a, = 1, a, =5, 
a, =10, a, = 25, and a, = 50. By Problem 3.8 the generating function is 


a —x') — 2) Sg 1 ogy t(j =x)" 


After a tedious computation one finds that the coefficient of x'® is 292. 


For a fixed real number &, find the ordinary generating functions of the sequences (indexed by 7) (a) 
(k"); (b) nk"); (c) (c,), where c, =1+k+ 2k? + 3k + +++ + nk"; and d) (k’/n!). 


(a) fx) = 1/(1 — kx). (b) xf), by Theorem 3.17). (C) C1 — x) 'xf'(x), by Theorem 3.1(i/). ) e™*, 


Find an ordinary generating function that solves the problem of finding the number of positive 5-digit 
integers with digit sum r. 
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3.18 


3.19 


3.20 


3.21 
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The leading digit is at least 1 and most 9; the other 4 digits are nonnegative and at most 9. Hence the 
generating function is 


(Ktx2 tee tO ML Ext te $x) =x — 2°) 2!) 


Given a positive integer k, use the generating-function method to find the number of solutions in 
nonnegative integers of u, +.u, +--+ +u, =n, when (a) the first 2 variables are at most 2; and (6) 
the sum of the first two variables is at most 2. 


(a) fa)=A4xtxVPU txt te? =(b-rYU-9 
(b) Case 1. Both variables are 0, and the sum is 0. 
Case 2. One of them is 1 and the other is 0, and the sum is: 1. 


Case 3. Both are 1 or one of them is 2 and the other is 0, and the sum is 2. 


These cases occur in 1, 2, and 3 ways, respectively. So the generating function is 


Q4+2x43x70txtx? te 7 =(1 4243x124? 


Rework Problem 1.144 by means of a generating function with respect to n. 
For fixed r, 
a,, = number of r-combinations of {1,2,3,..., n} with the desired property 


Then, from the constrained equation derived in Problem 1.144, 


txt ete etree lteter te y= Dax 
n-O 


or x dant P =x DY a,x" 
n=0 
or, finally, 
S ax Sa" aay (i) 
a=0 


Verify that the correct generating function was obtained in Problem 3.19. 


We know that 


Q-ay?= 2 CGtnne ) 


i=0 
Hence (i) of Problem 3.19 gives [in (+) take j=” —2r+ 1] 
a,=Ca—-rti,r) 
in agreement with Problem 1.144. 
(Uniqueness of Base-b Representation) \f b is an integer greater than 1, prove by means of a 
generating function that an arbitrary positive integer r can be written as 
r=robtrbitrb+-:: (<r, =b-1) (*) 


in 1 and only | way. 
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The generating function for the number of solution vectors (ry,7,,72,...) of (#) is obviously 
[LP $7 pe FOOD TT FO 4 97M 4 ne f ODO] 


XK [1 +t? $209 4 pO POHL, 


= =ftxtrt¢x> 
1-x 


Each coefficient in the generating function is 1; ie., any r has a unique base-b representation. 


PARTITIONS OF INTEGERS 
AND THEIR GENERATING FUNCTIONS 


3.22. Prove Theorem 3.2 without drawing the star diagram. 


The system 
lu, +2u,+3u,+---+tnu,=r (u, a nonnegative integer) 


which by definition has precisely p,(r) solutions, is taken by the substitution 


u,, = Ww, 

U,_, =W.— Wy 

U2 ~W3 — Wo (*) 
u, = WwW, 7 Way 


into the system 


< <= ar 
W,=wWw,>Ww,= =w, 


(w, a nonnegative integer) 


This latter system has precisely g,(r) solutions. But the mapping (*) is obviously bijective, so that p,(r) = q,,(r). 


3.23 Establish the recurrence relation 
OAV) = In) + 9,(r — 1) 


[also satisfied by p,(r)] (@) by solving a distribution problem; and (6) by use of Theorem 3.3. 


‘@ Imagine you are given a heap of r identical 1s and a row of n identical boxes. Partitioning r into exactly n 
parts—which, by definition, can be accomplished in q,(r) — g,,_ ,(r) ways—is tantamount to first putting a 1 
into each box (/ way) and then arbitrarily distributing the remaining (r— 7) 1s among the n boxes 
[q,(r — 2) ways]. Thus, by the product rule, 


q,(") Ini) 3 I . ane n) 


(b) From Theorem 3.3, (1 —x")g,(x) = 8,.,(x). Equating coefficients of 2’, 
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3.24 


3.25 


3.26 


3.27 


3.28 
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a) — 9,0 — 1) = 4,102) 


Let 


p(r, n) = number of partitions of r with largest part n 
q(r, n) = number of partitions of r into exactly n parts 


(a) Prove that, for all r and n, p(r,n) = (7, n). () Determine the ordinary generating function (on r) 
of either sequence. 


(a) p*(r, n) = P,P) — Pas) = a) ~ MnO = WD) 
(b) In the notation of Theorem 3.3, 


f,@)= = ptr, nx" = = p(x" — y p,\(nx" 


Use generating functions to establish (a) p(r, n) = p,(r — 7); (b) p(r, n) = p(r — n), for n= Lr/2J; and 
(c) p(2n, n) = p(n). 


(a) By Problem 3.24(b), the coefficient of x” in f,() equals the coefficient of x"~" in g,(@). 
(b) By Theorem 3.4, 
p(r — n) = coefficient of x7~" in 
a(x) = 2, (x)(1 pattl  gtrt2a.. aye! ptt ag ytetta.. yee 


= (coefficient of x7” in g,(x)) 


(ron)-—@tthy 


+ (coefficient of x in g,,(x)) 


arate ze 


Now n2Lr/2] implies r — 2n — 1 <0, so that the second and all succeeding coefficients on the right-hand 
side are 0. The first coefficient is just p,(r — 2) = p(r, 7). 


(c) Set r=2n in (). 


Show that p( + n,n) = p(r, 1) + p(, 2) + +--+ +p(r,n). 
The left-hand side is p,(r), by Problem 3.25(@). The right-hand side is p,(r), by definition. 


Let p*(r) be the number of partitions of r into unequal parts. Obtain the ordinary generating function 
of (p"(")). 


A given positive integer i appears either 0 times or 1 time among the parts of r; hence 


8 


($x) tx700 $27) Ux) = 2D pr 
0 


r 


It is evident that for a particular value of r—say, r = s—only the first s factors of the infinite product need be 
retained. 


Let p”(r, EVEN) be the number of partitions of r into distinct even parts and let p’(r, ODD) be the 
number of partitions of r into distinct odd parts. Find the corresponding generating functions. 
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(L4x?dtxtx)--) and = (14+ x) 2°) +2x°)--- 


3.29 (Euler’s Theorem) Let p(r, ODD) be the number of ways of partitioning r into (possibly repeated) 
odd parts. Show that, for every r, p(’, ODD) = p*(). 


The ordinary generating function of (p(r, ODD)) is given by 


1 ~(==)(E5)\(ES)(E3)- 
G27) - 2 )\1-2x°)--- t—x'/\1-2?/\ 1-2? /\1-x4 


=(14+x')\l4+27)0 + 2°) +24)--- 


= generating function of (p”()) 


where the last step uses Problem 3.27, 


3.30 Establish the upper bound p(r) < exp (3 V7). 


If g(x) is the generating function of Theorem 3.4, then for any r and all O<x<1, 
p@)x" < g(x) or log p(r) < log g(x) — r log x 


From the well-known expansion 


— pee O<u<1 
ise. 2.3 Oats) 


log 


it follows that 


‘ Pe 
+ cae ioe Waa apes 


HM tte tl Ptah tee) 
3 6 9 
FEM AK Hee tee 


x 1 x 1 


eg 2 pee? 34-x3 


Now, for O0<x<1 and k = 1,2,3,..., 


k- = 
x® x x 1 x k-t 


= < 
Pox® Lox px ttt tak Lax gh ta gh tag tte tx 


k-1 


ae 
~1l-xk 
h tog 90<_2-[1+(4) +4) 4 J- = 
whence A ea a 2 3 = ey 6 
1 dt Me hex 
Further, ~log x = log —= =< dt = 
x 1 t 1 
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Therefore we have 


2 


ioe 
og PY) <7 


+ 
x Xx 
Using standard calculus to minimize the right-hand side of () over O<x <1, one obtains 
log p(r) < ae Vr<3 vr 
¢) r —j vr r 
reheat 


and the proof is complete. 


3.31 Establish the lower bound p(r) = 2% for r=2, where q =L~vr]. 


The bound may be established by inspection for q = 1,2; so assume q = 3. It is asserted that each nonempty 
subset S of X = {1,2,3,..., g} generates a partition of r. In fact, if 


o(S) = sum of the elements of S 


2 
q hg LBS they 


then a(S) = aX) =F 7) een 


so that S U{r — o(S)} is the desired partition of r. 
Furthermore, distinct subsets generate distinct partitions. To see that this is so, let 


5, Uf{r -— aS, )} and S, Uf{r — ofS, )} (i) 


be the partitions generated by the distinct k subsets (1=k=q-—1) S, and S,. For i= 1,2, we have 


2 — 
r-o(S)=q — [oX) ~ jeg?-[|2*s-? | 


_gG@-at2_—_, (q-2q-) 
paar ara os 2 


Consequently, for ¢ = 3, 
r-oS)>¢ {ii) 


If the 2 partitions (i) coincided, and if o(S,) = a(S,), then S, must coincide with.5,, which is contrary to the 
hypothesis. On the other hand, if the 2 partitions (i) coincided, and if o(S,)~ o(S,), then r — o(S,) would have 
to be an element of S,, which is ruled out by (i). 

The conclusion is that the number of partitions of r must exceed the number of nonnull subsets of X: 


pir) >2?-1227 


3.32 The number of partitions of r into n distinct (unequal) parts is denoted by g(r, n). Prove that 
q”(r,n) = qr — CQ, 2), 7) 
The following proof is similar to that of Problem 3.22. By definition the system 


u,tu,tes stu, =r 
(*) 
O<u,<u,<---<u 


n 
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has precisely g”(r, n) solutions in integers u,. Under the bijective transformation 


W,=W, 
uw=w,tl 
u,=w,t+2 


“u,=w, t(n— 1) 
(*) goes over into 


w,tw,ter++w, =r—-Ct, 2) 
(#*) 


< eee ee 
O<w, S=w,=w,5 =w, 


But, again by definitions, (**) has exactly g@ — C(n, 2), 2) solutions in integers w,. 


3.33 A partition that is its own conjugate (see the proof of Theorem 3.2) is called self-conjugate. Show 
that the number of self-conjugate partitions of r is equal to p*(r, ODD) (Problem 3.28). 


A partition is self-conjugate if and only if its star diagram is symmetric about a diagonal of a square [see 
Fig. 3-2(a)]. But then the diagram may be read as nested L shapes, or elbows [see Fig. 3-2(b)], giving a partition 
into distinct odd parts. This procedure is obviously reversible; hence the correspondence is one-to-one. 


5 a 
Oe 
"Se 
k oe RK [#] 
H ‘“! 
fede cee 
(a) (b) 
Fig. 3-2 
3.34 Show that 
LvrJ LvrJ 


p*(r, ODD) = >) p,(r ~ k?, EVEN) = > q,(r — k°, EVEN) 
k=l k=1 


As in Fig. 3-2(b), represent a partition of r into distinct odd parts by nested elbows. Let & be the number of 
parts. Then & is the largest integer such that the diagram contains a k X k square (called the DURFEE square) 
having as one corner the asterisk in the first row and first column. Clearly, 1 sksLvrl, in Fig. 3-3, which 
diagrams 23 = 11+9+ 3, one has k = 3. 
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! *k * * ! *k * 
| *k *£ ! * 
ee 
* 
* 
Fig. 3-3 


The remaining r—k’ asterisks can be assembled into a partition of r —k? with all parts even, in two 
different ways: 


(i) If the ith part in the partition is the total number of asterisks in the (k + i)th row and the («+ Ath 
column, then all parts are less than or equal to 2k. 

(ii) If the jth part in the partition is the number of asterisks in the jth elbow which lie outside the square, 
then there are at most & parts. 


Since the geometric argument is reversible, we conclude that the number of partitions of r into k distinct odd 
parts is given by either p,,(r ~ k’, EVEN) or q,(r — k°, EVEN). Hence, a summation on & yields the required results. 
Note that, as usual, the sums may be extended from k=0 to k=, since only null summands are thereby 
introduced. 


(Euler’s First Identity) Derive 


7 a 
\ 3 Soin ua ite = 8 OI ee, 
($x) +220 +2") = TERT ee ae eC 


(an empty product equals unity). 


By Problem 3.28 the left-hand side is the ordinary generating function of (p*(r, ODD)). In view of Problem 
3.34 it is enough to prove that the kth summand (k =0, 1,2,...) on the right is the generating function of 
(p2,(7 — k’, EVEN)), 29. But this is obvious; for 


Re 
x 


ne 2 4 4 8 2k 4k 
ae oe Pex tx tee A tx tx teee)ers 1+ + +e 
—wieoedao \ peje (tx +x ) 


we? 5 . +k? 
a> Po(S, EVEN)x° = oD P48, EVEN)x° 
s=0 s=0 


= >) p.,(r — k?, EVEN)x” 
r=0 


(Euler’s Second Identity) Show that 
~ hh) 
142,142 +2 °° = OSS 
CE ae 2 do 


Suppose that we are given a partition of r into k distinct even parts. Then subtraction of 1 from each part 


CHAP. 3] GENERATING FUNCTIONS AND RECURRENCE RELATIONS 123 


3.37 


yields a unique partition of r — k into k distinct odd parts. Conversely, addition of 1-- + yields a unique ---. By 
this one-to-one correspondence, and by the result of Problem 3.34, 


_ (No. of partitions of 7 — 


No. of partitions of r into ( *) 
~ \into k distinct odd parts 


k distinct even parts 
= po, ((r — k) — k’, EVEN) 
= p2,(r — k(k + 1), EVEN) 


Therefore, the proof of Euler’s second identity reduces to establishing that the ordinary generating function of 
(p,,(r ~ kk + 1), EVEN)), 29 is just 


Faas 
(1-27) — x*)(1 — x8) — x4) 


This may be carried out by inspection (compare Problem 3.35). 


Define 


q* (r, E) = number of partitions of r into an even number of unequal parts 
q” (r, O) = number of partitions of r into an odd number of unequal parts 


Prove that 
(-gd 21-27) = 2 OBE - 9" OW 
r=0 
Because 
(I-00 97) 8) = td tbe tt t+ Cpe): 
any partition of r into an even number, e, of unequal parts will contribute (—1)° = +1 to the coefficient of x” in 


the infinite product. Analogously, any partition of r into an odd number, 0, of unequal parts will contribute 
(~1)’ = —1. Therefore, the coefficient of x” is 


q”(r, EX +1) +47, ON-1) = 9", E) — 477, 0) 


as asserted. 
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3.38 


339 


Find the exponential generating functions of 


(a) (1,2,3,0,0,0,...) (c) (1,a,a’,a’,...) 
(b) (0,0, 1,1,1,...) (d) (0,1, 2a, 3a’, 4a’,...) 
x ae a ax 
(@) 1+2x+35, (c) ltaxta ata qt me 
x? x? x? x 
OF apt ee mda (2) xt+2a5, 43a ate exe 


Find the exponential generating function of (a,), where a, is the number of r sequences of the set 
E = {e,, €9,-+-5 nh 
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Looking at the product 


2 ff 2 é. 2 i 
x x! x x? x xe 
Gaye(teer te tte Sista adie) (rege tie) 


one sees that the r sample of E consisting of i, ¢,’s, i, €,’8,..-,i, €,’s—where i,,i,,...,i, are nonnegative 
integers with sum r—contributes 
r! 


a = Pri, i i) 
a ae webaveess 
i,ti,t---i,! mt 


to the coefficient of x’ /r! in GGx). But this contribution is, by Theorem 2.1, precisely the number of r sequences 
of E generated by permutation of the given r sample. Hence the total coefficient of x’/r! is just a,. That is, 
G(x) = (e’)” is the desired exponential generating function. 


For any positive integer n, prove combinatorially that (e”)” =e”. 
yp g P. y 


In Problem 3.39 the exponential generating function of the integers a, was found to be (e*)”. On the other 
hand, Section 2.2 shows that a, ="; and so the exponential generating function of the a, is 


Dn 


r=0 


~ 


rh en 
If a leading digit of O is permitted, find the numbers of r-digit binary numbers that can be formed 


using (a) an even number of Os and an even number of 1s; (6) an odd number of Os and an odd 
number of 1s. 


Here we are counting r sequences of the set {0,1} that obey certain restrictions. 


(a) By analogy with Problem 3.39, the exponential generating function is 
F a(n ae y(cy -t 4 e742 
=I tort a os Tages ) 
The coefficient of x"/r! in F,(x) is 2""' if r is even, and (of course) 0 if r is odd. 
3 5 2 x —xX\ 2 
2 AN oe) tReet = 
(b) roy=(x+ 31 + 51 + ) -( °) ) =F (x)—-1 


Thus the answer is the same as in (a). 


Find the number of r-letter sequences that can be formed using the letters P, Q, R, and S such that in 
each sequence there are an odd number of P’s and an even number of Q’s. 


The answer is the coefficient of x’/r! in 
3 5 2 4 
x Xx Ko de 
(etre gehen le Me} 


-()\(S5) pkey 
eS 7 a a 


This coefficient is 4”~'. 


Obtain the result of Problem 1.146 via an exponential generating function. 


There exists a one-to-one correspondence between the n sequences of an m set, in each of which every 
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element of the m set appears at least once, and the onto mapings from an x set (of positions in an ” sequence) to 
the above m set. Now, the exponential generating function for these n sequences is clearly 


a ae : x mi 
xtaptapte =(e* —-1) 


which function is also, by Example 3, the exponential generating function of the integers m! S(n, m). Hence there 
are exactly m! S(n,m) onto mappings from an n set to an m set. 


The exponential generating function for the Bell numbers was found in Problems 2.9 and 2.10 to be 
ex-1 

Check this result by use of the exponential generating function for the Stirling numbers of the second 

kind. 


By the definitions of the two kinds of numbers (see Problems 1.146 and 1.161), 
B,= 2, Si,m) [B, = S(0,0) = 1] 


(If n= 1, only n of the summands are nonzero.) Because the (exponential) generating function (g.f.) of a sum is 
the sum of the generating functions, Example 3 gives: 


oo 


1 te 
Exponential g.f. of (B,)= >> aye -—1)"=e! 


m=0 7 


The sequence of Bernoulli numbers, (b,),-,. has the exponential generating function 


x 
e-i 

Show that (@) b, =b, =b, =-:+: =0; and (6) 

<1 (=1)" 

= i] 
b, Dombi” S(n, m) 
x x x 1 x —x 1 
(a) bb +b t= 5 (Spe) on 
whence 6, = ~4 and b,=b, =+++ =0. 


(b) Two sequences are identical if and only if they have the same exponential generating function. By Example 
3, the exponential g.f. of the numbers 


S (=1)” 
t 
> HW m! S(u, m) 
is given by 
2 (-1)" 2 ies 1 ) a ~e@y""! 
Dati’ y ar aan m+1 
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Find the number of ways of distributing 10 distinguishable books among 4 distinguishable shelves so 
that each shelf gets at least 2 and at most 7 books. 


This is a problem in restricted sequences, like Problems 3.41 and 3.42. Here we want to count the 
10-sequences of a 4 set (the ith term of a sequence is the shelf to which the ith book is assigned) that can exist 
under the given limitations. The appropriate exponential generating function is 


2 3 WN 4 x7 4 
x x x = 1 
GG) = (= age 45) as (3 ce he ) 


and the answer is the coefficient of x'°/10! in G(x), which is 10!/16 = 226,800. 


Derive the linear recursion relation for the Bell numbers [see Problem 1.161(b)] from the exponential 
generating function. 


Differentiation of 


Ce eee . x” 
aan 2B, r! 
x! 
. e eo | = 
gives ye") = > B. (1)! 


On the right the coefficient of x’/r! is B.,,; on the left it is—by Theorem 3.1()— 


D> Ce, iB, 
i=0 
r rat 
Therefore, . B.,= DCB, oo = B,= 2 Cr-1,i8B, 
i=0 i=0 
(Dobinski’s Equality) Prove that 
1 n=0 
B=) eS kt n= 1,2,3,... 
k=1 


The exponential generating function of the numbers on the right of the asserted equality is 
1% x" i is 
D1 OL re Dies 
n=1 
= ~ 1 yk 
=ite' > pe) -1] 
k=1 k! 


=i1te 'e°-e=e' 


which is just the exponential generating function of (B,). 


Obtain a linear recurrence relation for the Bernoulli numbers (Problem 3.45). 


By Problem 3.45, 
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The left-hand side is the exponential generating function of (0,1,0,0,0,...). Since e*—1 generates 
(0, 1,1, 1,...), Theorem 3.1(iv) tells us that the right-hand side generates 


(> Cin. ib, .) 


fel 


Consequently, b, = 1 and, for n = 2, 


n 1 it 
> Cin,i)b,_,=0 or b,,= ee Cin, i)b,_, 


f=] i=2 


For every positive integer n let 
Son) =n and 5,2) = 17+ 274+ 37% +-+5+(2— 1)” 
where m is a positive integer. Obtain the exponential generating function of the sequence (s,,(1)) =o: 
By linearity, 
ef. of (sk + D)noo — af. of (5A) woo = of. of <s,,(k + 1) — 5,0) mac 
= g.f. of (k”) nao =e" = (€’) 
This simple recurrence relation is solved by summation [s,,(0) = 0]: 


pees | 


nal 
gf. of (s,,(1)) noo = ay (e’)' =~ = 
k=0 ee | 


The sum of the mth powers of the first x ~ 1 positive integers may be expressed in terms of the first 
m+1 powers of n, as follows: 


s,,(n) = — aT LC ibn" 


Prove this. 


By Problem 3.50 the exponential generating function of (s,,(7)),,20 is 


ie “GapC =) «© 


The first factor on the right of (+) generates (b,,),, = 0; the second factor generates (n” ” 'K(m + 1))m = 9 Hence, by 
Theorem 3.1 (iv), 


mini 


s,,(n) = > (an) ergrar pear 


= 


mein 
= aT Con i)bn 


Use the formula of Problem 3.51 to check the result of Example 9. 


The recurrence relation of Problem 3.49 gives b, = 1, 
b= —gby=- 4% and b, = — 4 (3b, +b) =F 


2 


so that 
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2 
s(n +1)=4 > CG, ibn + 1% 


=1{@+1P-2(nt+1P+i@+D) 
_ @t InQn +1) 
= 6 


3.53 The Bernoulli polynomial of degree m is defined by 
B,,(t) = >» Cm, i)b,t" 
i=0 
(a) Show that s,,_,(”) =[B,,(n) — B,(0)]/m. 


(b) Obtain the exponential generating function (in the variable x) of the sequence (BO) m=0" 


(a) By Problem 3.51, 


=~ [%,(n) - B,(0) 


(b) The sequences (b,,),,29 and (t”),,.9 have respective exponential generating functions 


tx 


a and e 


Then, by Theorem 3.1(iv), the binomial convolution 


(> cm, noe”) aa (BO) mero 


m= 


must have the product xe” /(e” — 1) as its exponential generating function. 


RECURRENCE RELATIONS AND 
ASSOCIATED GENERATING FUNCTIONS 


3.54 A bank offers r percent interest. If a, is the amount in deposit for a customer at the end of n years, 
find recurrence relations for (a,) if (a) the interest is simple, and (6) the interest is compounded 
annually. 

(a) Suppose a, is the initial deposit. At the end of each year ra, is added to the balance at the beginning of the 
year. Thus a,,, =@, + ra, is the recurrence relation. 


(b) Now ra, is added to a,, so that a,,, =(1 +r)a,. 


3.55 There are n lines drawn in a plane such that no 2 lines are parallel and no 3 lines are concurrent. If the 
plane is thereby divided into f(n) regions, find a recurrence relation for (f(7)). 


The number of regions formed by n — | lines is f( — 1), and by hypothesis the nth line meets the other 
n— 1 lines in n — 1 distinct points. So these n — 1 lines divide the nth line into » parts. Each such part divides a 


former region into 2 subregions. Thus the nth line creates n more regions, and one has 


fn=fn-Dtn with f(1) =2 
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There are n circles drawn in a plane such that each circle intersects every other circle in exactly 2 
points and no 3 circles meet in the same point. If these circles create f(7) regions, find a recurrence 
relation for (f(n)). 


The nth circle meets the other n — 1 circles in 2(n — 1) points, creating 2(n — 1) more regions. Thus the 
relation is 


Fm) =fln- 1) +2(n - 1) with fC) =2 


(The Tower of Hanoi) There are n circular disks of decreasing radii, each with a hole at the center, 
and 3 pegs (marked A, B, and C) fixed vertically on a table so that the distance between the feet of 
any 2 of them is greater than the diameter of the largest disk. Initially these disks are slipped onto peg 
A with the largest disk at the bottom and the others on top of this, in decreasing order of size. A legal 
move is defined as the transfer of the top disk from i of the 3 pegs to the top of the stack on 1 of the 
other 2 pegs where it rests on a larger disk. Let f(7) be the number of legal moves needed to transfer 
all n disks from peg A to another peg. Find a recurrence relation for (f(n)) and solve it. 


Suppose the largest disk is fixed (for the time being) at the bottom of peg A. The number of legal moves 
needed to transfer the other n — 1 disks to peg C is f(n — 1). Now transfer the largest disk from peg A to peg 
B—in 1 legal move. Then transfer the n — 1 disks from peg C to peg B, making f(z — 1) legal moves. Thus the 
relation is 


fm=fa-1)+1itfe@—1)=2fa-1)+1 
with the initial condition f(1) = 1. 
A particular solution of the linear recurrence relation (*) is p(2) = —1; the general homogeneous solution is 
h(n) = c2". Therefore, 
fa) =c2"-1=2"-1 


where the initial condition was used to evaluate c. 


Derive Theorem 3.3 from the recurrence relation 
An) ~ Fp-1 1) = 9, 6 — 1) 


obtained in Problem 3.23(@). 
Multiply through by x’, and sum from r=0 to r=: 


3 1 
8,00) — 8,-,@) = x"8,(%) or 80) = Ta 8-1) 
Iteration of this last relation, with use of the starting value 


1 
{=x 


g,Q=> x= 
r=0 


1 


yields 80 Gp od oy do) 


Let a, be the number of 7-letter sequences that can be formed using the letters A, B, and C such that 
any nonterminal A has to be immediately followed by a B. Find the recurrence relation for (a,) and 
the corresponding generating function. 


Either the first letter of a sequence is A or it is not. In the former case, the second letter is B, and so there are 


130 


3.60 


3.61 


3.62 


GENERATING FUNCTIONS AND RECURRENCE RELATIONS 


(CHAP. 3 


a,» sequences in this category. In the latter case there are 2 choices for the first letter, and therefore 2a,_, 


possible sequences. Hence, 


a, = 2a 


” n-1 


t+a,_2 


with starting values a, = 3, a, =7. 
To obtain g(x) = D>_, a,x", multiply (*) by x” and sum from n = 3 to n =: 


3x +x? 
g(x) ~ 3x — Tx? = 2x[ gx) — 3x] +2790) org) = =e ce 


The famous Fibonacci sequence, (1, 1,2,3,5,8,...), is defined by the recurrence relation 
fin) = fla — 1) + fla — 2) 
with initial conditions f(0) = f(1) = 1. Show that, for n =0,1,2,..., 


roe) EY] 


Use the theory of Section 3.4. The roots of the characteristic equation,  —t-—1=0, are 


1+V5 
ha= 5) 
so that 
1+V5\" 1-V5\" 
IM=C, 2 +E, 3 
The initial conditions determine the constants as 


esis . _1-v5 
tas 2 2V5 


and (ii) (known as the Binet formula) follows. 


Obtain the ordinary generating function, d(x), of the Fibonacci sequence. 


Treat (i) of Problem 3.60 in the usual manner: 
> fix" =x D fa- Vx" +x? Y fin- 2x"? 
n=? n=? n=2 
$(x) — 1 -x=x16@) - 1] +x°b(x) 


1 
GOS a 


Xx 


Retrieve (ii) of Problem 3.60 from the generating function found in Problem 3.61. 


(i) 


(ii) 


Observe that (x) is a rational function the numerator of which is determined by the initial conditions on (i) 
of Problem 3.60 and the denominator of which has as its roots the reciprocals of the characteristic roots. (This 
kind of thing happens with every linear recurrence having constant coefficients.) Thus there will exist a 


partial-fractions decomposition of the form 


Fr eee ee ge 
Oxi, x—Iit, 
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The conditions on A, and A, are found to be 


A,+A,=0 
JA $4 =] 
t, : f ; 
which yield 
oo ze hh 
aCe Oe t 


and give 


ap tla Ne oa Sh Sad 8 
LO ae [== 1/t, x— Ti | 


Then, by differentiation, 


at pmb ft Fin! "a! 
fi =F ¢ ()=Th t—t, ae aa | 
fe atl n+l 
= « —t, ) 


7h 


When numerical values are substituted, this last expression is seen to agree exactly with (ii) of Problem 3.60. 


Prove the following formula for the Fibonacci numbers: 
fm =Ca,0)+Ca-1,1I)+Ca@-2,2) +--+: 


(a terminating series). 


From Problem 3.61, 


=O 2 2 eee 
P(x) = foxtl eo =1+x1+x+x7(1 +x) + 


txt xy ta" tay tee 
If the first m + 1 terms on the right are examined in reverse order, it is seen that the coefficient of x” in @(x) is 
14+C(n—1,1)+C@m—2,2)+--- 


as asserted. 


(Combinatorial Definition of the Fibonacci Numbers) Prove that the set J, ={1,2,3,...,} has 
exactly f( + 1) subsets (including the null set) that contain no 2 consecutive integers. 


Let a,, = (number of subsets of J, containing no 2 consecutive integers). The subsets counted by a,, fall into 
two categories: 


nis not an element. There are obviously a,_, of these subsets. 


n_is an element. If A is such a subset, A —{n} is a (possibly null) subset of J,_, that contains no 2 
consecutive integers. Thus there are a,_, subsets in this category. 


Consequently, 
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a, =4,-,+4,-2 (a, =2,a, =3) 


and comparison with the Fibonacci recurrence shows that a, =f(n + 1). 


The set I, of Problem 3.64 is bent around a circle so that elements 1 and n become consecutive. Show 
that there are now 


L, =f") +fa- 2) (n=3,4,5,...) 


subsets without consecutive integers. (The numbers L, are called Lucas numbers.) 


Assume that n =3. An acceptable subset that does not contain n is an acceptable subset, in the sense of 
Problem 3.64, of J,_,. Consequently, there are f(x) of these. An acceptable subset that contains n must be the 
union of {n} and an acceptable subset (per Problem 3.64) of {2,3,...,” — 2}. So there are f(n — 2) of these. 

Observe that, by linearity, the Lucas numbers obey the Fibonacci recurrence relation, but with different 
starting values; namely, L, = 1 (only the null subset qualifies) and L, = 3. 


Let 


fi “Tfa+l) fa) 7. 
a-| | ue Fe={ fn) Puen 


where the f(n) are the Fibonacci numbers. Show that ASF 


The proof is by induction on n. The claim is valid when n = 1. Suppose it is true for n + 1; then 


weap Lp fet +A) fas 0 
A = AF =] pay + fin—1) fla) 


_ [f+ 2) fa+1) _F 
“Lf +h) fe) j °**? 
Thus the claim is true for n + 2 as well. 


(Zeckendorf’s Theorem) Show that every positive integer can be expressed as a sum of distinct 
Fibonacci numbers no 2 of which are consecutive in ({(7)),,>1- 


Constructive Proof. For any positive integer n, there is always a positive integer m such that 
fen sn<fin+1) 
If n =f(m), we are done. Otherwise 
O0<n—fim) <fim + 1) — fm) =fim— 1) 
Since n —f(m) is positive, there exists a positive integer p such that 
fp) sn —fim) <flp +1) 


Now, f(p) <n — fm) <f(m — 1) implies p = m — 2; ie., f(p) and fm) are not consecutive Fibonacci numbers. If 
n—-fim)=f(p), we have n= fim) + f(p) and we are done. Otherwise, there exists a positive integer g =p — 2 
such that 


AQ =n fin) — flip) <fq +1) 


and the process continues. Ultimately we must reach the point where the partial sum equals a Fibonacci 
number—say, f(t)}—and thereby obtain the desired representation 
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n=fin+fp)tfgt---+fO0 


Prove that the only partition of a positive integer into distinct, pairwise nonconsecutive Fibonacci 
numbers is that produced by the Zeckendorf algorithm (Problem 3.67). 


Suppose that the positive integer N enjoyed, besides the Zeckendorf representation, another one that satisfied 
the stated conditions. Let f(m) = N <f(m + 1), which implies N = f(m + 1) — 1. Under the Zeckendorf algorithm 
each element of the set J={1,2,3,...,f@+1)—1} is mapped one-to-one into a nonempty subset of 
J = {f(1), f(2),..., fdn)}, which nonempty subset contains no 2 consecutive Fibonacci numbers (a red subset). 
In addition, the element N €/ corresponds to a red subset not already counted. Thus / must possess at least 
fan+ 1)—14+1=/(m + 1) red subsets. But, by Problem 3.64, J possesses exactly fgn + 1)— 1 red subsets. 
With this contradiction the proof is achieved. 


Prove that the Fibonacci number f(1) is even if and only if n = 3k + 2 for some nonnegative integer k. 
The set of nonnegative integers can be partitioned into 3 sets, as follows: 
A={1,4,7, 10, 13,...}= {34 +1:4=0,1,2,..} 
B={2,5,8, 11, 14,...}={8k +2:4=0,1,2,..) 
C ={0,3,6,9, 12,... }={3k:k=0,1,2,3,..} 


We prove by induction that f(”) is even ifn is in B, and odd if 7 is in A or in C. The claim is true when & = 0. 
Suppose it is true for k; ie, f(3k + 1) and f(3k) are odd, f(3k + 2) is even. Then: 


{BK +1) +1) =fBk + 4) =fBk + 3) + fk + 2) 

= f(3k + 1) + 2f(3k + 2) = ODD + EVEN = ODD 
(38+ 1) = f(3k +2) + f(3k + 1) = EVEN + ODD = ODD 
FBK + 1) + 2) =fBK +5) =fBK + 4) + ABR + 3) 


= f(BkK) + fk + 1) + 2fBk + 3) = ODD + ODD + EVEN = EVEN 


So it is true for k +1 also. 


Prove that every fifth Fibonacci number is a multiple of 5. 


In our notation, f(7 — 1) is the nth Fibonacci number; so we have to show that f(S5& — 1) & = 1, 2,3,...) is 
divisible by 5. Now, f(4) =5 and, from the recurrence relation, 


ASK +1) — 1) =f(Sk +4) = (Sk + 3) + (SK + 2) 
= 3f(5k + 1) + 2f(5K) 
= 5f(5k) + 3f(5k ~ 1) 


An obvious induction secures the result. 


The Vandermonde determinant in 7 variables is 


1 1 1 
xj x9 n 
x x 2 
V(X 1,X2,-++,X,) = 1 2 n 
n-l ni ant 
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By solving the appropriate recurrence relation show that 


V0 45% q50 ++ 5%_) = I] (x; ~ x;) (*) 
nzi>jzl 
Considered as a function of x,, V,(x,,X.,...,,) is a polynomial of degree n — 1 the roots y which are 
X,,Xz,...,X,_, and the leading coefficient of which is V,_,(x,,x,,..-,%,_,)- Thus 


V1 12% _,--+5X,) =V,_ Oy Xa. t, We, ~ XM, XQ), 


Solving this recurrence relation by iteration, one obtains (*). 


3.72 Solve 
a, =a,..+4n with ay =3,a,=2 
(a) by use of the characteristic equation; and (b) through a generating function. 
(a) The characteristic roots are 7, = +1 and t, = —1, so the general homogeneous solution is 
h(n) =C, +C,(-1)" 
By inspection, a particular solution is p(x) = (n + 1)”. Hence, 
a, =C,+C{-1I)"+@4 19 
The initial conditions require C, = 0, C, =2; whence 
a, = 2-1)" +@4+1) 


(b) Let g(x) =Z7_, a,x". We have 


Me 


wo Oo 
2 = -1 
> a,x" =x a,x"? +4x > nx" 
n=2 


n=2 n=2 
g(x) ~ 3 — 2x = x7 g(x) + 4x] * ni 
(1 —-x) 
ee a 
Be ie) ex — x? 


A partial-fractions expansion yields 


ee 2 
8" T4x Gx de 


=2 > (-1)'x" - > nt + > n(n — Dx"? 
n=0 a=0 


n=0 


whence a, = 2-1)" -—(t 1) +42) + 1) = 2-1)" + + 1° 


* 


3.73 (Right and Wrong Generating Functions) For the sequence of derangement numbers, (D,), Problem 
2.30 gives the recurrence relation 


D, = (@-1)D,_,+@- D,_. 


which holds for n = 2 if the starting values are D, = 1 (an arbitrary definition) and D, = 0. Attempt to 
solve this relation by use of (a) an ordinary and (b) an exponential generating function. 
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(a) If g(x)=X;_,D,x", you may verify that 


re@M=> M@-DD,_,x" and —-x°g(v)’ = D H—1)D,_4x" 


n= 


The recurrence relation therefore gives 


1 
ga) -—1=2°g'@) +x @g@)’ or xg’ - (1-8 =-FGG 
as a first-order, linear differential equation for g(x). Nasty to solve, owing to the right-hand side. 


(b) If G@)=27_, D,x"/n!, then 


n 


x 


‘ Y S 
[xc'war=> (n~-1)D,_,77 and [xowax=> a Leer 
n=2 : n=2 : 
and the recurrence relation yields 
Giwo- 1 = [ xc’ ar + [ 669 ax 


or, by differentiation, 


(1-xG'-x*G=0 


This separable equation [any solution of which automatically satisfies G'(0) = 0 = D,] is readily integrated. 
Applying the boundary condition G(0) = D, = 1, we find: 
e ~—x 


() 


GQ) = 


Ley. 


By Leibniz’s rule, 


ae | 
x=0 


D,= G°O=2 Clan) 77), <0 ( = 


a 


Sy aan 


fo rla—r)! 


=” (~) 
r=0 


r} 


r 


as in Example 10 of Chapter 2. 
{For a one-line derivation of Eq. (*) see Problem 3.113.] 


3.74 Denote by V,(1) the volume of an n-dimensional sphere of radius 1. (a) Establish a recurrence relation 
for V,(1)),=1- (B) Solve the relation. 
(a) All that is needed are two geometrical facts: 
(i) The volume of an n-sphere is proportional to the nth power of its radius; that is, V,(°) = r’V,(1). 
(ii) The intersection of an n-sphere and a hyperplane is an ( — 1)-sphere. 


136 GENERATING FUNCTIONS AND RECURRENCE RELATIONS (CHAP. 3 


Fig, 3-4 


Let us calculate V,(1) by the integration suggested in Fig. 3-4. The unit » sphere is intersected by the 
hyperplane x, = cos @ in an (7 — 1) sphere of radius sin 8; therefore, 


0 awle 
va) =2{ V, (sin 8) d(cos 6) = 2V,_,(1) | sin” 6 do (*) 
ai2 0 


It would be wrong to stop here, for (+) can be greatly simplified. An integration by parts yields 


ml2 


wif? rt) 
| sin” 9 a= | sin""' @ d(cos@)=(n—1) | cos @ sin" * 6 d0 
9 42 


0 


ai2 wld 
=n-0{ sin” *0d0 — @-1| sin” 0 d6 
0 oO 


ala n~- 1 af{2 
or { sin” 6 d@= [ sin” * 0 d6 
oO a 


n 


or, from (*), V,(1)/2V,_, (1) = {@ — 1) /nV,,_,0)/2V,_,(); or, 


VC) € = +) V1) 
n 


V2) V,-s() 
( VA )(43) G V,(1) 
as n n-l n-2 4/7 V,(1) 
56) 
“An 2 A 
The desired recurrence relation is thus 
27 . 
VC) = 7 -V,-a(1) (n = 3) (#*) 


with starting values V,(1) = 2 and V,(1) = 7. 
(b) The solution of (*), by iteration, is 


VL) =4 13 °Se0en (n odd) 
mn /2)' (n even) 


3.75 Let A be the m Xm matrix in which all diagonal entries are 0 and all nondiagonal entries are 1. Then 
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3.76 


the diagonal entries of A” are all f(n), and the nondiagonal entries of A” are all g(n). Calculate f(n) and 
g(n). 


(Row 1 of A”): (column 1 of A) =n — 1)g(n) 


which implies 


fat)=™m—-Vem) or — fin)=(m—-1gu-1) @) 
Also (Row 2 of A")+ (column 1 of A) =f(1) + (m — 2)g(n) 
which implies 
gia + 1) =f(n) + (m — 2)g(n) (ii) 


Eliminate f(x) between (i) and (i) to obtain 
gat 1)=m—- Dein — 1) + (m — 2)e@ — 2) (ili) 


The characteristic roots of (ii) are —1 and m—1; thus g() = A(—1)" + Bim — 1)". The initial values 
g(1)= 1 and g(2)=m-—2 determine A = —1/m and B = 1/m. Thus 


_ (m-1)'-(-1)" 
ia m 


m—1 n—-t n-t 
gn) fay=— lan DE] 


A recurrence relation which expresses f(7) in terms of f(1/b), where b = 2 is an integer, indicates that 
a problem of size n can be scaled down to size n/b by dividing it into subproblems. Recurrence 
relations of this kind are usually known as divide-and-conquer relations. Solve 


n 
fm = af (=) +cn with f(1)=d (*) 


It is generally impossible to solve a divide-and-conquer relation for all n. However, a partial solution—for 
n=b**' p**? p**? 4s possible if f(b”) is given as a starting value. Thus, with reference to (*), for which 
A=0, make the change of variables n = b°** and f(b") = (4), to obtain 


ok) = ad(k — 1) + cb* with @(0)=d (#*) 


It is simple to solve (**) either by the characteristic-equation or the generating-function approach. Let us 
choose the latter, defining g(x)=2,_5 bx": 


> dtox* =ax 4 6k—- Dx ' +0 Dd bv" 
k= ke k=! 


es i cbx 
g(x) — d= axg(x) aes 
__dtbe—d)x 
BO) — a1 = by) 
Case 1. ab. A partial-fractions decomposition gives 
P Q 
BO) = Tae + T= be 
in which 
poe ad __be 
i. b-a Qg~= b-a 


By inspection the coefficient x* in g(x) is 
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b(k) =flb) = Pa + Obs = (k= 0, 1,2,...) 


Case 2. a=b. 


8) =l5 eee: ax | (; x) 


=|$4 (c- a)s | > kbhxk! 


k=0 


and the coefficient of x* is 


& d k+1 k k 
P(k) = fib") = Fk + 1)b** + (c — d)kb* = + ch)b 


(a) Obtain a divide-and-conquer relation for the number, f(7), of single-digit multiplications needed to 
compute the product of 2 n-digit numbers. (b) Solve the relation. 


(a) The ordinary algorithm for the product of 2 n-digit numbers x and y involves n? single-digit multiplications. 
Now, if 2 is presumed even, we can write 


x= x10" +3, y=y,10"? +y, 
where x,, X,, y,, and y, are definite (1/2)-digit numbers. Then 
xy = (x,y, )10" + (1, yo +%2y,)10"" + 22 


Now X,¥5 + Xy, = &, +X,)(Y, +2) XM, X22 involving 3 (not 4) multiplications. Thus 
n 
{m= 3(3) with f(1) = 1 
(b) One is back in Problem 3.76 (Case 1), with b= 2, a =4, c=0, and d=1; P=1, and Q@=0. Hence, 
fa") = 3k <4* =n n 


Repeat Problem 3.77 if now f(n) is the number of comparisons needed to find the minimum and 
maximum entries in a list of n =3 numbers. 


(a) In the ordinary procedure n—1 comparisons are needed to identify the maximum, followed by n — 2 
comparisons to identify the minimum—for a total of 2n — 3. In the recursive procedure one supposes n 
even and divides the list into 2 equal parts. It takes 2f(1/2) comparisons to find the maxima and minima of 
the 2 sublists and then 2 comparisons (max with max and min with min) to find the overall maximum and 
overall minimum. Hence, for n = 4, 


f= a(F) +2 with f(2)=1 
(b) As in Problem 3.76 make the transformation n = aX f2") = (k), to obtain, for k= 2,3,..., 
d(k) = 24(k — 1) +2 with d(1)=1 
The solution is 
k 3 nk 
tk) = f(2 J=_ZQ )-2 


Thus, when n is a large power of 2, the recursive method requires ~ 3n comparisons, as against =2n for the 
ordinary method. 
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3.79 To multiply two 2 X 2 matrices, we usually perform eight (8 = 2°) multiplications. Show that it is 


3.80 


possible to find the product by performing 7 multiplications. 
Let A = [a(i, j)], B = [bG, J), AB = C = [c(i, j)]. Define x, @=1,2,...,7) as follows: 


x, = fa, 1) + a(2, 2))[6C1, 1) + 6(2, 2)] x, = [aCl, 1) + a(1, 2)]b(2, 2) 
x, = [a(2, 1) + a(2, 2))b(1, 1) x, = [a(2, 1) — a1, 1))[bC1, 1) + bd, 2)) 
x, = {b(1, 2) — B(2, 2)Ja(1, 1) x, = [a(1, 2) — a(2, 2)][b(2, 1) + (2, 2)} 


Then the 4 elements of C can be expressed additively as 
c(l, Ll) =x, +4, -—4, +x, c(1, 2) =4, +x, 


c(2,1)=x, +x, c(2,2) =x, +X, —Xy +X 


In all there are 7 multiplications. 


(Strassen’s Fast Matrix Multiplication) Show that the product of two 2‘ x 2" matrices, which 
ordinarily involves (2‘)* = 8° multiplications, can be computed with (k) = 7* multiplications. 


Partition each factor into four 2“~' x 2*~' submatrices: 


ken: ed Es 1) | | 
Ale 5 Signeeeiean Bape: phssinec the 
A(2, 1) + A(2, 2) B(2, 1)! B(2, 2) 


This puts us back in Problem 3.79, with A(1, 1) replacing a(1, 1), etc., and with matrix arithmetic replacing 
ordinary arithmetic. The 7 matrix multiplications required to compute AB will involve 7@(k ~ 1) (scalar) 
multiplications; thus 


$4) =76k-1) — with 6(1)=7 — whence A(k) = 7* 


H-TABLEAUX AND YOUNG TABLEAUX 


3.81 


Consider a partition of 2 asm=a,+a,+-++-++a,, where a, =a, =-:: 2a,,. Corresponding to this 
partition, we can construct an array of n cells with m rows and a, columns such that (i) the ith row 
has a, cells for each i and (i) the jth cell in each row is in the jth column for each j. For each cell 
(i, j) we define a number h,, = | + the number of cells to the right of the (i, j) cell in the ith row + the 
number of cells below the (i, j) cell in the jth column. The array of cells filled with the numbers h,, is 
called the H-tableau of the partition. The ordered tuple [a, a, --- a,,] is called the shape of the 
tableau. Construct the H-tableau for the partition 23 =6+5+47+3+43+ 2. 


Here m = 6 (the number of summands), and a, = 6 (the largest summand). The shape is [6 5 4 3 3 2]. There 
are 6 rows and 6 columns in the tableau. The numbers h,, are computed according to the definition. For example, 
h,, =1+5+5=11,h,,=1+4+5= 10, etc. The H-tableau is as follows: 

1 


10 3 1 
1 


Ny fF WwW ~~ OO 

- BB fF HR w 
~~ NY BF HD © 
—- WD Ww 
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Consider a partition of n and the H-tableau associated with this partition. For each cell (i, /) we have 
a positive integer h,, and a set H,, = {1,2,..., hj}. We define an ordered tuple S,; as follows: The first 
part of S,, consists of the number /,; and all the numbers in the tableau in the ith row on the right side 
of h,, in the order they appear in the row. Then we subtract each number in the jth column below h,, 
starting with the number h,,, , in the same order as they appear in the column from the number 4,,. 
Then the front part of S,, is a decreasing tuple, the back part is a decreasing tuple, and S,, has h,, 
numbers. Construct H,, and S,, for the partition 23 =6+5+4+3+4+3+2. 


See the previous problem (Problem 3.81) for the H-tableau of this partition. Here h,, = 10; consequently 
H,, ={1, 2,3,..., 10}. The front part of $,, is [10 8 5 3 1]. The back part is 


{10-8 10-6 10-4 10-3 10-14], 


which is equal to [2 4 6 7 9]. Thus S,,= [1085312467 9]. 


Consider a partition of n with m summands in which the summands are in nonincreasing order, and 
define H,, and S,, as in Problem 3.82. Show that S,; is a permutation of the set H,,. 


The number of elements in the sequence S,, is obviously 4,, by the definitions of h,, and S,,. It remains to be 
shown that the numbers in the sequence are distinct. The numbers in S,, that come from h,, and its right side form 
a decreasing sequence (in the previous problem we have the numbers 10, 8, 5, 3, and 1), and the numbers in S,, 
that come from the column below h,, when subtracted from h,, form an increasing sequence (the numbers 2, 4, 5, 
7, and 9 in the previous problem). Thus it is sufficient to show that there cannot be positive integers s and ¢ such 
that h, ;,, =, — h,,,,;- Let the number of integers between h,, and h, ,,, be a. Let the number of integers on the 
right of (i, j + 6) be b. Let the number of integers between h,, and h,,., , be c. Let the number of integers below 
h;,,,, be d. Let the number of integers on the right of A be e. Finally, let the number of integers below 
(i+, j) be f. See the accompanying illustration. 


i+s.f 


a 
i) 
f 
Then h,=3+atb+cerf 
hy jae tb+d 
Aiwa = It+et+f 


h,,—h 


npr = My — Aya j WE have 


itb+d=3+atbt+ct+f—-l1-e-f=2+atbt+c-—e 


Thus atet+t l=dte. 

Now either e =a or e > a. In the former case e Sa anda +c+1=d+e imply a+ 1=e. In the latter case 
e>aand a+c+t=d+te imply a+1>e. This contradiction establishes the fact that the numbers in the 
sequence S,, must all be distinct. 
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3.84 


3.85 


Let H = (h,,) be the H-tableau corresponding to a partition of n with m summands the largest of which 
is a,. Define t=(h,,!)t.,!)-+* Gy!) amd t, = yy ~ hay )y, — 31) yy — Ag), te = Coy — 
hy, Arg, — Way) + May Ag), CtCs oe ty = Ain 7 Ay Ad t,, = A,,. (Notice that these numbers 
are defined using only the numbers from the first column of H). Show that the product of all the h,, in 
the H-tableau is t/[(¢,)(.):+-+@,,)]. 


The product of the /,, can be computed by finding the products row by row. Using the fact that 5, is a 
permutation of the set H,, (as proved in the last problem), we see that the product of the h,, in the ith row is 
(h,,!)/t,- 

Example: Suppose the H-tableau is 


8 6 3 1 
643 1 
42 1 

1 


Here += (8!)6)4NC), ¢, = (8-68 -4)(8—-1), t,=(6-4)6-1), t,=(4—-1),.and t,=1. Then 
t/[(t, (tz ts tg) = 414,720 = (8)(6)(5)(3)C1)(6)(4) 3B) AAC). 


Consider a partition of n as a, +a, +++++a,, =n, where a, =a, =--+ 2a,,. Corresponding to this 
partition, we can arrange the first n positive integers in m rows and a, columns such that: (i) the first 
numbers in cach row form the first column, the second numbers in each row form the second column, 
etc., and (ii) row i contains a, numbers for each i, and (iii) the numbers in each row and in each 
column are increasing. Any array thus constructed is known as a Young tableau for the sequence a,, 
and the ordered tuple [a, a, °:: a,,] is the shape of the tableau. Each number in the tableau is 
called a part. A Young tableau is also known as a standard tableau. For example, the partition 
9=4+3+42 defines a tableau with 3 rows and 4 columns. We use the integers from 1 to 9 and 
construct a Young tableau as follows: 


146 9 
23 7 
3.8 


Show that the number of distinct Young tableaux corresponding to the partition a, +a, +::: +4, = 
n where the summands are nonincreasing is (7!)/[{I1 h,,], where the product is over all the h,,], where 
the product is over all the A,, and the A,, are the numbers in the H-tableau of the partition as defined in 
Problem 3.81. [This result is known as the Frame—Robinson—Thrall theorem. What we have here is 
a partition of n in 2 dimensions (plane partitions) with some restrictions. There are generalizations of 
plane partitions to higher dimensions, but a generalization of the results of Young tableaux to higher 
dimensions is an open problem.] 


It is enough to prove that the number of distinct Young tableaux corresponding to the partition n =a, + 
a,++:+:+a,, is equal to (#!)¢,)¢,)+°+(,,)/t, where the numbers ¢ and ¢, are as in Problem 3.84. Suppose the 
number of Young tableaux is f(a,,a@,,...,4@,,). Let us write x,=h,, for each i. Then we have to show that 
fla) =f(@,,a,,...,@,,) =!) T @, ~ 4,)/1@,9@,!)++°@,,!)], in which the product in the numerator is for all i 
and j, where j >i 21. 

The proof is by induction on a. It is obviously true for n = 1 and n = 2. Suppose that the theorem is valid for 
partitions of integers jess than n. We shall show it is valid for the partition n =a, ta, +-+--+4a,, as weil. 


Now n-l=a,ta,t+:::+a,_,+a,—-lI)t+a,,, t+: +4, 


Thus f@,.a a (a, —1),a a ree 
p> Aareee oO e_ys Uy s4ppasee rr Gy (Q) 
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where P =[(n — 1)! I] (x, —x;) I] @,—*, +1) IT &,—1- x,)] 
and O=x,!x,!---x,_,!@,— Dlx. ts %,,! 


The first product in P is for all j >i where i is not equal to k, the second product is for k >i, and the third 
product is for j >k. Then 


x,-1-x, 
FQ, Ag, yy ieee I] [AS] 


—x, 


where the product is for all j and & such that j #4. 
Ina fixed Young tableau Y’ with n cells associated with a given partition of n, the number n appears as the 
last number in row k for some &. 
if the cell that contains n is deleted, we have the partition of 
n-1=a,t+a,+:--+a,,+@—-Dt+a,,+' +4 


m 


which is a partition of n — 1. The number of distinct Young tableaux for this partition is 
f@, Agyerey Oy 1» Ay o< 1), Agyysers > O_) 


by the induction hypothesis. Now & can vary from 1 to m. So the total number of all Young tableaux for the given 
partition of n is 


xX,—-x,-1 
Dy AG ys dae eo yyy — Is dgayeeeed) =[ 22 | S {Nae} 


BH; 


where & varies from 1 to m and in the product k and j are unequal. This equals 


[2] Ds {" I] |) =e =; |} 


Now Dx, =a tn — kant (m—lW)t+m—2te tant 


m(m — 1) 
2 


The double series = 2 x,/(, — x,) has m@n — 1) terms, and terms in pairs like x,/(x, —x,) and x,/@, — x,) add 
up to 1. Therefore, the sum of this double series is m(@m—1)/2. The number of Young tableaux is 
[fla)/n{n + mm — 1)/2 — mm — 1)/2 + 0} =f(@) since the other terms in the series cancel out. Thus the 
theorem is also valid for n, and the proof by induction is complete. 


Find the number of distinct Young tableaux associated with the partition 18=6+4+4+3+1. 


The number of summands is 5, and the largest summand is 6. So the H-tableau and Young tableaux 
corresponding to this partition will have 5 rows and 6 columns. The H-tableau for this partition is 


100 8 7 5 2 1 
2 


5 
4 1 
2 


— & A ~I 
- Ww 


The product of the h,, in the H-tableau can be determined by using a row-by-row calculation: 
(5600)(280)(72)(8)(1) = 903,168,000. This number can also be calculated by using the first column of the 
H-tableau as [(10!)(7!)(6!)(41)1/(3)(4)(6)(9)(1)(3)(6)(2)(5)(3)]. Thus the number of distinct Young tableaux is 
(18!) /903,168,000, which is equal to 7,088,796,000. 


(The Generalized Balloting Problem) In an election involving m candidates A; (i= 1,2,...,m), 
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3.90 
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3.93 


3.94 


candidate A, received a, votes, a; =a,,, for each i and a,, > 0. If the ballots are cast one at a time, 
find the probability that A,,, is never ahead of A, for each i. 


If the total number of votes is n=a,+a,+-+-+-+4,,, then any Young tableau corresponding to this 
partition of n is a possible voting pattern and conversely. Here is an illustrative example involving 3 candidates 
A, B, and C, who got 5, 3, and 2 votes, respectively. The partition here is 10=5+3 +2. Now consider the 
following Young tableau associatéd with this partition. 


A: 13 679 
B: 2 4 10 
Cc: 5 8 


This tableau indicates that the first ballot went to A, the second ballot went to B, the third ballot went to A, the 
fourth ballot went to B, the fifth ballot went to C, and so on. Let # be the product of the h, of the H-tableau of 
the partition. Then the number of Young tableaux is n!/h. The total number of permutations is n!/[(a,!)(a,!)° °° 
(a,,!)]. Thus the probability is [(@,!)(@,!)°--(,,!)]/A. In the above example is computed as 8064, and the 
probability that A trails B and B trails C at no time is (5!)(3!)(2!)/8064 = 1440/8064 = 0.1786. 


Supplementary Problems 


Reconcile (iii) of Example 3 with the result of Problem 2.22. (Hint: Use Problem 1.46 and Theorem 2.2.) 


Show that the function g(x) determined in Example 10 actually generates the sequence (a,) of Example 9. 
(Hin: (1—x)*=Z [+ 3)n +2) 4 1)/6]x”.] 


Show that the ordinary generating function, g(x), and the exponential generating function, G(x), of a given 
sequence are formally related via 


g(x) = [ e "G(xu) du 


0 


[Hint: Recall the integral definition of the gamma function and the fact [2 +1)=a!.] 


Check Problem 3.10 by showing that there are 34 experiments such that the total is 18 and the green die shows 
an odd number. The coefficient of x'* in the generating function (x +x? +--+ +x°)(Qx +.x° +.x°) is 298 — 264 = 
34. 


By reinterpretating Problem 3.12 as a pigeonhole problem, obtain a new proof of Theorem 1.3. The ordinary 
generating function is the product of n polynomials f(x) with unit coefficients where i = 1,2,...,. The degree 
of f(x) is p,. While computing the coefficient of x‘ where t=p, + p,+-:++p,—n +1 there is at least one j 
such that the highest degree term in f(x) is considered in the counting process. 


Obtain Euler’s theorem (Problem 3.29) by specializing Problem 2.24. Hint: Put r= 2 in Problem 2.24.) 


From Problems 3.32 and 3.24(b), obtain the ordinary generating function of (g*(r, 7), xo- 
Ans. x©°*!? 11 —x)(1 — x?) — x7) 2") 
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3.95 


3.96 


3.97 


3.98 


3.99 


3.100 
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With reference to Problem 3.50, find the ordinary generating function of (s,,(7)),,0 (@) directly; (b) from the 
exponential generating function via Problem 3.83. 


l-x 1-2x 1-(n—-1)x 


Ans. 1+ 


Solve the following linear recurrence relations with constant coefficients: 


(a) a, = 2a,_, + 34,_» with a, =1, a, =2 

(b) a, =6a,_, — 9a,_4 with a, =1,a, =4 

(c) G44 = 34,4, +4a,,, — 124, with a, =0, a, = —1l, a, = —15 
(d) a, =d,_,+2a,_.+43") — with ag = 11, a, = 28 

(e) a, =4(a,_; — 4,2) +2” 

(f) : a, = 3a,_, — 4n + 3(2") 


[Hint: Let a, =p, +q,, where p, = 3p,_,— 4n and g, = 3q,_, + 3(2").] 


Ans. (a) a,=3"+(-1" (@) a,=(-1)"+2"4+3"%7 
(b) a, =3" '(3 +n) (e) a,=(C,+C,n+4n7)2" 
(c) a, =2(-2)" +2" -3""! (f) a,=C3"+2n4+301-2""') 


Let f(n) be the number of n-letter sequences that can be formed using the letters P, Q, R, S, and T, if each 
sequence must involve an odd number of P’s. Find a recurrence relation for (f(1)). (Hint: Categorize the 
sequences as starting with P or not starting with P.) Ans. f(a)=3f2-D+ 5°"! with fU)=1 


Find the ordinary generating function of the sequence defined by 
4,42 — 34,4, — 4a, =9 with f(1) =1, f(2)=3 
Ans. x/(1— 3x — 4x’) 


Laplace’s equation in one dimension is ¢’(x)=0, with general solution $(x) = A+ Bx. (a) Approximate 
Laplace’s equation by a finite-difference (recurrence) relation on the integer points. (6) Solve the relation of (a). 
Ans. (a) da +1-—26() + 6 —1)=0; ©) 6@=C,+ Cyn 


Let f(r; n) denote the number of se/f-conjugate partitions of r into exactly n parts; set f(0; 0) = 1. (a) Establish the 
(2-index) recurrence relation 


fe t2jn+1=frin) +f -2n + in) 


(b) Show that f(r; n) =/f( + 1)* —r —2;n). (Hints: (@) First prove that 


fsm= > flr—In+ 138) 
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3.101 


3.102 


3.103 


3.104 


3.105 


3.106 


3.107 


3.108 


3.109 


3.110 


by conditioning on the size of the second-largest elbow in the star diagram. (b) Consider the complement of the 
star diagram in a suitable square of side n + 1.] 


Find the ordinary generating function which will give the number of solutions in nonnegative integers of 
at+b+ct+d=10. 
Ans. The number of solutions is the coefficient of x'° in g(x) = (1 tx tx7 tess +x°°)", 


Find the ordinary generating function of the numbers of solutions in integers of x + y +z =r (r =0,1,2,...), if 
(a) each variable is nonnegative and at most 3; (6) each variable is at least 2 and at most 5; and (c) O=x=6, 
2syS7, 552 <8, x is even and y is odd. 

Ans. (a) 2,0) =U 4x42? +x); 0) g(O =O $x? +27 +.) =x°e, 0); 

(c) g,@) =A + txt tx) 4x74 xO? + x° +x’4+2°) 


Give the ordinary generating functions of the sequences (a) (2n’), and (b) (a + 1)n(n — 1). 
Ans. (a) 2x1 +x — x)? (b) 6x71 - 2)" 


Find the ordinary generating function associated with the problem of counting the ways of collecting $20 from a 
group of 10 people if 9 people pay at least $1 and at most $3 and 1 person pays either $1 or $5 or $10. 
Ans. The number of ways is the coefficient of x°° in g@)=@' +27 +.°Y@' t2° +x"). 


Find the ordinary generating function of the numbers of solutions in integers of u, tu, + +++ +u,. =H, where 
each variable is at least —2 and at most 2. 

Ans. For i=1,2,...,10 let u,=—2+w,. Then w,+w,+-+++w,)=2+20, where each variable is 
nonnegative and at most 4. The generating function is g(y)=(1 + y + y? +y° +y*)'° and the desired number is 
the coefficient of y"*”° in g(y). 


Find the generating function for the number of ways of changing $1 using quarters, dimes, nickels, and pennies, 
if the number of pennies is at most 10. 
Ans. Because the number of pennies is 0 or 5 or 10, the generating function is 


CDH HOM Had Ht tls He HON HO $70 $e FONT #7 +7 Hee Ht) 


Find the ordinary generating functions of the following sequences: (a) (n(n — 1)); (b) {n); and (c) (n°). 
Ans. (a) 2x°/(1 — x): (6) x1 + )/C1 — x)°3 © x1 + 4x $.2°/0 — 09° 


Find the ordinary generating function of the sequence (1, 2, 3,4, 5,5, 5,...). [Hint: Consider the convolution of 
(1,1,1,1,1,0,0,0,...)and (I, 11,....] Aas. (1-1-2)? 


Prove that the (2 — 1)st Fibonacci number is given by the terminating series 

fo) = 55 (Clr $1,1)+5C4+1,3)4+5'C(n 41,5) 4+°°- 
{Hint: Apply the binomial theorem to (ii) of Problem 3.60.] 
Prove by induction or otherwise that the Fibonacci numbers satisfy 


@) d fli) =fn+2)~1 (6) 2 [fA =fnfn + 1) 


Ans. The results can be easily established by induction. 
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3.111 Infer from Problem 3.66 that 
fat Dfa-1)- fer =(-p" 


n+t 


Ans. The left-hand side is the determinant of F,,,, and the right-hand side is the determinant of A 


3.112 Establish the Binet formula 


pee) 1=S) (n= 1,2,3,...) 


for the Lucas numbers. Ans. Use the formula L, =f(n) + f(a — 1). 


3.113 The sequence (n!), (1,1, 1,...), and (D,) have the respective exponential generating functions (1 — x)~', e*, and 
G(x). Infer at once Eq. (*) of Problem 3.73(6). (Hint: See Problem 2.25.) 


3.114 Using Problem 3.74, derive the following integral representation of the central binomial coefficient: 
2 wid 
C(2k, p=2{ (2sin0)*d0  (k=0,1,2,...) 
0 


On simplifying the definite integral by using the reduction formula established in Problem 3.74, we arrive at the 
binomial coefficient C(2n, n). 


3.115 Solve 
fl) = (5) 2 of) +n with f(1)=2, f2)=1 
Ans, f(Q")=(1— 2nd’ +3" 


3.116 Consider the regular pentagon A, in which the length of each side is n — 1 units. Divide each side into segments 
of unit length and put a dot on each of the dividing points and on the vertices. Now fix one of the vertices of the 
pentagon (as an initial vertex) and take the two sides of A, meeting at that vertex. Measure n — 2 units along 
each of these sides starting from the fixed vertex and complete the smaller regular pentagon A,_, which is 
nestled inside A, sharing a common vertex. Divide the 3 new sides of A,_, also into segments of unit length and 
put a dot on each dividing point on these sides. Continue this process until a polygon A, in which each side is of 
unit length is obtained. Define P(x) = Total number of dots in A, when A, is completed. Of course, P(2) = 5. 
Define P(1) = 1. The sequence (P(n)) = (1, 5, 12, 22,...) is the sequence of pentagonal numbers. Obtain a 
formula for P(n). Ans. P(n) = n(n — 1)/2. 


fa 


3.117 (Euler’s identity). Show that (1 -—x\1—x°)(1—x°)... is equal to 1+ 3 Q(n)x” where O(n) =(-1)* if 
n=(1/2)(3k°+k) and 0 otherwise. ak 
[Hint: In Problem 3.37, g”(n, E) — q*(n, 0) =O(m).] 


3.118 (Euler’s Pentagonal Theorem). Obtain the following recurrence relation for the partition p(n): 
7 3K +k 3k —k 
poy= Sven) +0(n- 2") } 
k=1 
for every n = 3. 


[Hint: Use Problem 3.117.] 


Chapter 4 


Group Theory in Combinatorics 


4.1 THE BURNSIDE-FROBENIUS THEOREM 


Definition: A nonempty set G with a binary operation o defined on it constitutes a group (G,») if the 
following four properties hold. (i) For all x and y in G, x°y is in G. (In multiplicative 
notation one writes xy instead of x°y.) (ii) There exists an identity element e in G such that 
xee=ecox=x for all x in G. (iii) Corresponding to each element x in G, there exists an 
inverse element x~' in G such that xox '=x7'ex =e. (iv) For every x, y, and z in G the 
elements x°(y°z) and (x°y)°z are identical. 


The associativity property (iv) allows us to write xyz for the triple product. We usually write ab as ab 
and (G,°) as G if there is no risk of ambiguity. A subset H of G is called a subgroup of (G, °) if (H,°) is a 
group. If G is a finite set with |G|= 7, then (G,°) is a finite group of order 2. 


Example 1. The symmetric difference of sets A and B is defined by 
A*B=(AUB)—-(ANB) 


i.c., A*B is the set of elements that belong to A or to B but not to both. Let X be an n set and let 2 be its power set 
(Problem 1.22). We shall verify that (2*, *) is a finite group of order 2”. 


(i) Obvious. 
(ii) e =, the null subset of X. For if AE 2* the set of elements that belong to just one of A and @ is precisely A. 


(iii) For every A @2*, A_' =A, Indeed, the set of elements that belong to just one of A and A is empty. 


(iv) Write P=A*(B*C) and Q =(A*B)*C. If x EP, either (1) x EA and x EB and x EC; or (2) xE A and 
x€B and x €C; or (3) x€@A and x GB and x EC; or (4)x ZA and x ZB and x EC. In case (1) 4 ZA*B 
and x € C, so that x € Q; in case (2) x © A¥*B and x EC, so that x € Q; in case (3) x © A*B and x EC, so 
that x € Q; in case (4) x ZA*B and x EC, so that x EQ. The conclusion is that P CQ. A similar analysis 
shows that OQ C P. Hence, P=@. 


The symmetric group S,—the group of the permutations of an n-set—was defined in Problems 
1.65—1.68. The paramount importance of this group resides in the following fact: given any finite group G, 
there is a value of n such that S, possesses a subgroup that is structurally identical with G (see Problem 4.54). 


Definition: Suppose that G is a fixed subgroup of the symmetric group of a finite set X and that x is a given 
element of X. Let 


Gx={g(x): g EG} 
G,={g EG: ga) =} 
F(g)={z EX : g(z) =z} 


In words, Gx (the orbit of x with respect to G) is the set of all images of the given element x under the 
permutations in G; G, (the stabilizer of x in G) is the set of all permutations in G that have x as a fixed 
point; F(g) (the permutation character of g in X) is the set of all fixed points of a given permutation g € G. 
[Note that G, is never empty—why?—but that F(g) may be so.] 


Theorem 4.1. Suppose that a finite set X possesses exactly k distinct orbits with respect to a group G of 
permutations of X. Then: 
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(i) For every x EX, |Gx||G,| = |G. 

(ii) Z,cx IG.) =* IG. 

(iif) 2 ex IG|= Zc FCs). 
Proofs. (i) See Problem 4.22; (ii) see Problem 4.24; and (iii) see Problem 4.25. 
Parts (ii) and (ii) of Theorem 4.1 imply 


Theorem 4.2 (Burnside—Frobenius Theorem): 
> |F(a)|=* IG 
gEG 


Notational Warning: The finite set X whose orbits are the ‘“‘subject’’ of Theorems 4.1 and 4.2 is, in 
coloring problems, replaced by the finite set C of all color distributions. In those 
problems X has a different significance (it stands for the set of objects being 
colored). 


4.2 PERMUTATION GROUPS AND THEIR CYCLE INDICES 


Problem 1.158 introduced the concept of the cycle representation of a permutation f of X = {1,2,..., n}. 
The following algorithm produces this representation: 


1. Choose an element i of X (usually i = 1). Find the image of i under the mapping f, then the image of 
the image, then ..., until the image j appears such that f(j) =i. Thus the cycle (i --+ j) has been 
generated. 

2. Choose an element of X not found in any one of the cycles already generated, and use this element 
as element ij in step 1, thereby generating a new cycle. 


3. Repeat step 2 until X has been exhausted. 


It is clear that the cycle representation of a permutation is unique up to the order of the cycles in the 
composition and up to the choice, within each cycle, of the leading element. ‘ 


Example 2. Given X = {1,2,..., 8} and 


12345678 32514867 


Starting with 1: f(1) = 3, f(3) =5, (5) =4, f(4) = 1. Thus we have a cycle of length 4 which may be denoted by 
(1354) for (3541) or (541 3) or (413 5)]. 

Starting with 2: f(2) = 2. We have the cycle (2), of length 1. 

Starting with 6: f(6) = 8, f(8) = 7, f(7) =6. Now we have a cycle of length 3 which may be denoted by (68 7) [or 
(876) or (768)]. 

The sum of the lengths has reached 4 + 1+ 3=8 = |X], which means we are finished: the cycle representation of f 
is (1354) (2) (687) (or --:). 


Definition: Let the cycle representation of f, a permutation of an 7 set, consist of a, cycles of length 1, 
a, cycles of length 2,...,a, cycles of length i,.... Then the type of f is the vector 


a 


{a, a, °°: 4a,], and the weight of the type is the positive integer W= 1°! 2°? --- n°. 


Example 3. The permutation of Example 2 has 1 cycle of length 1, 1 cycle of length 3, and 1 cycle of length 4. The 
type of this permutation is[1 0 1 1 0 O O OJ. The weight of this type is 1'3'4' = 12. 


Definition: Let G denote a group, of order m, of permutations of an n-set and let g ©G be of type 


[a, @, ‘++ a,]. The cyele index of g is the monic multinomial 


. se yTy22... y% 
LC 83 X yy Xgn 000 Xy) HX Xe x 
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and the cycle index of G is the multinomial 


1 
Z(G; X1,X2,°° "Ng? > ZC 85 X yy Xa 0009 Xy) 


(The letter Z stands for ‘Zyklenzeiger’ used by Pédlya.) 


Example 4. Suppose the 4 vertices of a square are labeled 1, 2,3, and 4, clockwise. A clockwise rotation through an 
angle of 0°, 90°, 180° or 270° takes the square into itself. Thus there are 4 circular or cyclic symmetries. In addition, 
there are 4 dihedral symmetries that are obtained by reflection of the square in the 2 diagonals and in the 2 lines 
bisecting opposite sides. Consequently, the symmetries of the square compose a subgroup G of order 8 of S,; the 
elements of G are as follows: 


(i) The permutation induced by rotating the square clockwise through 0° is g, = e = (1)(2)(3)(4), with cycle 
index x‘. 
(ii) The permutation induced by rotating the square clockwise through 90° is g, = (1 23 4) with cycle index coe 
(iii) The permutation induced by rotating the square clockwise through 180° is g, = (1 3)(2 4), with cycle index 
2 
ae 
(iv) The permutation induced by rotating the square clockwise through 270° is g, = (143 2), with cycle index Xqe 
(v) The permutation induced by reflection in the line joining the midpoints of 12 and 3 4 is g, = (1 2)(3 4), with 
cycle index x}. 
(vi) The permutation induced by reflection in the line joining the midpoints of 14 and 23 is 8, = (1 4)(2 3), with 
cycle index x}. . 
(vii) The permutation induced by reflection in the diagonal joining corners 2 and 4 is g, = (2)(4)(1 3), with cycle 
index xx). 
(viii) The permutation induced by reflection in the diagonal joining corners 1 and 3 is g, = (1)(3)(2 4), with cycle 
index ae 
The cycle index of G is therefore 


4 2 
Z(G; Xy,Xa,%5,Xq) = 4p + Qxix, + 3x5 + 2x4) 


4.3 POLYA’S ENUMERATION THEOREMS 


Definition: A function f from a finite set X to a finite set of colors Y is called a coloring of X. Two 
colorings f and @ in the set C of all colorings of X are said to be equivalent (indistinguish- 
able) with respect to a group G of permutations of X if there exists a permutation a in G 
such that f(x) = (a(x) for all x in X. In other words, if we attach names to the elements of 
X—so that G may be considered a group of ‘‘renamings’’—then we do not distinguish between 
2 colorings of X that become identical under some renaming in G. Clearly, the relation of 
indistinguishability is reflexive, symmetric, and transitive; i.e., an equivalence relation. 


Definition: The equivalence classes into which C is partitioned by the indistinguishability relation are 
called the patterns in C (with respect to the group G). 
A basic question: For specified X, ¥ and G, how many patterns will there be? 


Theorem 4.3 (Pélya’s First Enumeration Theorem). Let C be the set of all functions (colorings) from an 
n-set X to an r set Y (222). Let G be a group of permutations of X, with cycle index 
Z(G; X,,X9,-+-,%,). Then the number of patterns in C with respect to G is Z(G; r,r,...,7). 


Proof. See Problem 4.61. 


Example 5. If, in Theorem 4.3, G = {e}, then any 2 colorings are distinguishable, so that the number of patterns is the 
number of colorings. Because 


LEG3 Xp Xg9 0+ + Ny) = LC Ky Kys oo oy) HY 
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The theorem gives this number as r” (in agreement with the product rule of Chapter 1). 


Example 6. Consider the group G of symmetries of the square, as developed in Example 4. (() Count the 
distinguishable (with respect to G) colorings of the 4 vertices, if each vertex is to be either red or blue. (i) Exhibit in a 
diagram the patterns, enumerated in (/). 


(i) From Example 4, 
Z(G; 2, 2, 2,2) =4(2* +2-2° +3°27 +2°2)=6 


(ii) Figure 4-1 shows how the 2° = 16 colorings fall into 6 patterns. Within a pattern, reflection of a coloring in the 
indicated symmetry axis of the square gives rise to the (equivalent) coloring immediately to the right. (Note 
that 2 colorings may be equivalent under more than 1 symmetry. For example, the second coloring in pattern 
IV is also a 90° rotation of the first.) 


Pattern I 

R R 
Pattern 

B R 

R B 
Pattern I 

R B 
Pattern IV 

R B 
Pattern V 

B B 
Pattern VI 


Fig. 4-1 


It is important to recognize how the partitioning of the colorings of the square into patterns follows the modes of 
division of the vertex set X into a subset X, with all elements red and a subset X, with all elements blue. (‘‘Division,”” 
not ‘‘partitioning,’’ because X, or X, may be empty.) Thus, pattern I comprehends all divisions for which |X,| = 4 and 
IX,| = 0; IL, [X,| =3 and |X,| = 1; HII and IV, |X,| = 2 and [X,| = 2; V, IX,| = 1 and |X,|= 3; and VI, |X,| = 0 and {X,| = 4. 


Is it possible that the cycle index might be ‘‘milked”’ to yield not just the number of distinct patterns [as 
in Example 6(i)] but a complete inventory of these patterns [as in Example 6(/)]? An affirmative answer is 
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given by Pdlya’s remarkable second theorem, which derives from the cycle index a multinomial generating 
function for the numbers of patterns corresponding to the various divisions of X into color classes. 

Before stating Pélya’s second theorem (its proof is developed in Problem 4.66), we must slightly 
complicate the notation. As before, X will denote an n-set on which a group G of permutations is defined. 
But now Y is an abstract r-set, on which a weight function w(y) is defined. Almost always w will be 
color-valued—putting us back where we were before—but occassionally (see Example 8 and Problem 4.71) 
we shall want another sort of weight. In any case, functions from X to Y will still be called ‘‘colorings,’’ and 
C will still denote the set of all colorings. 


Definition: Let the weight function w map Y into a set of r colors, {w(y,), W(Y2)s- ++ WC y,)}. The pattern 
inventory (of C) with respect to G is the multinomial 


PIG; w(y,), Wa) +++ WY.) = 7 > Ty. Ny,-- + om, EWCY I LQ)? + + Fwy," 
1 sO aa 


The coefficient 7(n,,n,,...,M,) gives the number of distinguishable (with respect to G) 
colorings (= number of patterns) that assign color w(y,) to n, elements of X; color w(y,) to n, 
elements; ...; color w(y,) to m, elements. The summation is over the sizes of the color classes 
into which X is divided; by Problem 1.139 the sum consists of C@+r-—1,r—1) terms. 


Theorem 4.4 (Pélya’s Second Enumeration Theorem). The pattern inventory, PI(G; w(y,), w(y2),---, 
w(y,)), is the value of the cycle index, Z(G; x,,x,,... +X,), at 


x, =fw0y)I + lw) too + feO)F @=1,2,..-.0) 
Proof. See Problem 4.66. 


Example 7. Rework Example 6 by means of the pattern inventory (PI). 
Here n = 4 and r = 2; let w(y,) =R (red) and w(y,) = B (blue). From Example 4, 


Z(Gj Xp Xy5XqyXq) =4 Qh + Qxix, + 3x3 + 2x,) 
whence, by Theorem 4.4, ) 
PIG; R, B) =4[(R + B)’ + 2(R + B)’(R” + B”) + 3(R’ + B’)? + 2(R* + B*)) 
=R*+R°B+ 2R’B’ + RB’ + B* 


From the pattern inventory one reads that there exists 1 pattern in which 4 vertices are colored red (and 0 vertices are 
colored blue); 1 pattern in which 3 are red; 2 patterns in which 2 are red; 1 pattern in which 1 is red; and 1 pattern in 
which 0 are red (and 4 are blue}—for a total of 6 patterns. Incorporating as it does practically the entire content of Fig. 
4-1, the pattern inventory represents a complete solution to the problem. 


Example 8. Derive Theorem 4.3 from Theorem 4.4. 
Use the special weight function w(y) = 1 in the definition of the pattern inventory to get 


PUG; 1,1,...,1)= oy 1(1,,My,-..N,) 


nytagte tans 


n,=0 
= total number of patterns 


But, by Theorem 4.4 with the same weight function, 


PIG; 1,1,..., D=ZGirr,...,7 
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Solved Problems 


THE BURNSIDE—-FROBENIUS THEOREM 


4.1 


4.2 


4.3 


4.4 


Prove that, in any group, (a) the identity element is unique; and (b) the inverse of any element is 
unique. 


(a) Suppose there existed two identities, e and f. Then, since e is a right-identity and f is a left-identity, 
f = fe € — eé. 


(b) If element x had 2 inverses, y and z, the associative law would give 


(yox)ez = yo(x°z) or e°z=yre or z=y 


Groups (G,°) and (G',°’) are isomorphic (identical in structure) if there exists a one-to-one 
correspondence f between G and G’ such that f(xey)=fix)°’ f(y), for all x and y in G. 
(Shorter: Isomorphic groups have the same multiplication table.) Show that, under an isomorphism, 
(a) the identity elements of G and G’ correspond; (}) if u and vu are inverses in G, then f(u) and fv) 
are inverses in G’. and (c) give an example of 2 isomorphic groups of order n. 


(a) In G, x°e =e°x =x; whence f(x°e) =fle°x) =f), or 
f@)°' fle) =f) fe) =fe) 


which shows that the identity [Problem 4.1(@)] in G' is e’ =fte). 
(b) From uov =veu =e and part (a), 


Fue’ fv) = fv)?! flv) = e' 


(c) One such pair is composed of the group of rotational symmetries of a regular n-gon and the group 
({0, 1,2,...,2-~ 1}, +), where the operation + is addition modulo n. 


If x is an element in a group (G,°), we write x°x as x’, xox? = xox as x°, and so on. Similarly, 
x 'ox | ig written asx °, x ‘ox * asx’, etc. Thus the kth power, x", of the element x is well 
defined when & is any nonzero integer; we make the natural definition x° =e. The group G is said to 
be a cyclic group if it contains an element x such that every element of G is a power of x. In this case 
we say that G is generated by x, and we write G = (x). If x generates G and if the powers of x are all 
distinct, G is an infinite cyclic group. Show that the set of all integers under the binary operation of 


addition is an infinite cyclic group. 


If Z is the set of all integers, (Z, +) is a group because all 4 group axioms are satisfied by the structure. Let 
G = (a) be an infinite cyclic group. The mapping f : Z ->G defined by f(z) =a’ is obviously a bijection, and we 
have 


fle +w)=a**” =a’ oa” =f(z)oflw) 


Therefore the 2 groups are isomorphic, which means that (Z, +) is the infinite cyclic group (1). 


A group (G,°) is abelian if xey =yox for every x and y in G. Show that every cyclic group is 
abelian. 

Let x and y be 2 elements in a cyclic group G generated by g. Because x = g” and y = g” for some integers 
m and n, 


+n 


xoy= g™og"™ =p” = gt t" = g"og™ =yox 
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If x is an element of (G, °) and if there exists a positive integer m such that x” is the identity element e 
in G, then x is said to be of finite order. If x is of finite order, the smallest positive integer k such that 
x* =e is the order of x in G. Show that if the order of x is k, then C = {e,x,x’,...,x*" '} is a (cyclic) 
subgroup of G, of order k. 


Because e EC, it is only necessary to show that (() C is closed under °; and (ii) u EC implies w EC. 
(i) Ifx",x” EC and m+n=r (mod &), 


x” ox” a xmtn =, eaktr as! xt ox” = ef ox = x 


and O0=rsk-1. 


(i) If w=x" is in C, v =x*~ 


m 


also is in C, and 


k 
uUOVU SUCH TX =e 


Show that if G is a finite group of order n, then all elements of G are of finite order and no order 
exceeds n. 


If x & G, the elements in {xt :k=0,1,...} cannot be all distinct, since G is finite. Hence there must exist 
integers p and q, where p > q=0, such that x” =x’, which implies x” “=e. So x is of finite order—say, &. 
Because x generates a subgroup of order k (Problem 4.5), k =n. 


If G is a cyclic group of order n, find the number of distinct generators of G. 


Suppose G = (x) = {e,x',x’,...,x"” '}. Let m be any positive integer less than, and relatively prime to, n; 
consider the cyclic group G’ = (x”) = {e,x'",x?",...,x°""}. To establish that G’ = G it suffices to show that 
the elements of G’ are distinct. Suppose, on the contrary, that for some OS b<a<n-—1 we had x*” Syl". 
Then necessarily 


(a—b)m=cn 


for some integer c. But, m and n being relatively prime, this equation would require that n divide a — b, an 
impossibility since O0<a—b<n. 
If, on the other hand, m =rp and n=sp(r<s <n), then 


Q’y =O'Y =e 


so that the order of x”—and consequently the order of (x”)—is smaller than n. The conclusion is that G has just 
as many generators as there are positive integers less than, and relatively prime to, 1; ic., (7) generators 
(Problem 2.45). 


Let G denote the set of all 2 X 2 matrices such that the first row is [1m], where m is an integer, and 
the second row is [0 1]. Show that G is an infinite cyclic group under matrix multiplication. Find the 
generator of this group. 


Because 


Lo lo td-Lo 77°] 


the one-to-one correspondence 


[ ™ loom 
0 1 


establishes that G is isomorphic (Problem 4.2) to the infinite cyclic group of the integers under addition. Since 
(Z, +) is generated by 1, G is generated by 
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Prove that a subgroup of a cyclic group is cyclic. 


Let G’ be a subgroup of G = (x). Every element in G’ is of the form x*, let m be the smallest positive k for 
which x* is in G’. Now, for any integer k, the division algorithm gives k = gm +r, where 0=r<m. Hence, 


x* = xytr = x”)? om ux" 


in which u € G’ because x” € G’ and G’ is closed under multiplication. It follows that u' also belongs to G’; so 
that, if x“ EG, 


x =u 'xs** EG’ 
If r were positive, this would violate the minimality of m. Therefore, r = 0 and each x‘ in G’ may be written as 
(x")*; ie, G' =”). 
If G and G' are 2 groups, the direct product of G and G’ is the set of all ordered pairs, 
GXG'={(g, 2’): g€G,2°EG} 
endowed with the binary operation defined by 
(815 81) 825 82) = (81 82» 8182) 
Show that G X G’ is a group. 
By definition, the product of 2 elements in G XG’ is in G X G'. Further, 
(g, 8’\e, e') = (ge, g'e') = (8, 8’) = (eg, e'8') =(e, eX 8, 8') 


Thus (e, e’) is the identity in the direct product. Also, 


(g.e'g 2 D=(e 8 Kae )=,e’) 


so each element in the direct product has an inverse element. The associativity rule is obviously satisfied in the 
product structure. Thus G XG’ is a group. 


A finite cyclic group of order m is denoted by C,,. Show that if m and n are relatively prime, the 
direct product C,, x C, is a cyclic group. 


As the direct product is a finite group of order mn, it suffices to prove that it contains an element of order 
mn. Let C,, be generated by x and C,, be generated by y, and let & be the order of the element z = (x, y) of the 
direct product. Then 2 =@,e)=(', y), which implies that k is a multiple of m and a multiple of n. Since k is 
the smallest positive integer p such that z” = (e, e’), it follows that k is the least common multiple of m and n. 
But, if m and n are relatively prime, their least common multiple is their product. Thus the order of z is man. 


Show that a subset H of a group is a subgroup if and only if xy | is in H whenever x and y are in H. 


The necessity of the condition is obvious. Assume, then, that xy‘ is in H whenever x and y are in H. (i) If x 
is any element in H, then xx '=e is in H. (ii) Given e and x in H, ex '= x7! is in H. (iii) If x and y are in H, 
then y~' is in H, and so x(y_')”’ = xy is in H. 


Show that a subset H of a finite group is a subgroup if and only if H is closed with respect to 
multiplication. 
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Again only sufficiency need be proved. Let x and y be 2 elements in H, and let the order of y be m. Then 
y™ =e implies y”~'=y~'; and, by hypothesis, y”~' is in H. Thus x and y' are in H, and the conclusion 
follows from Problem 4.12. 


If H is a subgroup of G and x is an element of G, the set xH = {xh : h © H} is called the left coset of 
H with respect to x. (The right coset of H with respect to x is Hx = {hx : h € H}.) Show that xH = yH 
if and only if y ‘x is in H. 


Suppose that xH = yH, Since e is in H, xe = x is in xH, and therefore x is in yH. So there exists an A in H 
such that x = yh. That is, H contains h = y~'x. 

On the other hand, suppose that x and y are 2 elements of G such that y ‘x is in H. Then there exists an 
element A in H such that x = yh. Let z be in xH; there exists an h' in H such that 


z= xh' =(yh)h' = y(hh') = yh” 


This implies that z is in yH. Likewise, every element in yH is in xH. So xH = yH. 


Show that if H is a subgroup of G and if x and y are in G, then either xH M yH is empty or xH = yH. 


If x M yH is not empty, there exists an element z which is in xH and also in yH. Hence there exist h and h’ 
in H such that z = xh = yh’, which in turn implies that y"'x = h'h”' is in H. Problem 4.14 now gives xH = yH, 


Show that the class of distinct left cosets of a subgroup H of a group G constitutes a partition of the 
group. (The same is true of the class of distinct right cosets of H.) 


Let x be any element of G. Then x is an element of xH, since x = xe and e is in H. Thus every element of G 
is in at least 1 left coset of H. Two distinct left cosets have no elements in common, as established in Problem 
4,15, Thus the left cosets of H make up a partition of G. 


Show that if H (|H| = 4) is a finite subgroup of G, then every left (right) coset of H has cardinality k. 


Let H ={h,,h,h;,...,4,} and let x be any element of G. Then xH = {xh,,xh,,...,xh,}. The elements of 
xH must be distinct, for xh, = xh, would imply h, =h,. Hence, |xH]| =k. 


Prove Lagrange’s theorem: The order of a finite group is divisible by the order of any subgroup. 


Let the group be of order » and let a given subgroup, of order s, have r distinct left cosets. Then, by 
Problems 4.16 and 4.17, rs =n. 


Infer from Lagrange’s theorem that (a) the order of any element of a finite group G divides the order 
of G; and (b) if the order of G is a prime number p, then G is isomorphic to C, (Problem 4.11). 


(a) Anelement of order 5 generates a subgroup C,, so that s must divide the order of G. 


(b) By (@), any element of G besides the identity is of order p. Hence the subgroup G, generated by that 
element must exhaust G. [Note the agreement with Problem 4.7: C, has p — 1 = $(p) distinct generators.] 


(Characterization Theorem for Cyclic Groups) If G is a group of order n = 2, the following are 
equivalent: (i) G is a cyclic group. (ii) For each divisor d of n, the cardinality of {xEG :x4 =e} is d. 
(iii) For each divisor d of n, the cardinality of {x €G : the order of x is d} is #(d). 


(i)= (ii) Suppose G is generated by x. Let » = dk and consider the collection 


= a k 2k 3k (d-1)k 
YEO xxx. x } 
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The d elements in this collection are distinct (because x is of order n). The typical element x“ of Y 
satisfies 


(x"*)? = ay = ay ae e =e 


Thus Y is a subset of {x EG: x7 =e}. 

Conversely, let y be any element of G such that y* =e. Since x is a generator of G, there exists 
an integer 0 =m =n —1 such that y = x”: therefore, x’ = e. But x is of order n; so that, for some 
integer r, 


md = rn = rdk or m=rk 


Thus y=x™, with OSr<d—1 (because r/d=m/n), which means that y©Y. Consequently, 
{x EG:x* =e} and Y are identical sets, so that 


IxEG:x7 =e} =|Yl=d 


Let y be an element of G, of order c. Then y* =e if and only if c|d (c divides d). Consequently, 
{x © G :x* =e} may be partitioned in such manner that the ith cell consists of all elements of G 
whose order equals the ith divisor of d. Define f(c) to be the number of elements of order c, and 
specialize d to a divisor of n. Then, by (i), 


> fo=d 


eld 


Inversion of (*) by the Mébius formula (Problem 2.57) yields 
fd) = 2 wc |) = $@) 
eld 


The second equality following from Problem 2.51. 
By (ii), with d =n, there exist $() = 1 elements of order n in G. Hence G =C,, 


Given a finite set X and a group G of permutations of X, prove that the distinct orbits with respect to 
G constitute a partition of X. 


On X define a binary relation 2 by 


xRy = y = gx) for some g EG 


It is trivial to show that @ is an equivalence relation, the equivalance classes of which constitute a partition of X. 
But these equivalance classes are just the distinct orbits of X. 


Prove Theorem 4.1(i). 


Problem 4.90 shows G, to be a subgroup of G; our plan is to produce a bijection between Gx and the set L 


of distinct 
4.18). 
Let u 


(i) 


(ii) 


left cosets of G,, whereupon the theorem follows from the proof of Lagrange’s theorem (Problem 


& Gx; i.e., u = g(x) for some g © G. Consider the mapping u— gG, from Gx to L. 


The mapping is onto. In fact, if IG, €L, we have—! being a permutation of X—I(x) = y (y EX). This 
means that y € Gx and y/G,,. 


The mapping is one-one. Let u and v belong to Gx: u = g(x) and uv = A(x), for g, 4 © G. Suppose that 
in L, gG, =hG,. Then, by Problem 4,14, h~'g GG,, which implies 


ho (g@)=x or gQ)=h@) or u=v 


Thus our mapping is the desired bijection. 
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With reference to Problems 4.21 and 4.22, show that if x and y are in the same orbit, 
IG,| ={G,] 
By Problem 4.21, y = A(x) for some 4 © G. Thus the set 
GG, y)={g EG: g(x) = y} 
is known to be nonempty (it contains the element 4). Now, 
8 EG, yy) > eg) =A Sh 'g CG. > 2 ENG, (*) 


Thus GG, y) ChG,, But the implications in (*) can be reversed, whence AG, C G(x, y). Consequently, G(x, y) = 
hG,; Problem 4.17 gives 


IG, y)| = |G,| 


Similarly it is established that GQ, y) is a right coset of G,, so that 


IG@, y)| = |G,| 
Hence, |G,| = |G,|. 
Prove Theorem 4.1(ii). 
By Problem 4.21, there exist elements x,,x,,...,x, such that {Gx,,Gx,,...,Gx,} is a partition of X. This 


lets us write 


Siel-E ¥ ie 


xEX @=1 xEGx; 


But, by Problem 4.23, |G,| has the constant value |G,| over G,, (since x, € Gx,). Hence, 


2 i6,)=> [ex\l6,|= > Iel=ela 


where the second equality comes from Theorem 4.1(/). 


Prove Theorem 4.1 (iit). 


In the sum 2, |F(g)| the count (Section 2.3) of any x EX is |G,|; therefore, 


> |Fig|= > Ie, 


8EG xEX 


Show that the Burnside—Frobenius theorem holds for X = {a, b, c,d} and G = {g,, 2), 23, @4}, where 
8, maps each element into itself; g, maps a and b into each other and c and d into each other; g, 
maps a and c into each other and b and d into each other; g, maps a and d into each other and b and 
c into each other, 


First we verify that G is a group. Of course, g, is the identity. We find: 
8283 ~ 84 = 8382 8284 = §3 = 8482 §384 = §2 = 8483 


Also, each element in G is its own inverse. Thus G is a group; |G| = 4. 
Because Ga = Gb = Gc = Gd = X, there is only 1 orbit (k = 1). Further, F(g,) = X and F(g,) is empty when 
i=2,3,4. Hence, 
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> |F(9)| = |X| =4 = (14) =£ |G 


gEG 


(Example 6 Revisited) Consider a square the corners of which may be independently colored either 
red or blue; the set C of colorings will have 2* = 16 elements. Verify that the Burnside—Frobenius 
theorem holds if indistinguishability of colorings is defined by the symmetry group of the square 
(Example 4). 

First, reread the notational warning that follows Theorem 4.2. Next, identify the 16 elements of C by 

reading Fig. 4-1 by rows: 
f,: No comer is blue. 
f,: Only top = left comer is blue. 
fx: Only top = right corner is blue. 
f,: Only bottom = right corner is blue. 
fs: Only bottom = left corner is blue. 
fg: Only top corners are blue. 
fy: Only left-hand comers are blue. 
f,: Only bottom comers are blue. 
fo: Only right-hand comers are blue. 

fio: Only top right and bottom = left corners are blue. 

f,;: Only top left and bottom = right corners are blue. 

tia: Only bottom left corner is red. 

f,31 Only bottom right corner is red. 

fig: Only top right comer is red. 

fis: Only top left corner is red. 

fig: No corner is red. 

To apply the Burnside—Frobenius theorem to the set C, it is necessary to translate the group G of 
permutations of the corners into a group G’ of permutations of the colorings. The formal correspondence g —> 3’ 
is developed in Problem 4.59. {Informally, the idea is this: you can hold the color pattern fixed and rotate the 
square ‘‘under it,’’ or you can hold the square fixed and rotate the color pattern ‘‘over it’? (in the opposite 
direction); it comes to the same thing. Likewise for refiections.] For now, it is enough to point out that, under the 


correspondence, the fixed-point set F(g’) consists of those colorings f that are taken into themselves by the 
comer permutation g. Hence, with the elements of G labeled as in Example 4, we have: 


F(gi)=C F(g5)= {his Sor far Sich 
F(g=th fist F(86) = {his fi for fet 
F(83)= {hs ho firs fist F(85) = {his fe fos fio fir firs fiw fiat 
F(g)=th fet F(g,) = {hi fs far fio Firs Siar fis fist 


The distinct orbits of C are precisely the ‘‘patterns’’ of Fig. 4-1. Thus, k =6, and 


YS |F(g’)| = 16+ 24442444448 +8 = 48 = (6)(8) =k (G'| 


s'EG’ 


Use the Burnside—Frobenius theorem to find the number of distinguishable colorings—with respect to 
the symmetry group of the square—of a 3 x 3 chessboard, if 2 cells must be colored black and the 
others white. 


The set C of colorings has C(9, 2) = 36 elements; the permutation groups G and G’ are those of Problem 
4.27. As g' is the identity, F(gi) =C and [F(g;)| = 36. There is no coloring which will come back to itself after 
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rotating the square through 90° or 270°; hence, \F(g5)| = |F(g) =0. There are 4 colorings that are preserved 
under a 180° rotation. [See Fig. 4-2. When any of the cell pairs (2, 8), (4,6), (1,9), (3,7) is colored black, the 
whole pattern is invariant.] Thus, |F(g)|= 4. There are 6 colorings which are invariant under g/: those with 
black pairs (1, 3), (4,6), (7,9), (2,5), (2,8), (5, 8), so |F(g4)| = 6. Similarly, 


lF( ge) = |F( 83) = |F(e,)1 = 6 


The theorem then gives the number of distinguishable colorings (distinct orbits of C) as 


36+4+4(6 
eet ae 


From the Burnside—Frobenius theorem, obtain the number of ways of seating n people around a 
circular table. (Compare Problem 1.34.) 


For purposes of analysis let the people instead be seated at the vertices of a regular n-gon. We then have a 
coloring problem: in how many ways can n colors (people) be assigned to the n vertices if indistinguishability is 
with respect to the group of rotational symmetries of the n-gon? The set C of colorings is of cardinality n!, and 
the groups G and G’ of vertex and coloring permutations are of order n. The only element of G' with a nonempty 
fixed-point set is the identity, for which |F(e’)| =n! . Hence the theorem gives the number of distinct orbits in C 
(the number of distinct seating arrangements) as 


ni 
=-—-=(,—1])! 
k ; (wn — 1)! 


Find the number of ways of coloring the corners of a regular pentagon using 3 colors if 
indistinguishability is with respect to the subgroup of rotational symmetries. 


There are 3° = 243 ways of coloring the 5 comers if rotational symmetries are ignored; thus we have a set C 
of 243 elements. The group G’ of rotational symmetries has 5 elements. Let g/ be the identity; then F(g{) has 
243 elements. The other rotations will preserve a color configuration if and only if it involves a single color. This 
means that F(g)), F(g3), F(2,), F(g5) have 3 elements each. Thus the number of colorings is (+)(243 + 12) = 
51. : 


(The Burnside—Frobenius Theorem with Weights) Suppose that X,,X,,...,X, are the distinct orbits in 
the set X = {x,,x,...,X,}, with respect to the permutation group G = {g,, g5,..-, &,- On X define a 
weight function w(x)—weights may be numbers or algebraic symbols—with the property that 
whenever x, and x, are in the same orbit, w(x,) = w(x,). Use the following recipe to induce a weight 
function on G: 


We)= dy wo@) G=1,2,...,m) 


xEF(g,) 


that is, the weight of a permutation in G is the total weight of its fixed points in X. Prove that 
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in which w,(p = 1,2,...,k) is the unique value assumed by w(x) over X,,. 


Let ¢ be an element of X,, so that X, = Gt and w(t) = w,. By definition of the stabilizer, f contributes its 
weight to exactly |G,| summands on the left side of (*); its contribution is thus |G,| w,. Because |G,| is constant 
over X, (Problem 4.23), any other element of X, makes the same contribution. Consequently, the net contribution 
of X,, to the left side is 


|Gi| x |G,| @, = me, 


wherein Theorem 4.1(i} was used. As this weight is precisely reflected in the right side of (*), the equation is 
proved. : 


PERMUTATION GROUPS AND THEIR CYCLE INDICES 
4.32 (Cauchy's Formula) Show that the number of permutations of X = {1,2,...,m} that are of type 
[a, a, ‘+: 4,]is 
n! 
Wa,!a,!---a,! 
where W= 17! 2% --+ n*" is the weight of the type. 


The number of ways of partitioning X into a, cells of cardinality 1, a, cells of cardinality 2,...,a, cells of 
cardinality n, is given by Theorem 2.3 as 


ni 


NS fa,!(1)"Ila,! (20) -- + [a,! a] 


But a cell is not the same as a cycle. In fact, a cell with g elements gives rise to (q — 1)! distinct cycles of length 
q—l for each circular permutation of the elements (see Problem 1.34). Hence the desired number is 


! 
Mame Ia Di ie i, eer 
'" 2 a 


ni 
~ Wa,ta,!---a,! 
4.33 Into how many types does 8, fall? 
[a, a, ‘+: a,] is a type-vector if and only if it is a solution-vector of 
la, +2a,+---+na,=n (a, is a nonnegative integer) 


By Section 3.2 (see page 105) there are exactly p() types. 


4.34 Two permutations f and g of X are said to be conjugate if there exists a permutation h of X such that 
hf = gh. Show that 2 permutations are conjugate if and only if they are of the same type. 


If f and g are conjugate permutations, there exists a permutation h such that g =hfh~'. Suppose 
C =(,x,°°*x,) is a cycle of f, of length r. Then 
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A) =X, f(x.) =x; aa Sx,) =X, 
Let h(x,) = y;, for each i. Then 
8(y,) = ACA '(y,) = APO) = OG) = ia 


in which the subscript is to be evaluated modulo r. Thus every cycle of length r corresponds to a cycle of g of 
length r, and vice versa. So f and g are of the same type. 

On the other hand, assume that f and g are of the same type, and let C = (x, x, °° + x,) be a cycle of f Then g 
has a cycle of the form C’ = (y, y, °°: y,). Define A(x,) = y, over C and similarly over every other cycle of f; this 
makes / a bijection from X to X, or a permutation of X. We have: 


ie) = WG; 44) = Vian = g(y;) = gth;)) 


So f and g are conjugate. 


Show that if f and g are permutations, fg and gf are of the same type. 
This follows from Problem 4.34 and 


afer fey” 


Prove that conjugate permutations have the same number of fixed points. 


A fixed point is a cycle of length 1. Since conjugate permutations are of the same type (Problem 4.34), they 
have, in particular, the same number a, of cycles of length 1. 


Consider a regular n-gon with its vertices marked 1,2,...,# in clockwise sequence. A clockwise 
rotation in the plane through an angle of 360°/n takes the figure into itself. This rotation f maps 1 into 
2, 2 into 3,...,# into 1; thus f=(12--- x) is a permutation of the vertex set. The cyclic group 
{e, f, f’,...,f” '} generated by f is the group of rotational symmetries of the n-gon. List the 6 
elements of the group of rotational symmetries of a regular hexagon and their types. 


The zero rotation e = (1)(2)(3)(4)(5)(6) is of type [6 0 O O O Oj. The type of f=(123456) is 
0 00001 
Now, f(f(.)) = 3; A(f2)) = 4 FFG) = 6 FAA) = 65 FAS) = 1 AAO) = 2. Thus, 
f’=(35)246) of type [0 0 2 0 0 Oj 
f° =(14)(25)36) oftype [0 3 0 0 0 QJ 
f'=(153)(264) oftype [0 0 2 0 0 OF 
f°? =(165432) oftype [0 0 00 0 1 


Display the complete group of symmetries of a regular 2m-gon. 


The group of rotational symmetries, as found in Problem 4.37, must be enlarged to include the dihedral 
symmetries resulting from (i) reflection in the line joining the midpoints of a pair of opposite edges, and (ii) 
reflection in the line joining a pair of opposite vertices. Let g denote the vertex permutation corresponding to 


reflection in the line joining the midpoints of the edges mm+ 1 and 2m 1: 


g = (1 2m)(2 2m — 13 2m —2)-+-(mmt 1) 


(Hint: Draw a picture.) Then we have: 
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afl) = (2) =2m-1 
gf) = (3) =2m—-2 


ee ey 


afim-1) =g(m)  =m+i1 
afim) =gmt+i)=m 
aftm+1) =gim+2)=m—-1 


gf2m—-1)=g(2m) =1 
af(2m) = g(1) =m 
or of = 2m) 2m — 122m — 2)++-(m— 1m + 1m) 


It is seen that gf is the permutation induced by reflection in the line joining vertices m and 2m. 

Continuing in this fashion, one finds that gf” represents reflection in the line joining the midpoints of edges 
m—1im and 2m—12m, and that, in general, each postmultiplication by f rotates the axis of reflection 
counterclockwise through 360°/4m. Hence the set of dihedral symmetries is 


{g, of af?,.... af?" '} 


and the complete group of symmetries is 


(OG f wie Wee iseeee 


Note that the dihedral symmetries make up a left coset of the subgroup of rotational symmetries. The order 
of the complete group is 4m, or twice the number of vertices. 


Display the complete group of symmetries of a regular (2m + 1)-gon. 


The subgroup of rotational symmetries is, as always, (f) = {e, f, f’,..., f°” }. This time there is only one 
kind of dihedral symmetry axis: a line joining a vertex to the midpoint of the opposite edge. Let the vertex 
permutation A correspond to reflection in the axis from vertex 1 to the midpoint of edge m+ 1m + 2; ie., 


h=(AY(22m + YB Im) (m+ 1m+2) 


(Hint: Draw a picture.) By a calculation like that in Problem 4.38, one shows that the dihedral symmetries 
compose the left coset h(f). The complete group of symmetries is therefore 


fe, ff7,-.., f° A HP’,... FP" 


Comparing with Problem 4.38, one sees that the symmetry group of a regular n-gon has the same structure 
whether # is even or odd, and that the order of the group is always 2. This group is called the dihedral group, 
with symbol H,,,. 


If X = {1, 2, 3,4} and G ={g,, g>, 3, 84} is a group of permutations of X, where 
8, = (1)(2)(3)(4) 83 = (1A)(2)3 4) 
8 = (12)3)(4) 84 = (1 2)3 4) 


find the cycle index of G. 


Since X has 4 elements, the index has 4 variables x,, where i = 1, 2,3, 4. 
The element g, has 4 cycles of length 1; so its contribution is x{. Both g, and g, have 2 cycles of length 1 
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4.41 


4.42 


4.43 


4.44 


4.45. 


and 1 cycle of length 2; their contribution is 2x7x,. The contribution of g, is x5. Thus the cycle index of the 
group is (jG| = 4) 


ZUG; X45XpX5,Xq) = LQ} + 2xix, +45) 


If A= {a, B, y, 8} and H = {h,,h,,h,,h,} is a group of permutations of A, where 


h, = (a) By 6) h, =(@y)(B8) 
h, =(a@ BY yS) h,=(ad\ By) 


find the cycle index of H. 


The contributions of the 4 elements of H are x}, x3,x3, and x3. Hence the cycle index is 


Z(H X,, Xa) XqsXq) = 1 Qt + 3x.) 


True or False: Isomorphic groups have identical cycle indices. 


False. As is shown in Problem 4.97(b), groups G of Problem 4.40 and H of Problem 4.41 are isomorphic. 


If f=(12-+::a) is a permutation of X ={1,2,...,}, then the cyclic group (of permutations) 
G = (f) is of order n. Prove that in the cycle representation of any element of G all cycles are of same 
length. (In other words, the type of any element is a vector with n components of which exactly 1 is 
nonzero). 


The type of f°=eis[n 0 0 O +++ OJ, Let m=~m(i) be the length of the shortest cycle in the cycle 
representation of f‘(1<i<n-— 1) and let x be an element in some cycle of f' of length m. Then f'"() = 
(f')"@) =x. 

Now, if y € X, both x and y belong to the same cycle of the permutation f = (12 +--+ 2). This implies that 
there exists r such that f’(x) = y. Consequently, 


SY ON=F PO =LF"O =F'CO =y 
So the element y belongs to a cycle in f ‘ whose length divides m. But m is the length of the shortest cycle in f’ 
Thus, every cycle in f’ is of length m(i), which common length must be a divisor of n. 
For the group of Problem 4.43 show that 


l n 
LG3 21 .%p 00%) =D OY 


Let g &G be of order d. It is easy to see from Problem 4.43 that the cycle representation of g is composed 
of n/d cycles of length d. (If the common length were not d, it would have to be a divisor of d. But then the order 
of g would be smaller than d.) Hence, 


Z Bs X ys Xo9 2X, ) ae es 
But, by Problem 4.20(iii), for each divisor d of n, G contains exactly @(d) elements of order d; the result follows 
at once. 


Verify Problem 4.44 for G = (f), where f = (123 4). 


The elements of G and their cycle indices are as follows: 
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Element g Z( 83 X4,X4,%3,X4) 
f° = (1)(2)(3(4) cm 
f'=(1234) ce 
f? =(13)(24) 3 
f? =(1432) X, 
1 i f4 2 
Thus Z(Gs X 1X4 X45 X4) > Z( 83 X4)Xqs%q,%4) = | + x5 + 2x4) 


~ Gl geo 
On the other hand, the divisors of = 4 are d= 1,2, 4. From Problem 2.45, 
@U)=1 $(2)=2L—-Z)=1 $(4) = 41 — 3) = 2 
and we have 


1D) p(d)xi!4 = 1 (1x4 + 1x} + 2x4) 


al4 


Obtain the cycle index of the dihedral group H,,, (Problem 4.39). 


[CHAP, 4 


The subgroup of rotational symmetries is precisely the group G of Problems 4.43 and 4.44. Hence the net 


contribution of the subgroup is 


U=> gd)x%" 


d\n 


Two cases must be considered in treating the dihedral symmetries: ({) is even, and (ii) n is odd. 


(i) By Problem 4.38, there are n/2 reflections of type 
(0 n/2 0 0 ++: OF 
(no fixed points) and n/2 reflections of type 
[2 (#-2)//2 0 0 +: OQ) 
(2 fixed points), for a net contribution of 
V= 7 [xg!? + xix 2/74 
(ii) By Problem 4.39, there are x reflections of type 
[1 @—-1)/2 0 0 -:: OF 
for a net contribution of 
Vi =n? 


we have found 


1 

a, UtV) n even 
LH a3 XysXo00 00 X= 1 
a, UV’) — nodd 


4.47 The length of a stick is n feet. The individual feet are marked consecutively 1, 2,3,...,2. The only 
symmetries are rotations about the center through 0° and 180°. Obtain the cycle index of this 


permutation group. 
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Here G = {e, 2}. @ Hf n= 2k, 


g = (i 2kX2 2k — 1)(3 2k — 2)-- (REF 1) 


and so the cycle index is 


2k k 
Qc, + x2) 


(i) If n=2k +1, 


g = (12k + 1)(22k) KE FIEH1) 


and so the cycle index is 


4.48 
cube. 


2k+t k 
£Qp 7 + x,*>) 


Find the cycle index. of the group of vertex permutations induced by the rotational symmetries of the 


Looking down on the cube, label the top vertices 1,2, 3, 4 in clockwise order; label the bottom vertices so 
that 5 is below 1, 6 is below 2, 7 is below 3, and 8 is below 4. The permutations composing the symmetry group 
G fall into the following classes: 


(i) 
(ii) 


(iii) 


(iv) 
(v) 


(vi) 


(vii) 


The identity e = (1)(2)(3)(4)(5)(6)(7)(8), with index x}. 

The permutation (1 3)(2 4)(5 7)(6 8), corresponding to the rotation through 180° (either clockwise or 
counterclockwise) about the line joining the midpoints of the top and bottom faces, plus 2 analogous 
permutations. The net cycle index is 3x3. 

The permutation (1 2 3 4)(5 67 8), corresponding to a clockwise rotation through 90° about the line 
joining the midpoints of the top and bottom faces, plus 2 analogous permutations. The net cycle index 
is 3x3. 

As in (iii) but counterclockwise; 3x2. 

(Hint: Draw a picture.) The permutation (1 2)(3 5)(4 6)(7 8), corresponding to a (clockwise or 
counterclockwise) rotation of 180° about the line joining the midpoints of the opposite sides 12 and 
78, plus 5 analogous permutations. The net cycle index is 6x3. 

The permutation (1)(2 45)(3 8 6)(7), corresponding to a clockwise rotation through 120° about the 
diagonal 17, plus 3 analogous permutations. The net cycle index is Axx. 

As in (vi) but counterclockwise; 4x/x;. The order of G is 1+3+3+3+6+4+4=24, and 


ZEG3 Xp, %y5006.%g) = aye + xy + Bxix5 + 6x7) 


4.49 Find the cycle index of the group of face permutations induced by the rotational symmetries of the 


cube. 


Looking down on the cube, label the top face 1, the bottom face 2, and the lateral faces 3, 4, 5, 6 
(clockwise). Following the classification of Problem 4.48, one has: 


(i) 

(ii) 

(iii) 
(iv) 
(vy) 

(vi) 
(vii) 

Thus 


e = (1)(2)(3)(4)(5)(6); index, x? 

Three permutations like (1)(2)(3 5)(4 6); net index, 3x7x3 
Three permutations like (1)(2)(3 45 6); net index, 3xix, 
Net index, 3x7x, 

Six permutations like (1 5)(2 3)(4 6); net index, 6x; 

Four permutations like (1 5 4)(2 3 6); net index, 4x; 

Net index, 4x3 


ZG3 XX 40005 X pq) = yd + 3xix} + 6x} + 6x7x, + 8x5) 
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If 2 polyhedra are geometric duals, the vertices of the one are in unique correspondence with the 
faces of the other. One pair of duals are the cube and the regular octahedron. The line segments 
determined by the centers of adjacent faces of a cube are the edges of an inscribed octahedron. 
Reciprocally (see Fig. 4-3), each vertex of the cube is centered over a face of the octahedron, which 
implies that a cube can be inscribed in an octahedron. Find the cycle indices of (a) the group of vertex 
permutations, and (6) the group of face permutations, induced by the rotational symmetries of the 
octahedron. 


Fig. 4-3 


A cube and an octahedron obviously have the same rotational symmetries. Thus, by the vertex-face duality: 
(a) See Problem 4.49. (b) See Problem 4.48. 


A regular tetrahedron has 4 vertices, 4 faces (congruent equilateral triangles), and 6 edges. Find the 
cycle index of the group of permutations of the 4 vertices (or 4 faces) induced by the rotational 
symmetries of the regular tetrahedron. 

If we join the centers of pairs of adjacent faces of a regular tetrahedron, we get another regular tetrahedron. 
In other words, the dual of a regular tetrahedron is a regular tetrahedron. Thus the group of permutations is the 
same whether we consider faces or vertices. Let the vertices be marked 1, 2, 3, and 4. The rotational symmetries 
are as follows (@ cardboard model helps): 

@) The identity e = (1)(2)(3)(4). 

(ii). Join a vertex (say, vertex 1) to the center of the opposite face, creating an axis L. Rotate the solid 


about L through 120° clockwise or 120° counterclockwise, generating the permutations (1)(2 3 4) and 
(1)(2 43). Now do the same thing for the other 3 vertices, obtaining 8 permutations in all. 


(iii) Join the midpoints of 2 nonintersecting edges (say, 12 and 34), creating an axis L’. A 180° rotation 
(either sense) about L’ generates the permutation (1 2)(3 4). There are 2 more permutations of this 


type. 
Thus G has 12 elements, and 


L(G; X14 Xp, XyXq) = Fy Ky + 8x,x, + 3x3) 


Obtain the cycle index of the group of permutations of the 6 edges induced by the rotational 
symmetries of the regular tetrahedron. 


The tetrahedron is ABCD (vertices), with edges AB, AC, AD, BC, BD, and CD marked as 1, 2, 3, 4, 5, and 6, 
respectively. The 12 rotational symmetries listed in Problem 4.51 generate the following edge permutations: 


G@) ¢ = (1)(2)BK4)5)(6). 
(ii) (1 23)(465) and (13 2)(45 6) about vertex A, and a similar pair for each of the other 3 vertices. 
(iii) (1)(6)(2 5)(3 4) and 2 similar permutations. 


Hence ZG3 44X55 6+ -5 Xp) = Fh + Bxixy + 8x3) 
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4.53 Given a group G of permutations of X ={x,,x,,...,x,} and a group H of permutations of 
VY Sty is Vovcexs Ymt> Where X and Y are disjoint. (a) Prove that the definition 


gv) ifvEex 
{MO =lnw) if veY @) 


for every (g,h)€G XH (Problem 4.10), makes G XH a group of permutations of XUY. (&) 
Determine the cycle index of G XH. 


(a) That G XH is a group is guaranteed by Problem 4.10; we are only required to show that (g,h)( ) is a 
bijection from X U ¥ to itself. But this is obvious from (*): X is mapped one-one onto X (because gisa 
permutation of X), and Y is mapped one-one onto Y (because A is a permutation of Y), and so the disjoint 
union is mapped one-one onto itself. 

(b) Temporarily assume that n =m. Let g EG and AEH be of respective types 

[a, a, ++: a] and [o, 5b, ++: 5b] 


n 


Then, since (g,h) € G XH has the cycle representation 


( jae Cm), | Ge Ga aca ) 
~~ + es 


& h 
it is of type 
m entries 
[a, +b, a,t+b, + a,, + b,, Qnst Inez °°° O DO vee OD 
Hence we have 
AG XH ' eee ae a,+b, agtb,, oe pint Ooms Imep to Gm 42tO | ve tnt O 
( VU Wares Una) = ici iH] uy Uy Hy, Bay Umve u, 
g8eG 
hEH 


i 1 
— > UT se oo yn pone uate ats) 
Caz BOS. Mia, ee 
= Z(G; u,,U,...,U,) ZA; Uy, Uy, -- +, U,) 


Because our result is symmetric in m and n, it is also valid when m =n. 


4.54 (Cayley’s Theorem) Show that every finite group is isomorphic to a group of permutations. 


The idea behind the proof is very simple: because each element of a group G has its inverse, the rows of the 
multiplication table for G must be distinct permutations of G. Thus, given the finite group (G,°), where 


G ={8,, 825+++s 8m} define m distinct permutations of G by 
(8) = 8198 (8) = 82° ae Tink 8) = Bm 8 
Consider the group (G’,°’), where G’ ={7,, 77,,..., 7,,} and where o’ denotes multiplication of permutations as 


defined in Problem 1.65. The mapping f:G—>G' defined by 
f(g)=m%,  G@=1,2,...,m) 
is obviously a bijection. Indeed, it is an isomorphism; for, if g, °g,=g,, then for each g EG, 
A 8) = 84°S = (8,°8;)°8 = 8,°(8,°R) 
= 9,° 72) = 7,(7,(g)) = (7,0! 1,)(g) 
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i.c., 7,°' 7 = 7, (f preserves group multiplication), 


(a) How may one define a cycle index for an arbitrary finite group? (6) Illustrate the procedure for the 
group of subsets of X = {a, b} under the symmetric difference (see Example 1). 


(a) In the notation of Problem 4.54, take the cycle index of the permutation group G’ to be the cycle index of 
the abstract group G. 


(b) The multiplication table for G = {9, {a}, {b}, X} is 


* g {a} {b} X 


6 |6 {a} {b} xX 
{a} |}{a} @ X  {b} 
{b} |{b} X 6 {a} 


am: (#) abby) 

T: (B {a})({B} X) 
(8 {b})({a} X) 

m,: (8X)({a} {b}) 


bd 
a 


To the right of each row is shown the cycle representation of the permutation in G’ generated by that row. 
These 4 permutations have the respective cycle indices x},.x3,x3,x3; hence, 


4 2 
L(G X44 Xq5 X45 Xq) = ZA(G'5 X,, Xqy Xe Xq) = LQ) + 3xQ) 


In Problem 4.55 it is seen that 9 (the identity element of G) is of order 1 and that each cycle of the 
image permutation 7, is of length 1. Likewise, the other 3 elements are of order 2, and their image 
permutations have all cycles of length 2. Prove that in general (following the notation of Problem 4.54 
but replacing © by juxtaposition), if g,€G is of order k, then every cycle in the representation of 
m,€&G' is of length k. 


Obtain the cycle representation of 7, where by definition 7,(g) = g,g, by the recipe of Section 4.2. Thus, 
starting with g, (say), generate the cycle 


(8; 8:8; 8:8 ia gi 8) 
which is of length &. Choosing an element g, that is not present in the cycle, generate the new cycle 
(82 88a 8:8a°** 8; Ba) 


also of length k. Continue until G is exhausted, obtaining finally m/k cycles of length k. 


Let G be the set of all 3 X 3 matrices A that have [1 @ b] as the first row,[0 1  c] as the second 
row, and{O0 0 1] as the third row; the numbers a, b, and c are elements of the set {0, 1, 2}. Lf scalar 
addition and multiplication are modulo 3, show that G is a group under ordinary matrix multiplica- 
tion. Determine the cycle index of G. 


(i) G is closed under multiplication: 


1a bl]fi a ob i a’+a b’+ac'’+b 
0 1 ct]/O 1 c’ t=] 0 1 c' +e 
00 14L0 0 1 0 0 1 


(ii) The 3 X 3 identity matrix belongs to G@=b=c =0). 


1a by] 1 a ac—b 
(iii) 0 le =]0 1 —c 
00 1 0 0 i 


(iv) Matrix multiplication is associative. 
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Thus G is a multiplicative group, of order 27. 
By direct computation, 


1 a bi]? 1 2a 2b + ac 
0 1 cf =]90 i 2c 
0 0 1 0 0 1 


b}? —1 0 0 
ce] =}0 1 90 
i 00 1 


er 
oo 
Ones 


Thus one element of G (the identity) is of order 1 and the other 26 elements are of order 3. It follows from 
Problems 4.55(a) and 4.56 that 


LUGS Xj pX yy 00+ Xoq) = 3h (K17 + 2625) 


A regular polytope (a solid in which all faces are congruent polygons and each vertex is incident with 
the same number of faces) with 12 vertices, 20 faces (congruent equilateral triangles), and 30 edges is 
called a regular icosahedron. Identify the rotational symmetries of this solid, and obtain the cycle 
indices of the groups of (a) vertex permutations, and (b) face permutations. 


The rotational symmetries are as follows: 


(i) 
(ii) 


(iii) 


(iv) 


The zero rotation. 


Exactly 5 faces meet at each vertex. Therefore, about an axis joining opposite vertices, clockwise 
rotations of the solid through 72° (not 60°), 144°, 216°, and 288° bring it into itself. There are 
(12/2)(4) = 24 symmetries of this type. 


About an axis joining the centers of opposite faces, clockwise rotations of 120° and 240° take the solid 
into itself. There are (20/2)(2) = 20 symmetries of this type. 


About an axis joining the midpoints of opposite edges, a clockwise rotation of 180° takes the solid 
into itself. There are (30/2)(1) = 15 symmetries of this type. 


. The rotation group is of order 1 + 24 + 20+ 15 = 60. 


(a) The induced vertex permutations are of the following types: 


(i) 
(ii) 
(iii) 
(iv) 


{fi2 0 0 --- OQ} 

Here, 2 vertices stay fixed, and the others move in 2 disjoint cycles of length 5; type 
2 000 2 0 0 ::: Of 

The 12 vertices move in disjoint cycles of length 3; [0 0 4 0 0 ::: O}. 

The 12 vertices move in disjoint cycles of length 2;[0 6 0 O --: OJ. 


Summing the cycle indices of these permutations and dividing by the order of the group, one finds 


ZEG3X,,Xq5 0-65 X yn) = AY? + 1SxQ + 20x35 + 24x7x5) 


(b) The induced face permutations are of the following types: 


(i) 
(ii) 
(iii) 
(iv) 


Hence 


[20 0 0 +++ Oj. : 

The 20 faces move in disjoint cycles of length 5;[(0 0 0 0 4 0 0 ::: QJ. 

Two faces stay fixed, and the remaining 18 move in disjoint cycles of length 3 (@ model helps here), 
2 0 6 0 0 ::: OL. 

The 20 faces move in disjoint cycles of length 2;[0 10 0 O -+* OQ}. 


Z(G3 Xy5.Lg5 064s Xaq) = As” + 15x,° + 2O0xTxZ + 24x5) 
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4.59 


4.60 


4.61 


Let C be the (finite) set of all functions f from a finite set X to a finite set Y, and let G be a group of 
permutations of X. For each 7 in G, define a mapping 7’ from C to C by 


ar’ (f(x) = f(r) (for each x EX and each f EC) 


Prove that (a) 7’ is a permutation of C, and (b) G’ = {a’ : GG} is a group. 
(a) If w'Uf,) = 7'(f), then f, (7) = Si,(7(@)) for every x GX, which implies that f() =f,@ for every t€E X. 
So f, =f, (z’ is injective). Also, 7’ is surjective; in fact, for any f EC, 


£0) = f(a") = fr" CO) = (fr) @) 


Hence, as a bijection, zr’ is a permutation of C. 
(b) By Problem 4.13 it suffices to show that G’ is closed with respect to multiplication (composition). Let 7, 
and 7, in G respectively determine 2,, and 7, in G’. Our assertion is that 7,7, in G determines 27,7, in 
G; ie., (7,7)! = 7,7}. 
Proof: 
(7, 7)’ FO) = f(r, 7) = fl, (7,2) 


= 7 (fm) = 77, FO) = (7, 7 )FO) 


Observe that the above proof almost establishes that G and G’ are isomorphic groups. The rest of the 
job is done in Problem 4.60. 


With reference to Problem 4.59, prove that if Y contains at least 2 elements, the mapping from G to 
G' defined by 


is an isomorphism. 


Because the mapping is a surjection that preserves group multiplication [Problem 4.59(5)], all that remains 
is to show that the mapping is an injection. This is easy: if a, * 7, there exists a ¢@ X such that 7,(¢) ¥ 7,(). 
Because C contains all functions from X to Y, it must contain a function ¢@ that maps the distinct X points 7, (4) 
and 7,(¢) into 2 distinct Y points (which exist by hypothesis); that is, A(,(0) * ¢(7,()), which implies 


m7 (PO) 4 1360) 


But if a and 7; differ for a single value of the function @ € C, they must represent distinct permutations of C. 


Prove Theorem 4.3. 


The patterns in C with respect to G (a permutation group on X) are the distinct orbits in C with respect to G, 
and these in turn—by the isomorphism of Problem 4.60—are the distinct orbits in C’ with respect to G’ (a 
permutation group on C). Their number is given by the Burnside—Frobenius theorem (Theorem 4.2) as 


k= x |F(r)| (*") 


le 


where F(ar')={f EC: w’(f) =f}. Now, because a’'(f)=f if and only if f(a) =f) for all xEX and 
because [G’| =|G|, one can convert (*’) back to X and G: 


-G SY KF EC: Aa) =f@) for all x EX} (*) 
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4.63 


4.64 


Now, if f(7(x)) = fx) and if (%, *,°**4,) is a cycle of 7, 
IX,) =f(0q) = + = f(x;) 


that is, f is constant over each cycle of 7. Conversely, if f is constant over each cycle of a and if (x x,+- *X,) is 
the cycle involving the arbitrary element x € X, 


f(a) = fx,) =f) 


It follows that the summand in the right-hand side of (*) is just the number of ways of coloring X with r=2 
colors so that elements in the same cycle of the permutation a are given the same color. If a is of type 
[a, a, ‘++ a,], this number of ways is r*!*72*""*?; Eq. (#) becomes 


1 


1 
— Tel Byb aa Fay ae » Lot rr,...,)=ZGirvr,...,r) 
TEG 


k 
|G TEG 


r 


Infer Fermat’s Little Theorem (Problem 1.185) from Theorem 4.3. 


By Problem 4.92 the cycle index of the cyclic group of prime order p (the group of rotational symmetries of 
the regular p-gon is 


1 
ZC 3X11 Xqr 0+ ar ea + (p ~ 1)x,] 


Then Theorem 4.3 gives for the number of colorings in r colors of the p-gon that are distinguishable with respect 
to C,: 
P 


ZCI N= z +r 


r?—pr 


Pp 


Thus =Z(C,31,7,...,7) ~r=an integer 


In a military mess the food trays are rectangular and divided into 4 equal rectangular compartments. 
Find the number of distinguishable ways of filling a tray with 4 foods if the Jong dimension must be 
parallel to the table edge. 


Label the corners of the tray 1, 2, 3, and 4 (clockwise), where 1 2 is a longer side. The symmetry group G of 
the rectangle is composed of the following permutations: 


(1)(2)(3)(4) [the zero rotation] 


(1 3)(2 4) [180° rotation] 
(1 2)(3 4) {reflection in perpendicular axis] 
(1 4)(2 3) [reflection in parallel axis] 


Hence, Z(G; x,,%2,%3,X4) = 40x + 3x3) and 
ZG; 4,4, 4,4) =1(4* + 3-47) = 76 ways 
As usual, let G be a group of permutations of X = {x,,X,...,,}, and let C be the set of all functions 


from X to Y = {y,, y.,..., y,}. If w(y) is a given weight function on Y, we induce a weight function 
w(f) on C by the formula 


af) = lwF@, iw) WF, 
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(a) If fand ¢ in C are equivalent with respect to G (see the definition in Section 4.3), prove that 
o(f) = w(¢). 

(6) Denote by C,,C,,...,C, the distinct patterns in C; let w(C,) @=1,2,...,%) stand for the 
constant value of w over C, [see (a)]. Show that the pattern inventory of C (see the definition 
following Example 6) can be expressed as 


k 


PIG; w(y,). Wa). WO) = Dy O(C,) 


f=1 


(a) Since f and @ are equivalent, there exists a permutation a of X such that f(x) = A(a7()) for all x in X. 
Therefore, 


o(f) = [w(F@, WG.) WOE, 
= [w(A(7@, (G7) > LwP@,))] 
= [w(P(x; Iw) + [W(O@,))] = (G) 


(b) Ina permutation of colored objects, the numbers of red objects, of green objects, etc., clearly do not change. 
It follows that all colorings f making up a given pattern, C,, in C are characterized by the same ‘‘assignment 
vector’ (1,,75,...,2,). This means that any fC, maps n, elements of X into y,, 7, elements into 
y5,...,H, elements into y,; so that the weight of C, is 


oC) = o(f) = wy TP Ew(y2)1"? + + Loy 1"" 
Now, in the definition of the pattern inventory, the coefficient 7(1,,2,,...,n,) is defined to be the number 


of patterns answering to the vector (n,,”,,...,n,). Hence we can write: 


k 


> w(C,) = total weight of the & patterns 


i=] 


= > {total weight of patterns answering to (7,,”,,....7,)] 


Cy gst) 


= DD  anyn,....2 wo bel"? be)” 
> 


(ty Mat, 


= PIG; wly,), wOy2),-- WOY,)) 


Let X = {1,2, 3,4}, Y={y,, 2k wy.) =R, w(y,) = B and 
G = {(1)(2)(3)(4), (1 2)(3 4), C1 3(2. 4), (1 4)(2 3} 
Use Problem 4.64(6) to find the pattern inventory for the set C of all functions from X to Y. 


The cycle index is 14 + 3x3) (this is the group of Problems 4.41 and 4.63). By Pélya’s first theorem, with 
r =|Y|=2, the number of patterns in C is 


=1(2*+3-27)=7 


To visualize these 7 patterns, it is helpful to have a concrete model of X and G. Fortunately, we have several 
available. Let us use the one provided by Example 4: if X is identified with the vertex set of the square, then G 
will be the subgroup {g,, 23, 85. &¢ of the full symmetry group D,. Now, there are 5 possible values of the 
assignment vector (7,,",): 


(0, 4) (i, 3) (2,2) (3,1) (4, 0) 


Obviously, (0, 4) and (4,0) each determine a single pattern (there’s only one way to paint all vertices the same 
color); the respective weights of these patterns are w(C,) = B* and o(C,) = R*. Similarly, (1,3) and (3, 1) 
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generate 1 pattern apiece (there is a reflection or rotation in G that will give the odd-colored vertex any desired 
location); w(C,) = RB*, w(C,) =R°B. By elimination (2,2) must give rise to 7 — 4 = 3 patterns, with 


eC.) = oC.) = o(C,) = RB’ 


And indeed it does, as is shown in Fig. 4-4. Thus, 


7 
PIG; R, B) = > o(C,) = R* + RB + 3RB? + RB? + B* 


i=] 


R RB B 
Cc; 7] 

B B R 

R t BB R 
Cs 

R ! B R 

R BB R 
Cc; = 

B R R B 

Fig. 4-4 


Prove Theorem 4.4. 


The derivation of Pélya’s second theorem from the weighted Burnside—Frobenius theorem (Problem 4.31) 
tuns parallel to that of his first theorem from Theorem 4.2. First of all, note that, by Problem 4.64(a), the weights 
function @(f) has the required constancy property needed for an application of the weighted Burnside—Frobenius 
theorem to the orbits in C with respect to the permutation group G’ of Problems 4.59 and 4.60. (Again heed the 
notational warning.) Making the application and recalling the results of Problem 4.64(b), we get—in complete 
analogy with (*') of Problem 4.61— 


1 
PUG: w(y,), (Ya) WON = DL OCI=Te_ de Wea’) (i) 


where Wr')= Dd off) 


fEF(r') 


Convert back to X and G, exactly as in Problem 4.61: 


1 
eae 2 bw flex, DID fer ++ LHF, @ 
IG| vwEeG )fEec: sw ae 


According to Problem 4.61, the inner summation in (() may be taken over all functions f(x) that are constant 
over each cycle of a. Let a be of type [a, a, ++: a,] and define a horrendous multinomial in the w(y,) as 


follows: 
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a, factors 


Se ————— ——— —— 


2=[wly,) + Ww.) to Fw) fw) + WO.) + FO) 


@z factors 


a aa aT 


X[wly,) two) +e + wy) fw)? + wy)? $2 + WO, 


a factors 


co 


X[w(y, + why)? +00 Fwy, PD Oy? + wy)? to FWD] 


a, factors 


rer OOS ON 


{wy ,)” + wlyn)” + + wy, WO)” + wn)” HH Ey,)"T 


The expansion of 2 consists of r*!**2*""*** terms, which number is also the number of functions f(x) that are 
constant over each cycle of a (see Problem 4.61). The equality is no accident; we now demonstrate that the 


individual terms in the expansion are precisely the weights w of the individual functions f(@). 


Suppose that the cycles in the representation of 7 are put into one-to-one correspondence with the factors of 
Q. in the natural way: the one-cycles correspond one-to-one with the first a, factors; the 2 cycles, with the next a, 


factors; and so on. If f(x) maps a given j cycle T into y,, draw a circle around the quantity 


wy,” = TT wore) 


xET 


The expansion term given by the product of all circled quantities (one in each factor of ©) will equal 


I [TT wren | 


xEU 


in which U runs through all cycles of 7. But these cycles effect a partition of X; so our expansion term is just 


IT w fe) = of) 


xEX 


We have just proved that the inner sum in (/) has the value ©. But, by construction, 


OL = LTS Ky, Xa Hy) : : E 
x,=wly,twly, ht toy)? 


(j=1,2,...0) 


whence Theorem 4.4 follows at once. 


4.67 Rework Problem 4.65 by means of Theorem 4.4. 


The pattern inventory is obtained by substituting x,=R+B and x,=R*+B’ in the cycle index 


164 + 3x2): 
PIG; R, B) = 1[(R + B)* + 3(R’ + B’)’) 


= R*+R’°B + 3R’B’ + RB’ + B* 


4.68 Find the number of distinguishable necklaces consisting of 7 stones, of which 2 stones are red, 3 
stones are blue, and 2 stones are green, when (a) only rotational symmetries (of a regular polygon 
with 7 vertices) are considered; and (6) both rotational and reflectional symmetries are considered. 


(a) The group here is cyclic and of prime order; from Problem 4.92, 
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LC 35 X44 Say 0 Fy) =F, + Oy) 
By Theorem 4.4, 
PI(C,;R, B,G) = 7[(R + B + G)’ + 6(R’B’ + G’)] 


The number we seek, 7(2,3,2), will be 4 times the coefficient of R°B°G’ in (R+B+G)’. The 
multinomial theorem (Problem 2.1) gives 


ee 
7(2, 3,2) = - sie 30 


(6) The group is the dihedral group H,,. From Problem 4.94(6) and Theorem 4.4, 
PI(H,,; R, B, G) = 4PIC,; R, B,G) +4(R + B+ G)(R* + B’+G’)y 


Using the result of (a), we have 
ee (ener ar 
Reta GO Oar ts 


4.69 Repeat Problem 4.68 for 9 stones, of which 2 are red, 3 are blue, and 4 are green. 
(a) By Problem 4.44, 


Z(Co3 4s Xas ++ Xq) =ELG(L) x, + O(3)x5 + G(9)xQ] = bx} + 2x3 + 6x,) 
so that the pattern inventory is 
PI(C,; R, B,G) =1 [((R+B+G)’ +2(R’ + B*+G*) +6(R° +B’ +G’)] 


+0+0|=140 


1 
and 12,3.4=3 | sarq 


(b) By Problem 4.46, 
ZH 1g X4sXo1- ++ Xq) = (cf 2x3 + 6x, + 9x,x4) 
whence 
PI(H,,; R, B, G) = 1PI(C,; R, B,G) + 4(R + B + G)(R’ + B? + G’)* 


and 


7(2,3,4) = 5 (140) +5 > (0+ +0)= 76 


1! 7 2! 
4.70 With respect to the rotational symmetries of a cube, in how many ways can the faces be painted red, 
blue, or green, if each color must be used at least once? 
Here it is best to proceed indirectly. From Problem 4.49, 
LIG3 X1,X 5-0-1 X—) = s(x} + Bxix} + 6x2 + Oxix, + 8x5) 


By Theorem 4.3 there are 
Z(G; 3, 3,...,3) = 57 colorings in R-B-G, R-B, R-G, B-G, R, B, or G 


10 colorings in R-B, R, or B 
2) 10 colorings in R-G, R, or G 
10 colorings in B-G, B, or G 


Z(G; 2,2,..., 
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Hence the required number (of R-B-G’s) is 57 — 10— 10 - 10+ 3 = 30. 


Of the 57 patterns of Problem 4.70, how many involve O red faces? 1 red face? -+* 6 red faces? 


On the set of colors Y = {R, B, G}, define a weight function by 
w(R) = t w(B) = w(G) = 1 
For this weighting, Theorem 4.4 gives the pattern inventory as 
PIG; t, 1,1) = A. [¢ + 2)° + 3¢ + 2)°? + 2)? + 67 +2)? + 6¢ + 2) + 2) + 80° + 2)7] 
= t° + 2¢° + 6t* + 10t° + 160° + 12¢+ 10 
The coefficient of ¢” (m = 0, 1,..., 6) in the right-hand side gives the number of pattems involving m red faces. 


In Problem 4.47 each 1-foot segment can be painted one of r colors. (2) How many patterns are 
possible? (b) If n = 8 and r = 3 (R, B, and G), in how many patterns are 2 segments R, 4 segments B, 


and 2 segments G? 


(a) Number of patterns = 4{r” + plot pit 


(b) The cycle index is 1G° + x3), and so the pattern inventory is 
» 2 1 2 
3(R+B+ G)' + (R’? +B? +G’)*] 


The required coefficient of R°B*G* in the pattern inventory is 


ee eee 
2\ar4rap" wap) 


Find the number of ways, under the rotational group, of coloring the vertices and faces of a regular 
octahedron so that 4 vertices are red, 2 vertices are blue, 4 faces are green, and 4 faces are yellow. 


Because the vertex coloring and the face coloring are independent, we may treat them separately and then 
use the product rule. By Problem 4.50, the cycle index of the group of vertex permutations is 


Ar (x? + 3x7x3 + 6x3 + Oxix, + 8x5) 
Therefore, the pattern inventory for red (R) and blue (B) is 
[(R +B)° + 3(R + BY(R’ +B’) + 6(R? + B’)’ + 6(R + B)'(R* + B®) + 8(R? + B*y’] 

The coefficient of R“B” in the waiter inventory is 

= [a +30) + 6(5757) +o] =2 

24 L 4! 2! 2! 1! 

The cycle index of the group of face permutations is 
Aon + 9x3 + 8x7 x2 + 6x2) 
The pattern inventory for green (G) and yellow (Y) is 
Z(G + YY) + 9G? +7) +3G+ y)(G? + Y’y + 6(G* + Y*)] 


The coefficient of G*Y* in the pattern inventory is 
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4.74 


4.75 


4.76. 


+ las + (57) + 3(4) + 6(2) | 24 


Thus there are (2)(7) = 14 ways of coloring. 


The graphic representation of the hydrocarbon benzene (C,H,) as a regular hexagon with a CH group 
at each vertex is called a benzene ring. If 2 kinds of radicals can attach to each vertex, find the 
number of distinguishable compounds that can be formed from the benzene ring. 


Here the group of symmetries is the dihedral group H,,. Setting x, =x, = +--+ =x, = 2 in the cycle index 
[Problem 4.94(a)], we obtain 13 patterns (compounds). 


Rework Problem 4.28 by means of the pattern inventory. (In effect, this problem is a check of 
Problem 4.66.) 


With reference to Fig. 4-2 and to Example 4, the permutations of the cells induced by the symmetries of the 
square are: 


mr, = (123456789) XY 


a, = (5) 39 7)(2 684) > xa 
a, = (5)(1 9)(3 7)(2 8)(4 6) > xx 
m7, = (5)(1 79 3)(2 48 6) > XX; 
mr, = (2)(5)(8)(1 3)(4 6)(7 9) x 
tq = (4)(5(6)(1 7)(2 8)(3 9) = ate 
Ty = (3(5(7)(2 6)(1 94 8) > ox 
mH = (1)(5)(9)(2.4)(3 7(6 8) Sy RNS 


Hence the cycle index is 
hel + 4xtad + x5 + 20,44) 
and the pattern inventory is 
11(B + W)’ +4(B + W)(B? + W’)? + (B+ W)(B? + W?)* + 2(B + WB? + W*)’] 
We want the coefficient of B’W’ in the pattern inventory; it is 


alate +4ato|=8 
g L227! (6) ~ 


in agreement with Problem 4.28. 


Show that there are precisely 17,824 distinguishable (under rotations) vertex colorings of the regular 
dodecahedron, using 1 or 2 colors. 


The regular icosahedron (Problem 4.58) will have as its geometric dual a solid with 20 vertices and 12 
faces, each of which is a regular pentagon; this is the regular dodecahedron. Therefore, Problem 4,.58(b) yields 
the cycle index as 


Z(G 14 Xp5 +++ yX oq) = AP + 15x} + 2xixg + 24x5) 
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The number of vertex colorings is then 


ZG; 2, 2,...,2) = 4 (1,069,440) = 17,824 


Supplementary Problems 


If G = (x) is a cyclic group of order 12, list the orders of x* for k =0, 1, 2600511: 
Ans. 1, 12, 6, 4, 3, 12, 2, 12, 3, 4, 6, 12 


Find the number of inequivalent ways of seating 4 men and 2 women at a rectangular dining table if the seats are 
situated as in Fig. 4-5. 


Fig. 4-5 


Ans. (64+ 1648+ 8)/4 = 24 


Find the number of inequivalent ways of seating 2 men, 2 women, and 1 child at a round dining table. 
Ans. (3°+34+3434+3)/5=21 


Use the Burnside—Frobenius theorem to find the number of distinguishable ways of coloring the sides of a square 
using 2 colors. Ans. (16+24+44+24+8+4+48+4)/8=6 


If f is the permutation that maps 1, 2, 3, 4, 5, 6, 7, 8, and 9 into 9, 8, 5, 4, 1, 6, 3, 2, and 7, write the 
disjoint-cycle representation of /. Ans. (19735)(2 8)(4)(6). 


If x =(abcd) and y=(b 4d), express x’, x’, x*, xy, and x’y as products of disjoint cycles. 
Ans. (ac)(bd), (adc b), @\b)O@), doc), (a cba) 


If x=(12345678), @) find x* for k = 2,3, 4,5, 6,7, 8; and (b) calculate the cycle index of (x}, and check it 

against the result of Problem 4.44. 

Ans. (1357)(2 468), (14725836), (1 5)(2 6)(3 7)(4 8), (16385274), (175 3)(2864), (18765432), 
(1)(2)(3 (4(5)(6)(7)(8) 


If x = (12345678), find the groups generated by x” and x*. Ans. {x7 x7,.x°, x°}, £x*, x°} 
If x =(1357)(2 46) and y =(12345), find the order of xy. Ans. icm (4,3) =12 
Find the number of permutations of type [3 1 0 O OJ. Ans. 10 


Express the permutation (1 2 3 4)(5 6 7)(1 67 2 9)(3 4) as a product of disjoint cycles. 
Ans. (173)(29)(5 6) 


Prove Cauchy’s identity, 
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2 1 
a454 a = 
lay+2a,+--tna,an 112+ ++ n'a last-+-a,! 
a;20 


Ans. When we multiply the left hand side by 2!, we should get the total number of permutations because of 
Cauchy’s formula established in Problem 4.32 , 


A complex number @ is a primitive nth root of unity if @” = 1, but 6“ 1 for k=1,2,...,1—1. Count the 
primitive nth roots of unity. (Hint: Recall Problem 4.7.) Ans. (7) 


Show that the stabilizer G, is a subgroup of G. 
Ans. Let g and h be in G,. Then g(h(x)) = g(x) = x which implies gh is in G, 


What is the result of choosing w(x) = 1 in the weighted Burnside—Frobenius theorem (Problem 4.31)? 
Ans. Theorem 4.2 


Specialize the result of Problem 4.44 to the case n =p, a prime. 

Ans. Z(G;X,,Xy...+%,) =ohi +(p~ 1)x,] 

Prove that r° +r‘ + 2r? + 4r is divisible by 8, for all positive integers r. 

Ans. Z(Cq3 Xs Xqo ~~ + Xg) = ELH), + G(2)x5 + A(4)F + O(8)x,] 

Evaluate the cycle indices of the dihedral groups (a) H,,, and (6) H. ia 

Ans. (a) s(x) + 3xjxg + 4x3 + 2x5 + 2x,); (6) Ot + 7x,3 + 6x,) 

Making use of Problem 4.32, compute the cycle index of the symmetric group S.. 
Ans. x (i + 1LOxix, + 20xix, + 15x,13 + 30x,x, + 20x,x, + 24x,) 


Find the cycle index of the group of edge permutations induced by the rotational symmetries of the cube. 
Ans. Z(G; X4,X2,---sX,2) = ayy” + Gxixg + 3x8 + 8x4 + 6x2) 


(Klein’s Four-Group) (a) Find the cycle index of the group K of vertex permutations induced by the 

symmetries of a rhombus. (b) Show that the groups of Problems 4.40, 4.41, and 4.55(b) are all isomorphic to K. 

Ans. (a) Z(K;X,,X2,%3,%4) = 4) + 2x,x, + x3). () Hint: Consider the bijection g,(---)h, from Problems 
4.40 and 4.41 and the multiplication rule defined in Problem 4.55(b). 


Refer to Problem 4.58. Obtain the cycle index of the group of edge permutations induced by the rotational 
symmetries of the regular icosahedron. 
Ans. ZG; X1,%240665%39) = Cy” + 15xix7* + 20x}° + 24x8) 


Given a pyramid with a square base and congruent triangular lateral faces, the rotational symmetries of the figure 
(which are those of the base) induce a group G of permutations of the 5 faces and a group G*=C, of 
permutations of the 4 lateral faces. (@) Determine the cycle index of G. (6) Find the number of distinguishable 
colorings of the 5 faces using 4 colors. (c) Repeat (6) if the base must differ in color from any lateral face. 

Ans. (a) Z(G3 x4 5X 2) +665 %3) =X LCg3 X45 %q9XgyXq) = 1X, +2413 + 2x,x,); () 280; (c) 4Z(C,; 3, 3, 3, 3) = 96 


(a) Repeat Problem 4.99(6), taking into account both rotational and reflectional symmetries. (b) Obtain the cycle 
index of the group of edge permutations induced by all the symmetries of the pyramid. 
Ans. (a) cycle index = x,Z(H,;X,,X2,X3,X4), and so the number is 220. (6) L(t + 4x7x3 +.x3 + 2x2) 


180 


4.101 


4,102. 


4.103 


4,104 


4.105 


4.106 


4.107 


4.108 


4.109 


4.110 


4.111 


4.112 


4.113 


4.114 


GROUP THEORY IN COMBINATORICS [CHAP. 4 


Find the number of (rotationally) distinct ways of painting the faces of a regular dodecahedron in 3 or fewer 
colors. [Hint: See Problem 4.58(a).] Ans. 9099 


Find the number of (rotationally) distinct ways of painting the faces of a regular icosahedron so that 4 faces are 
red and the other faces are blue. Ans. 96 


Find the number of (rotationally) distinct ways of painting the faces of a cube using 6 colors so that each face is 
of a different color. Ans. 30 


Find the number of (rotationally) distinct ways of coloring the vertices of a cube using at most 3 
colors. Ans. 333 


Find the number of distinguishable necklaces with 10 stones of at most 2 colors. (The symmetry group is 
H,-) Ans. 78 


Find the number of distinguishable necklaces that can be made using 5 diamonds and 7 rubies. Ans. 38 


If the vertices of a square are painted in 3 or fewer colors, in how many patterns will 2 vertices be of 1 color and 
2 of another color. Ans. 6 


Find the number of ways, under the rotational group, of coloring a regular tetrahedron so that 2 vertices are red, 2 
vertices are blue; 2 faces are green, 2 faces are yellow; 3 edges are black; 3 edges are white. (Hint: By 
inspection, there is only one vertex pattern and one face pattern.) Ans. 4 


Prove that, for every integer r, r’(r? +11) =0 (mod 12). (Hint: Count the vertex colorings of a regular 
tetrahedron.) 


How many distinct 7-horse merry-to-rounds are there with 2 red horses, 3 white horses, and 2 blue 
horses? Ans. 30 


In a family of organic compounds a carbon atom occupies the center of a regular tetrahedron, the vertices of 
which are bonding sites for atomic hydrogen, an ethyl radical, a methyl radical, or atomic chlorine. Give the 
numbers of distinguishable compounds with 0, 1, 2, 3, and 4 hydrogens. (Hint: Follow Problem 
4.71.) Ans. 15, 11, 6, 3, 1 


Find the number of distinguishable ways of coloring the cells of a 3 X 3 chessboard so that 2 cells are red, 4 cells . 
are white, and 3 cells are blue. (Hint: See Problem 4.75) Ans. 174 


With respect to the group of rotational symmetries of the cube, in how many ways can 6 edges be colored red 
and the remaining 6 blue? (Hint: Use Problem 4.96.) Ans. 48 


A square is divided into 8 triangles as in Fig. 4-6. (a) How many banners can be made on this model, if a triangle 
must be black, orange, or green? (b) How many of the possible banners have 2 black triangles, 4 orange triangles, 
and 2 green triangles? Ans. (a) 873; (6) 60 


NY 
VAN 


Fig. 4-6 


Appendix 


Graph Theory 


A.lL. INTRODUCTION 


A graph in an informal sense can be considered as a collection of points, any pair of which may or may 
not be connected by a line. Graph theory is the study of such structures and their properties. In the past few 
decades, graph theory has developed into a systematic tool for analyzing problems in a variety of fields 
including combinatorics. Here we describe the terminology in graph theory that we have chosen to discuss in 
combinatorics. Note that terminology in graph theory has not yet been completely standardized. We also state 
a few important theorems in graph theory without proofs. 


A.2, GRAPHS, MULTIGRAPHS, AND BIPARTITE GRAPHS 


Formally, a graph G = (V, E) consists of a finite nonempty set V of vertices (also known as points or 
nodes) and a set E of unordered pairs of distinct vertices. Such a pair e = {u,,v,} is called an edge (also 
known as line, link, or branch) of the graph. In this case the edge joins the 2 vertices v, and v, which are 
adjacent to each other. Both the vertices are incident with edge e, and e is incident with both of them. The 
order of a graph is the number of vertices in it. Since V is finite, it is theoretically possible to represent any 
graph by a diagram. Sometimes the diagram of a graph is referred to as the graph itself. 

The fact that £ is a set imposes the restriction that when 2 distinct vertices are joined, there is at most | 
edge joining them. If we relax this restriction, the resulting structure G = (V, E) is a multigraph, where E is a 
finite multiset. A graph G = (V,E) is simple if E is not a multiset. A bipartite graph is a simple graph 
G = (V, E) in which V can be partitioned into 2 subsets V, and V, such that any edge in & joins a vertex in V, 
and a vertex in V,. In this case G is written symbolically as G = (V,,V,, £). The subgraph H = (W, F) of a 
graph G = (V, E) is a graph in which W is a subset of V and F is a subset of E. A subgraph H of a graph G is 
a spanning subgraph if both G and H have the same set of vertices. The number of edges incident with a 
vertex u in a graph is called the degree of the vertex. A vertex is an odd vertex if its degree is odd. 
Otherwise it is an even vertex. 


Fig. A-1 


In Fig. A-1 we have the multigraph G = (V, E) in which the set of vertices is V= {1, 2, 3, 4, 5, 6}. The 
edge {2,3} joins the vertices 2 and 3. So these 2 vertices are adjacent. Vertices 3 and 4 are incident to the 
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edge {3, 4}, and the edge {3, 4} is incident to both these vertices. There are 2 edges joining the vertices 1 and 
2. The vertex 3 is an even vertex since its degree is 4, whereas the vertex 2 is odd since its degree is 5. In 
Fig. A-2 we have the bipartite graph G = (V,,V,,£), where V, = {a, p, g} and V, = {b, r}. 


Fig. A-2 


Theorem A.1. In any graph or multigraph, the number of odd vertices is even, and the sum of the degrees 
of all the vertices is twice the number of edges. 


A.3. PATHS, CIRCUITS, AND CYCLES 


A path between vertex u and vertex v in a graph is a finite alternating sequence of vertices and edges 
with terminal terms u and v such that any 2 consecutive terms are incident. If the graph is simple, the 
sequence can be written exclusively in terms of vertices. A path joining u and v is a closed path if u and v 
are the same. A closed path in which no 2 edges are the same is a circuit. A closed path in which no 2 
vertices are the same is a cycle. Every cycle is a circuit. A path in which no 2 vertices are the same is a 
simple path. A graph is a Eulerian graph if it has a circuit that contains all the edges of the graph. A graph 
is a Hamiltonian graph if it has a cycle that contains all the vertices of the graph. An even cycle is a cycle 
in which the number of edges is even. A graph is said to be a connected graph if there is a path between 
every pair of vertices in the graph. A maximal connected subgraph of a graph G is called a component of G. 
If a connected graph G = (V, E) becomes disconnected when an edge is deleted from E without deleting the 2 
vertices incident to it from V, then that edge is a bridge in the graph. 

In the graph G of Fig. A.1, the path 1, {1, 3}, 3, {3, 4}, 4, {4, 6}, 6 is a simple path between 1 and 6 which 
is written as 1—3—4—46. The closed path 2—5—-6-—4— 3-2 is an odd cycle in G, whereas the closed path 
346 —_5—2_6—3 is a circuit. It is obviously a connected graph in which no edge is a bridge. 


Theorem A.2. (i) A graph is bipartite if and only if every cycle in it is an even cycle. (ii) A necessary and 
sufficient condition for a graph to be Eulerian is that it is connected and the degree of each 
vertex in it is even. (iii) A sufficient condition for a graph to be Hamiltonian is that the sum 
of the degrees of every pair of nonadjacent vertices is at least equal to the order of the graph. 


The graph of Fig. A-1 is not a bipartite graph since it has odd cycles. It is obviously Hamiltonian because 
of the existence of the cycle 1—2—5—6—4-_3—-1, which passes through every vertex of the graph. The 
graph G is not Eulerian since it has odd vertices. 


A.4. FORESTS AND TREES 


A graph with no cycles is an acyclic graph, which is also known as a forest. Every forest is a bipartite 
graph. A tree is a connected acyclic graph. Each component of a forest is a tree. If a spanning subgraph of a 
graph is a tree, it is called a spanning tree in the graph. A graph is connected if and only if it has a spanning 
tree. 


Theorem A.3. (i) A graph is a tree if and only if there is a unique path between every pair of vertices in it. 
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(ii) A graph is a tree if and only if it is connected and every edge in it is a bridge. (iii) A 
graph with n vertices is a tree if and only if it is connected and it has n — 1 edges. (iv) A 
graph with n vertices is a tree if and only if it is acyclic and it has n — 1 edges. (v) A graph 
G=(V,E) is a tree if and only if it is acyclic and G' = (V, E’) has a unique cycle, where EF’ 
is obtained by adjoining one more edge to E. 


In Fig. A-3 we have the graph G = (V, E), which is a tree with 12 vertices and 11 edges. Notice that each 
edge in G is a bridge, and whenever 2 nonadjacent vertices are joined by an edge a unique cycle is created. 


A.5. COMPLETE GRAPHS AND PLANAR GRAPHS 


A graph is complete if there is exactly 1 edge joining every pair of vertices. A complete graph with n 
vertices is denoted by K,. A bipartite graph G = (V,,V,, E) is complete if there is an edge in E between every 
vertex in V, and every vertex in V,. The complete bipartite graph in this case is denoted by K,,,,, where m and 
n are the cardinalities of V, and V,, respectively. A graph is said to be embedded in a plane if it is possible to 
draw its diagram such that no 2 edges intersect except possibly at vertices. A graph is planar if it can be 
embedded in a plane. The regions defined by the edges of a planar graph are its faces. One of these faces is 
necessarily unbounded. 


Theorem A.4. (i) The number of faces of a planar multigraph with n vertices and m edges is m+2—n. 
(ii) Both K, and K,, are nonplanar. 


In the planar graph of Fig. A-4, there are 5 vertices and 7 edges. The bounded faces are F,, F, and F;. 
The unbounded face is F,. The total number of faces p is 4. Thus n = 5, m =7, and p = 4, which agrees with 
the assertion that p=m+2-—n. 


Fig. A-4 


Two graphs are said to be homeomorphic (or identical to each other within vertices of degree 2) if they 
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both can be obtained from the same graph G by introducing new vertices of degree 2 on its edges. Notice that 
insertion or deletion of such vertices on the edges of a graph does not affect considerations of planarity. 


Theorem A.S (Kuratowski’s Theorem). A graph is planar if and only if it contains no subgraph that is 
homeomorphic to K, or K, 3. 


A.6. VERTEX COLORING OF GRAPHS 


A graph G is said to be colored if it is possible to color the vertices of G such that (i) each vertex gets a 
unique color, and (ii) no 2 adjacent vertices get the same color. The smallest number of colors needed to 
color the vertices of G such that G becomes a colored graph is its chromatic number. A graph is bipartite if 
and only if it is connected and its chromatic number is 2. The chromatic number of the graph of Fig. A-1 is 4 
and that of the graph of Fig. A-2 is 2. The most famous unsolved problem in mathematics was the four-color 
conjecture. It was settled in the affirmative by Professors W. Haken and K. I. Appel of the University of 
Illinois in 1976. This conjecture is now known as the four-color theorem and is given as the following 
assertion. 


Theorem A.6. The chromatic number of a planar graph cannot exceed 4. 


A.7. MATCHINGS AND COVERINGS 


A matching in a simple graph G = (V, E) is a set M of edges such that no 2 edges in M have a vertex in 
common. A vertex-covering is a set W of vertices in G such that every edge in E is incident to at least | 
vertex in W. A matching M in a bipartite graph (V,,V,,) is a complete matching from V, to V, if every 
vertex in V, is incident to an edge in M. The cardinality of a matching in general cannot exceed the 
cardinality of a vertex-covering; and consequently, the largest size of a matching cannot exceed the smallest 
size of a vertex-covering in any graph. In the case of bipartite graphs, however, the following two famous 
theorems hold. 


Theorem A.7 (Kénig’s Theorem). Ina bipartite graph there exists a matching M and a vertex-covering W 
such that both M arid W have the same cardinality. Equivalently, the size of a maximum 
matching in a bipartite graph is equal to the size of a minimum covering. (See Problem 
2.109). 


In the bipartite graph of Fig. A-5, the set {1, 5, 8} is a minimum covering, and the set {{1, 6}, {4, 8}, {5, 9}} 
is a maximum matching. 


Fig, A-5 


Theorem A.8 (Hall’s Marriage theorem). In a bipartite graph (V,,V>,£), if A is a subset of V,, let f(A) be 
the set of vertices in V, that are joined to at least 1 vertex in A. Then a complete matching 
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from V, to V, exists if and only if |f(A)| = |A| for every subset A of V,. [In a community of m 
unmarried women and m or more unmarried men, it is possible to match each woman with a 
man in the community she already knows if and only if the following condition (known as the 
marriage condition) is satisfied: every set of k women (14m) in the community 
collectively know at least k men in the community.] (See Theorem 2.7). 


For example, consider the scenario consisting of 4 women w,,w ,w,, and w,, where w, knows 2 men 
m, and m,, w, knows m, and m,, w, knows m, and m,, and w, knows m,,m,, and m,. It is easy to verify 
that the marriage condition is satisfied for every subset of women in the group. One possible matching here is 
{w,,m,}, {w,,m,}, {w,, m,}, and {w,, m,}. 


A.8. DIGRAPHS AND DILWORTH’S THEOREM 


Recall that each edge in a graph is an unordered pair {u,, v,} of vertices. In some situations, it is useful 
to give an orientation or a sense of direction for an edge. So instead of the unordered pair {v,,v,}, we 
consider the ordered pair (v,, U,) which represents the arc e from the vertex v, to the vertex v,. In this case, e 
is incident from v, to v,. The number of arcs incident to a vertex v is the indegree of v, and the number of 
arcs incident from v is its outdegree. In the figure of the graph, instead of drawing a line joining v, and v,, 
an arrow is drawn from u, to v. Thus a digraph G = (V, E) consists of a finite set V and a set E of ares 
which are ordered pairs of distinct vertices. Any graph can be viewed as a digraph if each edge {v, w} is 
replaced by 2 arcs (v, w) and (w, v). The underlying graph of a digraph is the graph obtained by converting 
each arc into an edge. A dipath (or directed path) from v, to v, is a sequence of vertices v,,U,,...,U, such 
that (v,,U;,,) is in E fori =1,2,...,4— 1. A dipath is a simple dipath if no 2 vertices in it are the same. A 
dipath from v to w is a closed dipath if v = w. A simple closed dipath is a dicycle (or directed cycle). A 
digraph is acyclic if it has no directed cycles. A digraph is strongly connected if there is a dipath in it from 
every vertex to every other vertex. A digraph is weakly connected if its underlying graph is a connected 
graph. 

In Fig. A-6, we have a strongly connected digraph with 6 vertices in which 2—3—4—6—2 is a directed 
cycle. The underlying graph of this digraph is the graph shown in Fig. A-1. 


Fig. A-6 


Theorem A.9 (Graph-Theoretic Version of Dilworth’s Theorem). If E is the set of arcs in an acyclic 
digraph G, the maximum number of arcs in E with the property that no 2 of them belong to 
the same directed path is equal to the minimum number of arc-disjoint directed paths into 
which E can be partitioned. In other words, if A is a set of arcs in G, the minimum number of 
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directed paths needed to cover the arcs in A is equal to the maximum number of arcs in A, no 
2 of which belong to the same directed path. (See Problem 2.132.) 


In the acyclic digraph of Fig. A-7, the set {(1, 6), (2, 6), (6, 9), (2, 4), (3, 4)} constitutes a set A of 5 arcs. 
The minimum number of directed paths needed to cover the arcs in the set A is 4. The maximum number of 
arcs in the set A, no two of which belong to the same directed path, is also 4. 


A.9. NETWORK FLOWS 


A network (or directed network) is a graph (or a digraph) in which each edge e (arc e) is assigned a 
unique nonnegative integer w(e) called its weight. Thus w is a function (the weight function of the network) 
from the set E of edges (or arcs) to the set of nonnegative integers. The weight w(e) of the arc e = (i, j) is 
written as w(i, /) An s-f network is a weakly connected directed network G = (V, E, 5, t, w), where w is its 
weight function, s is a given vertex with indegree 0, and t is a given vertex with outdegree 0. The vertex s is 
called the source of the network, and the vertex ¢ is called the terminal. A vertex is an intermediate vertex 
if it is neither the source nor the terminal. 

A function f from the set of arcs in an s-t network with weight function w to the set of nonnegative 
integers is a flow in the network if f(e)<w(e) for each arc e. The outflow from a vertex v is the sum 
O(v) = = {fle):e is of the form (v, w)}, and the inflow to a vertex v is the sum 1(v) = 2 {fle):e is of the 
form (w, v)}. The net flow at v is O(v) — 1(v). A flow f is a feasible flow if the net flow at every intermediate 
vertex is zero. The flow value u(f) of a feasible flow f is the outflow from s, which is also equal to the 
inflow to t. The maximum flow problem in an s-t network with a given weight function is the problem of 
finding a feasible flow in the network with the largest possible flow value. 

If X is a set of vertices that contains s and that does not contain ¢ and if Y is the relative complement of X 
in V, then the set (X, Y) of all arcs of the form (x, y) where x is in X and y is in Y is called an s-t cut of the 
network. The sum of the weights of all the arcs in the s-t cut (X, Y) is the weight of the cut and is denoted by 
w(X, Y). An s-t cut (X,Y) for which w(X, Y) is a minimum is called a minimum cut of the network. If fis 
any feasible flow and (X, Y) is any s-t cut, then v(f aa =C(X,Y). In particular, if (S, 7) is a minimum cut, then 
v(f) =C(S,T) for any feasible flow f 


Theorem A.10 (Max-Flow Min-Cut Theorem of Ford and Fulkerson). Let V,E,s,t,w) be an s-t 
network, where w is a function from E to the set of nonnegative integers. Then there exists a 
feasible flow f and an s-t cut (S, T) such that: @) v(f) = CS, T); (i) if @ J) is an are of the 
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network, where / is in S and j is in T, then f(i, j) = w(i, J); and (ii) if (i, 7) is an arc where i 
is in T and j is S, then fi, /)=0. 

In the digraph of Fig. A-8, the source s is at vertex 1, and the terminal is at vertex 6. 
The capacity of each arc and the flow along that arc are written on the arc. The maximum 
amount that can be shipped from 1 to 6 without violating the capacity constraints is 7. If S is 
the set of vertices 1 and 3, and if T is the set of the remaining vertices, then the arcs in the 
cut (S,T) are (1,2) and (3,4), giving a cut value of 4+ 3=7, which is the same as the 
maximum flow value. Furthermore, the flow in each arc from S to T is equal to its capacity. 


A.10._ GENERALIZED s-t NETWORKS 


An s-f network with a weight function w defined on its arcs is a generalized s-t network if there exists a 
weight function u from the set of vertices to the set of nonnegative integers. So if V={1,2,...,} is the set 
of vertices, each arc (i, 7) has a weight w(i, j), and each vertex 7 has a weight u(i). 

A feasible flow f in the network is a generalized feasible flow if it also satisfies the following n — 2 
vertex constraints: the outflow at every intermediate vertex i cannot exceed u(i). A generalized s-t cut is a 
set X of arcs and vertices such that any dipath from the source to the terminal will use at least 1 element of X. 
The weight of the generalized cut X is the sum of the weights of all the elements in X. 


Theorem A.11 (Generalized Max-Flow Min-Cut Theorem). The maximum value of a generalized s-t flow 
is equal to the weight of a minimum generalized s-t cut. 


A.11l. MENGER’S THEOREM AND CONNECTIVITIES IN DIGRAPHS AND GRAPHS 


Two directed paths from u to v in a digraph are said to be: (i) vertex-disjoint if they have no vertices in 
common other than u and v and (ii) are-disjoint if they have no arcs in common. The definitions of these 
concepts in the case of undirected graphs are analogous. We are now ready to state four different versions of 
Menger’s theorem involving graph connectivity. 


Theorem A.12 (Menger’s Theorems). 


(i) Vertex Form for Directed Graphs. The maximum number of vertex-disjoint directed paths from 
the vertex u to the vertex v in a digraph that has no arc from u to vu is equal to the minimum 
number of vertices whose deletion destroys all directed paths from u to v in the digraph. 

(ii) Are Form for Directed Graphs. The maximum number of arc-disjoint directed paths from the 
vertex u to the vertex uv in a digraph is equal to the minimum number of arcs whose deletion 
destroys all directed paths from wu to u in the digraph. 

(iii) Vertex Form for Undirected Graphs. The maximum number of vertex-disjoint paths between the 
vertex u and the vertex v in a graph that has no edge joining uw and v is equal to the minimum 
number of vertices whose deletion destroys all paths between u and vu in the graph. 
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(iv) Edge Form for Undirected Graphs. The maximum number of edge-disjoint paths between the 
vertex u and the vertex v in a graph is equal to the minimum number of edges whose deletion 
destroys all paths between u and vu in the graph. 


In Fig. A-9, the vertices 1 and 5 are not adjacent. The maximum number of vertex disjoint paths between 
1 and 5 is 3. If the vertices 2,3, and 4 are deleted, then there is no path between 1 and 5. 


Fig. A-9 


A.12. THE EQUIVALENCE THEOREM IN GRAPH THEORY AND COMBINATORICS 


Theorem A.13. Dilworth’s theorem, Ford—Fulkerson theorem, Hall’s Marriage theorem, K6nig’s theorem, 
and Menger’s theorem are equivalent. (See Problem 2.135 for a partial proof.) 


Glossary 


Antichain: (i) A collection F of subsets of a set X such that no set in F is properly contained in another set 
in F is an antichain in X. Also known as a clutter in X or a Sperner system in X. The cardinality of a 
maximum antichain in a finite set is obtained using Sperner’s theorems. See Problems 2.116—-2.118. (ii) A 
subset F of a partially ordered set P such that no two elements in F are comparable is an antichain in P. See 
Problem 2.128. (iii) A collection F of arcs in an acyclic digraph G such that no two arcs in F belong to the 
same directed path in G is an antichain in G. See Problem 2.132. 

Bell’s number B,: The total number of partitions of a set with n elements. See Problem 3.48 (Dobinski’s 
equality) in which B, is expressed as the sum of an infinite series. 

Bernoulli number: See Problem 3.45. 

Bernoulli polynomial: See Problem 3.53. 

Binet formula: (i) See Problem 3.60 for Fibonacci numbers. (ii) See Problem 3,112 for Lucas numbers. 
Binomial coefficient C(n,r): This number is n!/ [r!(2 —r)!]. Some interpretations of C(n,r) are: (i) The 
number of ways to choose 7 elements from a set of 1 elements. (ii) The number of r-subsets of an n-set. (iii) 
The number of nondecreasing paths of length n from (0,0) to (n—r, r) on the planar lattice of integral 
points. See Problem 1.58. (iv) The number of binary n-vectors with exactly r zeros. 

Birkhoff-von Neumann Theorem: A square matrix A of nonnegative real numbers is doubly stochastic 
(i.e., each line sum is 1) if and only if it is a convex combination of permutation matrices. See Problem 
2.179, 

Burnside—Frobenius Theorem: See Theorem 4.2. 

Catalan number C,: This number is equal to (1/n)C(2n — 2,n — 1). Some interpretations of C,, are: (i) 
The number of nondecreasing paths on the planar lattice of integral points from (1,0) to (n,n — 1) that lie 
entirely below the line y = x. See Problem 1.114. (ii) The number of monotonic increasing functions from the 
set X={1,2,...,2—1} to X. See Problem 1.117. (iii) The number of sequences of the form 


(U4 U5... , Ua_—p) such that (a) each u, is either 1 or —1, (b) the sum of the 2n — 2 elements of the sequence 
is 0 and (c) u, +u, +++ +u, 20 for 1 =k <2n —3. See Problem 1.118. (iv) The number of sequences of 
the form (u,,45,...,U,,_,) such that (a) each u; is a nonnegative integer, (b) u, =u,,_,=0 and (c) 


Uj, — u; is either —1 or 1 for each i. See Problem 1.119. (v) The number of ways in which parentheses can 
be inserted in a nonassociative product of n factors. See Problem 1.120. (vi) The number of diagonal 
triangulations of a convex polygon with n +1 vertices, See Problem 1.125. (vii) The number of binary 
vectors with n zeros and n ones such that every component after the first is preceded by more zeros than 
ones. See Problem 1.129. (viii) The number of ways of arranging (2n — 2) distinct real number as two 
decreasing subvectors u =[u,u,...u,_,] and v = [v, v,...0,_,] such that u; >v, for each i. See Problem 
1.130. 

Cauchy’s formula and Cauchy’s identity: Iff is a permutation of X = {1,2,..., n} consisting of a, cycles 
of length i i = 1,2,..., 7), then the type of f is the vector [a, a, ...a,]. Cauchy’s formula gives the number 
of permutations of X for a given type. See Problem 4.32. For the connection between this formula and 
Cauchy’s identity, see Problem 4.88. 

Cayley’s Theorem: Every finite group is isomorphic to a group of permutations on a finite set. See 
Problem 4.54. 

Chromatic number: The minimum number of colors with which the vertices of a graph can be colored 
such that every two adjacent vertices have distinct colors. 

Clutter in a set: See antichain. 
Combination of 2 things taken r at a time: See binomial coefficient. For the definition of generalized 
combinations, see Section 2.1. 

Convex polytope: A three-dimensional solid in which all faces are congruent polygons and each vertex is 
incident with the same number of faces. See Problem 4.58. 

Convolution: See Theorem 3.1. 
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Convolution rule: This rule (also known as the Vandermonde identity) is C(p+q,r)= 
2 j-0 C(p, JC(q,r —j). See Problem 1.43. 

Cycle index: See Section 4.2 for the definition of a cycle index in a permutation group. For the extension to 
an arbitrary finite group see Problem 4.55. 

Diagonal triangulation of a convex polygon: See Problem 1.123. 

Derangement: A permutation P of {1,2,...,n} such that P(/) is not equal to i for each i. The number of 
permutations on a set of n elements is D,. See Example 10 (Probleme des Recontres) in Chapter 3. See also 
Problems 2.25 and 3.73. 

Dihedral group: The symmetry group H,,, of a regular n-gon. See Problem 4.39. 

Dilworth’s Theorem: (i) In a finite partially ordered set P the maximum cardinality of an antichain is 
equal to the minimum number of (disjoint) sets into which P can be partitioned. See Problem 2.129. (11) In an 
acyclic digraph G the maximum number of arcs in a set A of arcs of G such that no two arcs in A belong to 
the same directed path is equal to the minimum number of arc-disjoint directed paths into which the set A can 
be partitioned. See Problem 2.132. 

Dobinski’s equality: See Bell number. 

Dodecahedron: See Problems 4.76 and 4.101. 

Duality principle of distribution: See Problem 2.116. 

Dufree square: See Problem 3.34. 

Euler’s phi (totient) function: The number of positive integers not exceeding n and relatively prime to n 
is d(n), where @ is Euler’s phi function. See Problem 2.45. 

Euler’s identities connecting infinite products and infinite series: See Problems 3.35, 3.36, and 3.117. 
Euler’s pentagonal number: See Problem 3.116. 

Euler’s Pentagonal Theorem: See Problem 3.118. 

Falling factorial polynomial: See Problem 1.132. 

Fibonacci number: Numbers defined by f(0) =f(1) = 1 and fm + 2)=fln + 1) + f(a) for each n = 0. See 
Problems 3.60—3.63.’The number of subsets (including the empty set) of {1,2,...,} such that no subset 
contains two consecutive integers is f(7 + 1). See Problem 3.64. 

Ford—Fulkerson Theorem: See Section A.9 in the Appendix. 

Generating functions of a sequence: See Section 3.1 for the definitions of ordinary and exponential 
generating functions. 

Forest: An undirected graph with no cycles. A tree is a connected forest. See A.4 in the Appendix. 
Four Color Theorem: The chromatic number of a planar graph cannot exceed four. See A.6 in the 
Appendix. 

Generalized permutation: See multinomial theorem. 

Hall’s Theorem: (Also known as Hall’s Marriage Theorem.) Given a family of n sets, not necessarily 
distinct, it is possible to choose exactly one element from each set such that the chosen n elements are 
distinct if and only if the total number of elements in any subfamily of & of these sets is at least k for 
k=1,2,...,n. The set of n elements thus chosen is called a system of distinct representatives (SDR). This 
necessary and sufficient condition which assures the existence of an SDR is called the marriage condition. 
See Theorem 2.7. 

Hasse diagram of a poset: The representation of a partially ordered set as a directed graph. See Problem 
2.131. 

Hit polynomial: See Problem 2.92. 

Icosahedron: See Problems 4.58 and 4.102. 

Inclusion-exclusion principle: See Section 2.3 and the Sieve Formula (Theorem 2.5). For generalized 
inclusion-exclusion principle see Theorems 2.8 and 2.9 which are presented along with Problem 2.65. 
Katona’s Theorem: The graph-theoretic version of Sperner’s theorems. See Problem 2.124. 

Konig’s Theorem: In a bipartite graph the cardinality of a maximum matching is equal to the cardinality of 
a minimum covering of the edges. See Problem 2.109. 

Konig-Egervary Theorem: The term rank of a binary matrix (i.e., the largest number of ones that can be 
chosen from the matrix such that no two selected ones lie on the same row or column) is equal to the smallest 
number of lines (rows or columns) that can be deleted from the matrix so that the matrix becomes the zero 
matrix once these lines are deleted. See Problem 2.108. 
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Kuratowski’s Theorem: A graph is planar if and only if it contains no graph that is homeomorphic to K, 
or K,,. See A.5 in the Appendix. 

Lagrange’s Theorem: ‘The order of a finite group is divisible by the order of any subgroup. See Problem 
4.18. 

Latin square: If each row and each column of an n X 7 matrix A is a permutation of the first n positive 
integers, then the matrix A is a latin square of order n. Two latin squares of order n, A = [a,,] and B = [6,,] 
are orthogonal if the n’ ordered pairs (a,,,b,,) are all distinct. See Problem 1.88. For the definition of a latin 
rectangle, see Problem 2.107. 

Lucas number, L,: | These numbers are defined by L, =1, L, =3, and L,,,=L,,, +L, for n=1. The 
number of subsets (including the empty set) of {1,2,...,} such that no subset contains two consecutive 
integers or | and n at the same time is L,. (See Problem 3.65.) 

LYM (Lubel-Yamamoto—Meschalkin) Inequality: See Problem 2.116. 

Marriage condition: See Hall’s Marriage Theorem. 

Maximal [minimal]: Implies maximal [minimal] with respect to inclusion. 

Maximum [minimum]: Implies maximal [minimal] with respect to cardinality. 

Menage number: See Probleme des Menages. 

Menger’s Theorems: See Section A.11 in the Appendix. 

Mirsky’s Theorem: In a finite partially ordered set P the cardinality of a maximum chain is equal to the 
minimum number of disjoint antichains into which P can be partitioned. This theorem is known as the dual 
of Dilworth’s Theorem. See Problem 2.130. 

Mobius Function, (a): If 1 is 1 or a product of an even number of distinct primes s(n) = 1; if n is a 
product of an odd number of distinct primes «4(1) = —1 and for w(n) = 0 for all other x. See Problem 2.51 
and Problem 2.57 showing the relation between the Mobius function and Euler’s phi function. 
Multinomial number: If X is a collection of n objects that are not necessarily distinct, any arrangement 
(ordering) of these objects is a generalized permutation of X. If there are n, objects of type i (i = 1,2,..., 4), 
then the number of generalized permutations of X is denoted by P(m;,,”5,...,,). If the elements in X are 
all distinct (i.e., X is a set), then the number of ordered partitions of X into k subsets X 1>Xy,--+54, Such that 
the cardinality of X,; is n, @=1,2,...,k) is given by the multinomial number C(n; n,,n,,...,7,) which is 
equal to P(n;n,,,...,n,) as shown in Theorem 2.2. 

Multinomial Theorem: See Problem 2.1. 

Newton’s identity: C(n, NC(r, k) = C(n, DC (n — kyr ~ k). See Problem 1.44. 

Number-theoretic function: A function whose domain is the set of positive integers. A number-theoretic 
function f is multiplicative if the range of f is closed under multiplication and f(mn) = f(m)f(n) whenever m 
and x are relatively prime. See Problem 2.48. 

Orbit: If G is a subgroup of the symmetric group of permutations on a finite set X, then the orbit of an 
element x in the set is the set Gx = {g(x): g EG}. The cardinality of Gx is a divisor of the order of G. See 
Problem 4.22. 

Partially ordered set: Set Problem 2.128. 

Partition of a set: (i) A family of pairwise disjoint nonempty subsets of a set X such that the union of all 
the sets in the family is X is a partition of X. The number of partitions of a set of cardinality n such that each 
partition has m sets is the Stirling number of the second kind denoted by S(m, m). See Problem 1.146. The 
total number of partitions of a set of cardinality n is the Bell number B,. See Problem 1.161. A partition of a 
nonempty subset of a set X is a partial partition of X. The number of partial partitions of a set of cardinality n 
is B,,, ~ 1. See Problem 1.162. (ii) The number of ordered partitions of a set X into subsets X,,X,,...,X, 
with cardinalities n,, n,,...,”, respectively is the multinomial coefficient C(n;n,,7,,...,7,), whereas the 
number of unordered partitions of X into p, subsets of cardinality n,, p, subsets of cardinality n,,..., p, 
- subsets of cardinality n, is (CQ; ,, ..., ys Ma, -- +5 Moy eee) My ey MJI/LD,! pal ++ p,!]. See Theorem 
2.3. 

Partition of a positive integer: (i) A partition of an integer r is a representation of r in the form 
r=r,tr,+:+-+:++7,; the integers r; are the parts of the partition which satisfy the inequalities r, =r, =--- 
=r, = 1. The number of partitions of r is denoted by p(r). See Section 3.2. (ii) The number of partitions of r 
such that no part exceeds n is p,(r) and the number of partitions of r into at most n parts is q,(r). In Theorem 
3.2, it is shown that p,(r) = q,(r). (iii) The number of partitions of the positive integer N in which each part is 


yp 


192 GLOSSARY 


repeated fewer than r (r > 1) times is f(N,r), and the number of partitions of N having no part divisible by r 
is g(N,r). See Problem 2.24 proving f(N,r) = g(N,r). (iv) The number of partitions of r with largest part 
equal to # is p(r,n), and the number of partitions of r into exactly n parts is q(”, "ys in Problem 3.24 it is 
shown that p(r, 1) = q(7, 2). (v) The number of partitions of r into unequal parts is p *(r) and the number of 
partitions of r into (possibly repeated) odd parts is p(r, opp). In Problem 3. 29 it is proved that p *”)= 
P(R, opp). (vi) The number of partitions of r with distinct even parts is p *(r, EVEN), and the number of 
partitions of r into distinct odd parts is p” (r, opp). See Problem 3.28 for their generating functions. (vii) The 
conjugate partition of a partition is obtained from its star diagram as in Theorem 3.2. A partition is self 
conjugate if it is equal to its conjugate. The number of self conjugate partitions of r is equal to p *(r, ODD). 
See Problem 3.33. (viii) The number of partitions of r into n distinct (unequal) parts is q *(r,n). See Problem 
3.32. (ix) The number of partitions of r into an even number of unequal parts is q *(r, E), and the number of 
partitions of r into an odd number of unequal parts is q *(r,O). See Problems 3.37, 3.117, and 3.118. (x) If K 
is a set of n distinct positive integers, f,(r) is the number of partitions of r selected (with replacement) from 
K. A generating function for f(r) is established in Problem 3.8. 

Pascal’s identity: C(, r)=C(—1,r)+Ca- 1, r—1). See Problem 1.137. 

Pattern inventory: See Section 4.3. 

Permanent of a matrix: See Problem 2.76. 

Permutation group: See Section 4.2. 

Permutation matrix: A binary matrix P is a permutation matrix if PP" is the identity matrix where Pp’ 

the transpose of P. See Problem 2.115. 

Pigeonhole principle: If n pigeonholes shelter n + 1 or more pigeons, at least one pigeonhole shelters at 
least two pigeons. See Section 1.3 and Problems 1.76—1.92. 

Pélya’s enumeration theorems: See Theorems 4.3 and 4.4. 

Poset: See Problem 2.128. 

Probleme des Menages: This is the problem of finding the number M,, of ways of seating n = 3 married 
couples at a circular table (with 2n numbered seats) so that sexes alternate and no husband and wife sit side 
by side. The number M, is called the Menage number for n. See Problems 2.73 and 2.177. 

Probleme des Recontres: See Derangement. 

Rado’s Theorem: See Problem 2.106. 

Ramsey numbers: The Ramsey number R(p, q) of two positive integers p and g is the smallest positive 
integer n with the property that each graph with n vertices contains either a set U of p vertices such that 
every vertex in U is adjacent to every other vertex in U or a set W of q vertices such that no two vertices in 
W are adjacent. See Problems 1.93—1.105. 

Ranked poset: In a poset Q = (X, <), the element x covers y if y<x and ySt=x imply y =¢ or t=.x. 
The poset Q is a ranked poset if there exists a function r defined on Q such that r(x) = 0 whenever x is a 
minimal element and r(x) = r(y) + 1 whenever x covers y. The set Q, = {x: r(x) = k} is the kth level set and 
the cardinality of Q, is the kth Whitney number of Q. See Problems 2.137-2.142. 

Recurrence relation: Sce Section 3.3. 

Riemann zeta function: See Problem 2.62. 

Rising factorial polynomial: The polynomial [x]” = x(x + 1)@ +2) °°: @+n-— 1), See Problem 2.135. 
The number of ways of putting n distinct objects into m distinct boxes is [m]" if empty boxes are permitted 
and the (left to right) order of objects within a box is significant. See Problem 2.137. If empty boxes are not 
allowed and if m cannot exceed n, the number of ways is (1!)C( — 1,m — 1). See Problem 1.138. 

Rook polynomial: See Problems 2.80—2.99. 

Signless Stirling number: See Stirling number of the first kind. 

Sieve formula: See Theorem 2.5. 

Sperner’s theorems: See antichain. 

Stabilizer: If G is a fixed subgroup of the symmetric group of permutations of a finite set X, then the 
stabilizer of an element x is the set {g @G: g(x) =x} which is a subgroup of G. See Theorem 4.2 and 
Probiem 4.90. 

Star diagram: A graphical way of representing a partition of a positive integer using asterisks is a star 
diagram. See Section 3.2. 
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Stirling number of the first kind. The coefficient of x’ in the falling factorial polynomial [x], = 
xx —- 1D - 2)... @-—n+1) is sr), the Stirling number of the first kind. See Problem 1.132. The 
absolute value of s(#,r) is called the Signless Stirling number and is denoted by s’(n, 7). 

Stirling number of the second kind: The number of ways of partitioning a set of x elements into m 
(nonempty) subsets is S(, 7), the Stirling number of the second kind (Problem 1.146) which is also equal to 
the number of ways of putting n distinct objects in m identical (distinguishable) boxes (Problem 1.147). 
Symmetric chain: A sequence (A,, A,,...,A,) of subsets of a finite set X of cardinality n is a symmetric 
chain in X if (i) A,;C A,,, for i= 1,2,...,4—1, (ii) |A,,,|=[A,| +1 for each i, and (iii) [A,|+|A,] =a. 
A symmetric chain decomposition (SCD) of the class P(X) of all subsets of X is a partition of P(X) into 
symmetric chains in X. See Problems 2.119—2.124. 

Symmetric chain graph: See Problem 2.124. 

Symmetric group, S,: The group of permutations of a set with n elements. 

Systems of distinct representatives (SDR): See Hall’s Theorem. 

Term rank of a binary matrix: See Problem 2.108. 

Unimodal sequence: A sequence (a,,4,,..., a,) of real numbers is a unimodal sequence if there exists a 
positive integer j such that a, <a,<+++<a,_,Sa,>a,,, >°+*>a,. See Problem 1.74. 

Vandermonde determinant: See Problem 3.71. 

Whitney number: See Ranked poset. 

Young’s Tableau: See Problems 3.85-3.87. 

Zeckendorf’s Theorem: Every positive integer can be expressed as a sum of distinct pairwise nonconsecu- 
tive Fibonacci numbers. See Problems 3.67 and 3.68. 

Zyklenzeiger: See Cycle index and Section 4.2. 


Symbols Used (Notation) 


&(n), (n is a positive integer), 61 
@(x), & is a dummy variable), 138 
pn), 62 

a(n), 65 

&(s), 66 

a(n), 65 

a(n), 60 
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V2 


A*B, 147 

B,, 41 

b,, 125 

B,, 128 

C(n,r), 2 

Cn; n,, Ny, -..,N,), 46 
C,, 27 

c|d, 156 

a(n, k), 41 

D,,» 48 

B,, 99 

FN, r), 55 

fir; n), 144 

f,@), 113 

gN,r), 55 

H,,, (dihedral group), 162 
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L,,, 132 

M,, 71 

Pn,r), 1 

Pow 41 

P(n, 1), My, . ++, Mg), 46 
pr, ny, 118 

p(r, ODD), 119 
p(r), 105 

D,), 105 

p” (r, EVEN), 118 
p* (r, ODD), 118 
p*(r), 118 

p,(r), 105 

per (A), 73 

qr, n), 118 

q’ (r,E), 123 
q’(r, O), 123 

q’ (r, n), 120 
qr), 10 

s'(n,r), 34 

s(n, r), 33 

S(n, r), 55 

Sin(t), 127 
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(0, 1)-matrix, 86 
Abelian group, 152 
Acyclic graph, 182 
Antichain: 

in a poset, 95 

in a set, 89 
Appel, K.L, 184 
Arithmetic progression, 26 


Ballot problem, 28 

Bell number, 41-42, 51, 100, 125, 126 
Benzene ring, 177 

Bernoulli number, 125, 126 

Bernoulli polynomial, 128 

Binary palindrome, 5 

Binary sequence, 6 

Binet formula, 130, 145 

Binomial coefficient, 11 

Binomial convolution, 104 

Bipartite graph, 84, 181 

Birkhoff—von Neumann Theorem, 103 
Bit, 7 

Boolean function, 6 

Bridge, 182 


Burmside—Frobenius Theorem, 147, 148, 152, 158 


Byte, 7 


Carbon atom, 180 

Catalan numbers, 27—33, 110-111 
Cauchy’s formula, 160 
Cauchy’s identity, 178 

Cayley’s Theorem, 167 

Chain in a poset, 95 
Characteristic equation, 109 
Characteristic root, 104 
Circulant matrix, 74 

Circular word, 66 

Clutter, 89 

Combination, 2 

Combinatorial number theory, 59-67 
Combinatorial proof, 10 
Comparable pair (in a poset), 95 
Complete matching, 84 
Conjugate partition, 105 
Connected graph, 182 
Constrained arrangements, 56 
Convex set (of divisors), 95 
Convex polygon, 26 

Convex polytope, 169 
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Convolution, 104 

Convolution rule, 12 

Coset, 155 

Covering, 86 

Coverings, 83 

Cycle index, 148 

Cycle index of a finite group, 168 

Cycle indices of permutation groups, 160 
Cyclic group, 152 


Danzig, G.B., 98 
De Bruijn, 93 
Degree: 

of a vertex, 84 

of a positive integer, 93 
Derangement, 16, 48, 56, 134 
Diagonal triangulation, 29 
Digraph, 92, 185 
Dihedral group, 162 
Dilworth’s Theorem, 95~98, 185 
Dipath, 185 
Directed graph, 92 
Directed path (dipath), 185 
Disjunctive rule, 1 


Divide-and-conquer recurrence relations, 137 


Dobinski’s equality, 126 
Dodecahedron, 177, 180 

Doubly stochastic matrix, 103 
Duality principle of distribution, 53 
Durfee square, 121 


Edge of a graph, 84 
Eratosthenes, 59 
Ethyl radical, 180 
Euler, 107 
Euler’s first identity, 121 
Euler’s second identity, 121 
Euler’s Theorem: 

on partitions of an integer, 119 
Euler’s phi (totient) function, 61 
Euler’s Pentagonal Theorem, 116 
Eulerian graph, 182 
Even vertex, 181 
Exponential generating function, 104 


Factorial function, 2 
Falling factorial polynomial, 33 
Fermat’s Little Theorem, 43, 171 
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Fibonacci sequence, 130 

Fibonacci numbers, 131, 145 

Finite group, 147 

Floor, 3 

Four Color Theorem, 184 

Forbidden position, 75 
Ford—Fulkerson Theorem, 98 

Forest, 182 

Formal power series, 104 
Frame—Robinson-Thrall Theorem, 141 


General position, 26 
Generalized inclusion-exclusion, 68-83 
Generalized combination, 45 
Generalized permutation, 45 
Generalized Ramsey number, 25 
Generalized SDR, 84 
Generating functions, 17, 104-146 
Geometric progression, 26 
Geometric dual, 166 
Graph, 84 

acyclic, 182 

bipartate, 84, 181 

connected, 182 

edge of, 84 

Eulerian, 182 

Hamiltonian, 182 

homeomorphic, 183 

planar, 183 

simple, 181 
Group theory, 147-180 


H-tableau, 139 

Haken, W., 184 

Hall’s Theorem, 97 

Hall’s Marriage Theorem, 48 
Hamiltonian graph, 182 
Hasse diagram of a poset, 96 
Hit polynomials, 79 
‘Hoffman, A.J., 98 
Homeomorphic graph, 183 


Icosahedron, 169, 180 

Identity element, 147 
Inclusion-exclusion (generalized), 68-83 
Inclusion-exclusion principle, 47-54 
Incomparable divisors, 93 

Indegree, 185 

Integer programming, 53 

Inverse element, 147 


Katona, G.O.H., 92 
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Klein’s Four-Group, 179 

KGnig, 103 

Konig’s Theorem, 86 
K6énig-Egervary Theorem, 86, 98 
Kruiswijk, 93 

Kuratowski’s Theorem, 184 


Lagranges’s Theorem, 155 
Latin square, 21 

Lattice point, 14 

Left coset, 155 

Lovasz, 96 


Lubell-Yamamoto—Meschalkin (LYM) inequality, 89 


Lucas number, 132 
LYM inequality, 89 


Marriage condition, 48 

Marriage Theorem, 83 

Matching, 84 

Max-Flow Min-Cut Theorem, 186 
Maximal chain, 89 

Menage problem, 82 

Menage number, 71, 76, 103 

Menger’s Theorem, 98, 187 

Methyl radical, 180 

Mirsky’s Dual of Dilworth’s Theorem, 96 
Mobius inversion formula, classical, 64 
Mobius function, 62 

Multigraph, 181 

Multinomial Theorem, 49 

Multinomial coefficient, 46 
Multiplicative function, 62 


n-gon, 26 

Network flows, 186 
Newton’s identity, 12 
Number-theoretic function, 62 


Octahedron, 166 

Odd vertex, 181 

Orbit, 147 

Ordered partition of a set, 46 
Ordinary generating function, 104 
Outdegree, 185 


Palindrome, 5 

Palindromic number, 5 
Parenthesisation, 29 

Partial partition, 42 

Partially ordered sets, 95—100 
Partition of integers, 55, 105, 117 


Partition, self-conjugate, 121 
Partition of an integer, restricted, 113 
Pascal’s identity, 11, 111 
Pattern inventory, 151 
Patterns, 149 
Pentagonal numbers, 116 
Permanent of a matrix, 71, 102 
Permutation, 1, 41, 148 
Permutation matrix, 88 
Permutation character, 147 
Permutation groups, 148-160 
Permutations and combinations, 9 
Phi function, 61 
Pigeonhole principle, 2, 19, 114 
Planar graph, 183 
Pélya, G., 149 
Polya’s enumeration theorems, 149, 170 
Polytope, 169 
Posets, 95—100 
Power set, 8 
Primitive root of unity, 179 
Principal submatrix, 25 
Probleme des Rencontres, 48 
Probleme des Menages, 71 
Product rule, 1 
Progression: 

arithmetic, 26 

geometric, 26 
Proper divisor, 5 


r-combination, 2 
r-permutation, 1 
r-regular graph, 84 
r-sample, 47 
r-selection, 47 
r-sequence, 46 
Radical: 

ethyl, 180 

methyl, 180 
Rado’s Theorem, 85 
Ramsey numbers, 22—25 
Ramsey property, 23 
Random walk, 16 
Ranked poset, 98 
Recurrence relations, 107-111 
Relatively prime integers 6, 61 
Restricted partition, 113 
Restricted permutation, 75 
Riemann zeta function, 66 
Right coset, 155 
Ring, benzene, 177 
Rising factorial polynomial, 34 
Rook polynomial, 86 
Rook and hit polynomials, 75-83 . 
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Saturated matching, 84 
Self-conjugate partition, 121 
Self-dual, 6 

Sequential Rule, | 

Sieve formula, 47 

Sieve of Eratosthenes, 59 
Signless Stirling number, 34 
Simple graph, 181 

Span, 85 

Spanning subgraph, 181 
Spanning tree, 182 

Sperner system, 89 

Spemer’s Theorem, 89-95 
Squarefree, 60 

Stabilizer, 147 

Standard tableau, 141 

Star diagram of a partition, 106 
Stirling numbers, 33-42 
Stirling number of the first kind, 33-37 
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Stirling number of the second kind, 37-42, 55, 125 


Strassen’s fast matrix multiplication, 139 
Strongly connected digraph, 185 
Subgraph, 181 
Subgroup, 147 
Sum rule, 1 
Sum and product rules, 4 
Switching function, 6 
Symmetric chain: 

related to a set, 91 

related to a digraph, 93 
Symmetric chain decomposition, 89—95 
Symmetric chain digraph, 93 
Symmetric difference, 147 
Symmetric group, 16, 147 


System of common representatives (SCR), 87 
Systems of distinct representatives (SDR), 48, 83 


Tengbergen, 93 

Term rank, 86 
Tetrahedron, 166 

Totient function, 61 
Tower of Hanoi, 129 
Triangulation, 29 

Type of permutation, 148 


Unimodal sequence, 18 
Unordered partition of a set, 46 


Vandermonde determinant, 133 
Vandermonde identity, 12 


Vertex: 
degree of, 84 
even, 181 
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Vertex (continued) Young tableau, 138, 141 
odd, 181 
of a graph, 84 
Zeckendorf’s Theorem, 132 
Zeta function, 66 
Weakly connected digraph, 185 Zyklenzeiger, 149 
Weight of the type of permutation, 148 
Whitney number, 98 
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